PREFACE. 


THE fact that certain bodies, after being rubbed, 
appear to attract other bodies, was known to the 
ancients. In modern times, a great variety of other 
phenomena have been observed, and have been found 
to be related to these phenomena of attraction. They 
have been classed under the name of Electric phe- 
nomena, amber, #Aextpov, having been the substance 
in which they were first described. 

Other bodies, particularly the loadstone, and pieces 
of iron and steel which have been subjected to certain 
processes, have also been long known to exhibit phe- 
nomena of action at a distance. These phenomena, 
with others related to them, were found to differ from 
the electric phenomena, and have been classed under 
the name of Magnetic phenomena, the loadstone, nayvns, 
being found in the Thessalian Magnesia. 

These two classes of phenomena have since been 
found to be related to each other, and the relations 
between the various phenomena of both classes, so 
far as they are known, constitute the science of Elec- 
tromagnetism, 

In the following Treatise I propose to describe the 
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most important of thesc phenomena, to shew how they 
may be subjected to measurement, and to trace the 
mathematical connexions of the quantities measured. 
Having thus obtained the data for a mathematical 
theory of electromagnetism, and having shewn how 
this theory may be applied to the calculation of phe- 
nomena, I shall endeavour to place in as clear a light 
as I can the relations between the mathematical form 
of this theory and that of the fundamental science of 
Dynamics, in order that we may be in some degree 
prepared to determine the kind of dynamical pheno- 
mena among which we are to look for illustrations or 
explanations of the electromagnetic phenomena. 

In describing the plenomena, I shall select those 
which most clearly illustrate the fundamental ideas of 
the theory, omitting others, or reserving them till the 
reader is more advanced, 

The most important aspect of any phenomenon from 
a mathematical point of view is that of a measurable 
quantity. I shall therefore consider electrical pheno- 
mena chiefly with a view to their measurement, de- 
scribing the methods of measurement, and defining 
the standards on which they depend. 

In the application of mathematics to the calculation 
of clectrical quantities, I shall endeavour in the first 
place to deduce the most general conclusions from the 
data at our disposal, and in the next place to apply 
the results to the simplest cases that can be chosen. 
I shall avoid, as much as I can, those questions which, 
though they have elicited the skill of mathematicians, 
have not enlarged our knowledge of science. 
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The internal relations of the different branches of 
the science which we have to study are more numerous 
and complex than those of any other science hitherto 
developed. Its external relations, on the one hand to 
dynamics, and on the other to heat, light, chemical 
action, and the constitution of bodies, seem to indicate 
the special importance of electrical science as an aid 
to the interpretation of nature. 

It appears to me, therefore, that the study of elec- 
tromagnetism in all its extent has now become of the 
first importance as a means of promoting the progress 
of science. 

The mathematical laws of the different classes of 
phenomena have been to a great extent satisfactorily 
made out, 

The connexions between the different classes of phe- 
nomena have also been investigated, and the proba- 
bility of the rigorous exactness of the experimental 
laws has been greatly strengthened by a more extended 
knowledge of their relations to cach other. 

Finally, some progress has been made in the re- 
duction of electromagnetism to a dynamical science, 
by shewing that no electromagnetic phenomenon is 
contradictory to the supposition that it depends on 
purely dynamical action. 

What has been hitherto done, however, has by no 
means exhausted the field of electrical research. It 
has rather opened up that field, by pointing out sub- 
jects of enquiry, and furnishing us with means of 
investigation. 

It is hardly necessary to enlarge upon the beneficial 
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results of magnetic research on navigation, and the 
importance of a knowledge of the true direction of 
the compass, and of the effect of the iron in a ship. 
But the labours of those who have endeavoured to 
render navigation more secure by means of magnetic 
observations have at the same time greatly advanced 
the progress of pure science. 

Gauss, as a member of the German Magnetic Union, 
brought his powerful intellect to bear on the theory 
of magnetism, and on the methods of observing it, 
and he not only added greatly to our knowledge of 
the theory of attractions, but reconstructed the whole 
of magnetic science as regards the instruments used, 
the methods of observation, and the calculation of the 
results, so that his memoirs on Terrestrial Magnetism 
may be taken as models of physical research by all 
those who are engaged in the measurement of any 
of the forces in nature. 

The important applications of electromagnetism to 
telegraphy have also reacted on pure science by giving 
a commercial value to accurate electrical measure- 
ments, and by affording to electricians the use of 
apparatus on a scale which greatly transcends that 
of any ordinary laboratory. The consequences of this 
demand for electrical knowledge, and of these experi- 
mental opportunities for acquiring it, have been already 
very great, both in stimulating the energies of ad- 
vanced electricians, and in diffusing among practical. 
men a degree of accurate knowledge which is likely 
to conduce to the general scientific progress of the 
whole engineering profession. 
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There are several treatises in which electrical and 
magnetic phenomena are described in a popular way. 
These, however, are not what is wanted by those who 
have been brought face to face with quantities to be 
measured, and whose minds do not rest satisfied with 
lecture-room experiments, 

There is also a considerable mass of mathematical 
memoirs which are of great importance in electrical 
science, but they lie concealed in the bulky Trans- 
actions of learned societies; they do not form a con- 
nected system; they are of very unequal merit, and 
they are for the most part beyond the comprehension 
of any but professed mathematicians. 

I have therefore thought that a treatise would be 
useful which should have for its principal object to 
take up the whole subject in a methodical manner, 
and which should also indicate how each part of the 
subject is brought within the reach of methods of 
verification by actual measurement. 

The general complexion of the treatise differs con- 
siderably from that of several excellent clectrical 
works, published, most of them, in Germany, and it 
may appear that scant justice is done to the specu- 
lations of several eminent electricians and mathema- 
ticians. One reason of this is that before I began 
the study of electricity I resolved to read no mathe- 
matics on the subject till I had first read through 
Faraday’s Experimental Researches on Electricity. I 
was aware that there was supposed to be a difference 
between Faraday’s way of conceiving phenomena and 
that of the mathematicians, so that neither he nor 
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they were satisfied with each other’s language. I had 
also the conviction that this discrepancy did not arise 
from either party being wrong. I was first convinced 
of this by Sir William Thomson *, to whose advice and 
assistance, as well as to his published papers, I owe 
most of what I have learned on the subject. 

As I proceeded with the study of Faraday, I per- 
ceived that his method of conceiving the phenomena 
was also a mathematical one, though not exhibited 
in the conventional form of mathematical symbols, I 
also found that these methods were capable of being 
expressed in the ordinary mathematical forms, and 
thus compared with those of the professed mathcma- 
ticians, 

For instance, Faraday, in his mind’s eye, saw lines 
of force traversing all space where the mathematicians 
saw centres of force attracting at a distance : Faraday 
saw a medium where they saw nothing but distance: 
Faraday sought the seat of the phenomena in real 
actions going on in the medium, they were satisfied 
that they had found it in a power of action at a 
distance impressed on the electric fluids, 

When I had translated what I considered to be 
Faraday’s ideas into a mathematical form, I found 
that in general the results of the two methods coin- 
cided, so that the same phenomena were accounted 
for, and the same laws of action deduced by both 
methods, but that Faraday’s methods resembled those 


* I take this opportunity of acknowledging my obligations to Sir 
W. Thomson and to Professor Tait for many valuable suggestions made 
during the printing of this work. 


| 


PREFACE. xd 


in which we begin with the whole and arrive at the 
parts by analysis, while the ordinary mathematical 
methods were founded on the principle of beginning 
with the parts and building up the whole by syn- 
thesis. 

[ also found that several of the most fertile methods 
of research discovered by the mathematicians could be 
expressed much better in terms of ideas derived from 
Faraday than in their original form. 

The whole theory, for instance, of the potential, con- 
sidered as a quantity which satisfies a certain partial 
differential equation, belongs essentially to the method 
which I have called that of Faraday. According to 
the other method, the potential, if it is to be considered 
at all, must be regarded as the result of a summa- 
tion of the electrified particles divided each by its dis- 
tance from a given point. Hence many of the mathe- 
matical discoveries of Laplace, Poisson, Green and 
Gauss find their proper place in this treatise, and their 
appropriate expression in terms of conceptions mainly 
derived from Waraday. 

Great progress has been made in electrical science, 
chiefly in Germany, by cultivators of the theory of 
action at a distance. The valuable electrical measure- 
ments of W. Weber are interpreted by him according 
to this theory, and the electromagnetic speculation 
which was originated by Gauss, and carried on by 
Weber, Riemann, J. and C. Neumann, Lorenz, &c. is 
founded on the theory of action at a distance, but 
depending either directly on the relative velocity of the 
particles, or on the gradual propagation of something, 
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whether potential or force, from the one particle to 
the other. The great success which these eminent 
men have attained in the application of mathematics 
to electrical phenomena gives, as is natural, addi- 
tional weight to their theoretical speculations, so that 
those who, as students of clectricity, turn to them as 
the greatest authorities in mathematical electricity, 
would probably imbibe, along with their mathematical] 
methods, their physical hypotheses. 

These physical hypotheses, however, are entirely 
alien from the way of looking at things which I 
adopt, and one object which I have in view is that 
some of those who wish to study electricity may, by 
reading this treatise, come to see that there js another 
way of treating the subject, which is no less fitted to 
explain the phenomena, and which, though in some 
parts it may appear less definite, corresponds, as | 
think, more faithfully with our actual knowledge, both 
in what it affirms and in what it Icaves undecided. 

In a philosophical point of view, morcover, it is 
exceedingly important that two methods should be 
compared, both of which have succeeded in explaining 
the principal clectromagnetic phenomena, and both of 
which have attempted to explain the propagation of 
light as an electromagnetic phenomenon, and have 
actually calculated its velocity, while at the same time 
the fundamental conceptions of what actually takes 
place, as well as most of the secondary conceptions of 
the quantities concerned, are radically different. 

I have therefore taken the part of an advocate rather 
than that of a judge, and have rather exemplified one 
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method than attempted to give an impartial description 
of both. I have no doubt that the method which I 
have called the German one will also find its sup- 
porters, and will be expounded with a skill worthy 
of its ingenuity. 

I have not attempted an exhaustive account of elec- 
trical phenomena, experiments, and apparatus. The 
student who desires to read all that is known on these 
subjects will find great assistance from the Traité 
d’Electricité of Professor A. de la Rive, and from several 
German treatises, such as Wiedemann’s Galvanismus, 
Riess’ Reibungselehtricitt, Beer's Einleitung in die Elek- 
trostatik, &e. 

I have confined myself almost entirely to the ma- 
thematical treatment of the subject, but I would 
recommend the student, after he has learned, expcri- 
mentally if possible, what are the phenomena to be 
observed, to read carefully Faraday’s Experimental 
Researches in Electricity, We will there find a strictly 
contemporary historical account of some of the greatest 
electrical discoveries and investigations, carried on in 
an order and succession which could hardly have becn 
improved if the results had been known from the 
first, and expressed in the language of a man who 
devoted much of his attention to the methods of ac- 
curately describing scientific operations and their re- 
sults *. 

It is of great advantage to the student of any 
subject to read the original memoirs on that subject, 
for science is always most completely assimilated when 


* Life and Letters of Faraday, vol. i, p. 395. 
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it is in the nascent state, and in the case of Faraday’s 
Researches this is comparatively easy, as they are 
published in a separate form, and may be read con- 
secutively. If by anything I have here written I 
may assist any student in understanding Faraday’s 
modes of thought and expression, I shall regard it as 
the accomplishment of one of my principal aims—to 
communicate to others the same delight which I have 
found myself in reading Faraday’s Researches. 

The description of the phenomena, and the ele- 
mentary parts of the theory of each subject, will be 
found in the earlier chapters of each of the four Parts 
into which this treatise is divided. The student will 
find in these chapters enough to give him an elementary 
acquaintance with the whole science. 

The remaining chapters of cach Part are occupied 
with the higher parts of the theory, the processes of 
numerical calculation, and the instruments and methods 
of experimental research. 

The relations between electromagnetic phenomena 
and those of radiation, the theory of molecular electric 
currents, and the results of speculation on the nature 
of action at a distance, are treated of in the last four 
chapters of the second yolume, 
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ELECTRICITY AND MAGNETISM. 


ERRATA. VOL. I. 


Page 26, 1. 3 from bottom, dele ‘As we have made no assumption’, &e. 


omeo] oligo Eco! 


0 


” 


” 


down to 1,7 of p. 27, ‘the expression may then be written’, and 
substitute as follows :— 


Let us now suppose that the curves for which @ is constant 
form a series of closed curves, surrounding the point on the surface 
for which a has its minimum value, a,, the last curve of the serics, 
for which a = a,, coinciding with the original closed curve s. 

Let us also suppose that the curves for which @ is constant form 
a series of lines drawn from the point ut which a= a, to the 
closed curve s, the first, /3,, and the last, ,, being identical. 

Integrating (8) by parts, the first term with respect to a and 
the second with respect to B, the double integrals destroy ench 
other, The line integral, 


° 


Ada 
ae ar d 
“Bo ( Te A, 
is zero, because the curve a = a, is reduced to a point at which 
there is but one value of .Y and of 2, 
The two line integrals, 
1, de 1 de 
= (Xx — da+ [ XK da 
[ dang, a9 ( da'pmp, ” 
destroy each other, because the point (a, A,) is identical with the 
point (a, 3). 
The expression (8) is therefore reduced to 
Ay dx 
JV dp, 9 
Bo ( TA amet B ( ) 
Since the curve a =a, is identical with the closed curve s, we 
may write this expression 


. 80, in equations (3), (4), (6), (8), (17), (18), (19), (20), (21), (22), for 


L vead N. 


. 82,1.3, for RL read NI, 


83, in equations (28), (29), (30), (31 snl eels 
. 83, quation: , ; F ), for Te Met 


in equation (29), ¢nseré — before the second member. 


. 105, 1.2, for Q read 87Q. 
- 108, equation (1), for p read ji. 


” (2), for p” read p. 
” (3), for o read a”. 


‘i (4), for o”% vead o. 


(AES, sy for A ead - KR, 


1.5, for KARR’ cose read i KR ER’ cose. 


» 114, 1.5, for 8 read S. 
. 124, last line, for e+e, read e4e,, 
. 125, lines 3 and 4, transpose within and without; 1. 16, for v 


read V; and 1. 18, for Vi read v, 


. 128, lines 11, 10, 8 from bottom, for da read dz, 
149, 1. 24, for cyupotential read equipotential. 


. 163, 1,20, for Ajese read Aj;_g4p 
4s ea ay Siew I 
- 164, equation (34), for (—1)! gti fw read (~1)i-* Peps 
. 179, equation (76), for t+1 vead 27+1, ae 
2 a2 od 
- 185, equation (24), for oe) read ag se 1. 
. 186, 1,5 from bottom, for “The surfice-density on the elliptic plate’ 


Th’ 
. 356, equation (12), for Monae, ool 
ad cL 
. 365, in equations (12), (15), (16), for A read Ar. 
» 866, equation (3), for “2 veal 2s ; 
: Z 


1 
. 367, 1.5, for 24,8 read 2h, 8, 
. 368, equation (14), for TY read 1. 


. 397, 1.1, for ae read 78 
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. 159, 1.3, for F read f. 


1.2 from bottom, for AL read A. 


2% 


120 


2 4 


reed Tho surfaee-density on either side of the elliptic plate. 


. 186, equation (30), fur 2a read 4a, 
. 188, equation (38), for a real Qn. 
» 196, 1.27, for e..e read e..e,. 


Be ead 


197, equation (10) should be Af = ~~~} -.3- 
0 Fa 
. 204, 1.15 from bettom, dele cither. 
.215, La, for /S2h read 2k. 
é BE 
. 234, equation (13), for 22 read oe 


. 335, dele last 14 lines, 
. 336, 1.1, dele therefore. 


1, 2, for ‘the potential at @ to exceed that at D by 2, read a 
current, C, from .V to Y, 

1.4, for *C to / will cause the potential at 4 to exceed that at 
Hi by the same quantity P vead X to Y will cause an equal 
current € frum ut to B, 


a 


351, 13, for RPG RP + Rew? vead Rutt Li,v + Ry w, 


ivan Oe ee, 
» 1 4, vead +2f ffs ar faa qa) dadyde, 


. 355, last line, for $”% rend S, 


dis’ 


, 


v7 


» 404, at the end of Art. 350 insert ag follows :— 


When y, the resistance to be measured, a@, the resistance of the 
battery, and a, the resistance of the galvanometer, are given, the 
best valucs of the other resistances have been shewn by Mr. Oliver 
Heaviside (Pel. dfay., Feb. 1878) to be 


c= J/aa, b Jar B rays 


ELECTRICITY AND MAGNETISM. 


PRELIMINARY. 
ON THE MEASUREMENT OF QUANTITIES. 


1,] Every expression of a Quantity consists of two factors or 
components. One of these is the name of a certain known quan- 
tity of the same kind as the quantity to be expressed, which is 
taken as a standard of reference. The other component is the 
number of times the standard is to be taken in order to make up 
the required quantity, The standard quantity is technically called 
the Unit, and the number is called the Numerical Value of the 
quantity. 

There must be as many different units as there are different 
kinds of quantities to be measured, but in all dynamical seiences 
it is possible to define these units in terms of the threc funda- 
mental units of Length, Time, and Mass. Thus the units of area 
and of volume are defined respectively as the square and the cube 
whose sides are the unit of length. 

Sometimes, however, we find several units of the same kind 
founded on independent considerations, Thus the gallon, or the 
volume of ten pounds of water, is used as a unit of capacity as well 
as the cubie foot. The gallon may be a convenient measure in 
some cases, but it is not a systematic one, since its numerical re- 
lation to the cubic foot is not a round integral number. 

2.) In framing a mathematical system we suppose the funda- 
mental units of leagth, time, and mass to be given, and deduce 
all the derivative units from these by the simplest attainable de- 
finitions, 

The formulae at which we arrive must be such that a person 
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of any nation, by substituting for the different symbols the nu- 
merical value of the quantities as measured by his own national 
units, would arrive ata true result, 

Tlence, in all scientific studies it is of the greatest importance 
to employ units belonging to a properly defined system, and to 
know the relations of these units to the fundamental units, so that 
we may be able at once to transform our results from one system to 
another, 

This is most conveniently done by ascertaining the dimensions 
of every unit in terms of the three fandumental units. When au 
given unit varies as the xth power of one of these units, it is said 
to be of x dimensions as regards that unit. 

For instance, the scientific unit of volume is always the cube 
whose side is the unit of length. If the unit of length varies, 
the unit of volume will vary as its third power, and the unit of 
volume is said to be of three dimensions with respect to the unit of 
length. 

A knowledge of the dimensions of units furnishes a test: which 
ought to be applied to the equations resulting from any lengthened 
investigation, The dimensions of every term of such an cqua- 
tion, with respect to each of the three fundamental units, must 
be the same. If not, the equation is absurd, and coutains some 
error, as its interpretation wonld be different according to the arbi- 
trary system of units which we adopt *. 


The Three Fundamental Units. 


3.] (1) Length, The standard of length for scientific purposes 
in this country is one foot, which is the third part of the standard 
yard preserved in the Exchequer Chambers. 

In France, and other countries which have adopted the metric 
system, it is the métre. The métre is theoretically the ten mil- 
lionth part of the length of a meridian of the carth measured 
from the pole to the equator; but practically it is the length of 
a standard preserved in Paris, whigh wes constructed by Borda 
to correspond, when at the temperature of melting: ice, with the 
value ofthe preceding length as measured by Delambre, The matre 
has not been altered to correspond with new and more accurate 
measurements of the earth, but the are of the meridian is estimated 
in terms of the original matre. 


* The theory of dimensions was first stated by Fourier, Théorie de Chaleur, § 160. 
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5: THE TIRER FUNDAMENTAL UNITS, 3 


In astronomy the mean distance of the earth from the sun is 
sometimes taken as a unit of length. 

In the present state of science the most universal standard of 
length which we could assume would be the wave length in vacuum 
ofa particular kind of light, emitted hy some widely diffused sub- 
stance such as sodium, which has well-defined lines in its spectrum, 
Such a standard would be independent of any changes in the di- 
mensions of the earth, and should be adopted by those who expect 
their writings to be more permanent than that body. 

In treating of the dimensions of units we shall call the unit of 
length [ZL]. If 7 is the numerical value of a length, it is under- 
stood to be expressed in terms of the concrete unit [Z], so that 
the actual length would be fully expressed by ¢[Z]. 

4.] (2) Zive. The standard unit of time in all civilized coun- 
tries is deduced from the time of rotation of the earth about its 
axis. The sidereal day, or the true period of rotation of the earth 5 
can be ascertained with great exactness by the ordinary observa- 
tions of astronomers; and the mean solar day can be deduecd 
from this by our knowledge of the length of the year. 

The unit of time adopted in all physical researehes is one second 
of mean solar time. 

In astronomy a year is sometimes used as a unit of time. A 
more universal unit of time might be found by taking the periodic 
time of vibration of the particular kind of light whose wave length 
is the unit of length. 

We shall call the concrete unit of time {7}, and the numerical 
measure of time 4. 

5.] (3) dfuss. The standard unit of mass is in this country the 
avoirdwwis pound preserved in the Exchequer Chambers, The 
grain, which is often used as a unit, is defined to be the 7000th 
part of this pound. 

In the metrical system it is the gramme, which is theoretically 
the mass of a cubic centimetre of distilled water at standard tem- 
perature and pressure, but practically it is the thousandth part 
of a standard kilogramme preserved in Paris. 

The accuracy with which the masses of bodies can be com- 
pared by weighing is far greater than that hitherto attained in 
the measurement of lengths, so that all masses ought, if possible, 
to be compared directly with the standard, and not deduced from 
experiments on water. 

In descriptive astronomy the mass of the sun or that of the 
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earth is sometimes taken as a unit, but in the dynamical theory 
of astronomy the unit of mass is deduced trom the units of time 
and length, combined with the fact of universal gravitation, The 
astronomical unit of mass is that mass which attracts another 
body placed at the unit of distance so as to produce in that body 
the unit of acceleration. 

Tn framing a universal system of units we may cither deduce 
the unit of mass in this way from those of length and time 
already defined, and this we can do to a rough approximation in 
the present state of science ; or, if we expect * soon to be able to 
determine the mass of a single molecule of a standard substance, 
we may wait for this determination before fixing a universal 
standard of mass. 

We shall denote the concrete unit of mass hy the symbol [Al ] 
in treating of the dimensions of other units. The unit of mass 
will be taken as one of the three fundamental units. When, as 
in the French system, a particular substance, water, is taken ag 
a standard of density, then the unit of mass is no longer inde- 
pendent, but varies as the unit of volume, or as [2]. 

If, as in the astronomical system, the unit. of mass is defined 
with respect to its attractive power, the dimensions of [A] are 
Ce da 

For the acceleration due to the attraction of a mass » ata 


: ; ‘ ne : : 
distance 7 is by the Newtonian Law jz Suppose this attraction 


to act for a very small time ¢ ona body originally at rest, and to 
‘ause it to describe a space ¢, then by the formula of Galileo, 


g=4/fP= by e; 


2 


78 ‘ 
whence m == 2 oa Since y and s are both lengths, and é is a 


2 


time, this equation cannot be true unless the dimensions of in are 
[£3 7~*], The same can be shewn from any astronomical equa- 
tion in which the mass of a hody appears in some but not in all 
of the terms fF, 


* See Prof J. Loschmidt, «Zur Gréase der Luftinolecule,’ Academy of Vienna, 
Oct, 12, 1865; GJ. Stoney on (The Internal Motions of Crases.’ PAIL Mag., Aug. 
1868; and Sir W. Thomson on ‘The Size of A toms,’ Nudare, March 31, 1870, 

+ If a foot and a second are taken as units, the astronomical unit of mess would 
he about 932,000,000 pounds 
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Derived Units, 


6. | The nnit of Velocity is that velocity in which unit of length 
is described in unit of time. Its dimensions are [ZL 7'7"]. 

If we adopt the units of length and time derived from the 
vibrations of light, then the unit of velocity is the velocity of 
light. 

The unit of Acceleration is that acceleration in which the velo- 
city increase: by unity in unit of time. Its dimensions are [Z 7” *]. 

The unit of Density is the density of a substance which contains 
unit of mass in unit of volume. Its dimensions are [J7Z-*]. 

The unit of Momentum is the momentum of unit of mass moving 
with unit of velocity. Its dimensions are [47£2'~"], 

The unit of Force is the foree which produces unit of momentum 
in unit of time. Its dimensions are [I7L7'-?]. 

This is the absolute unit of foree, and this definition of it is 
implied in every equation in Dynamics. Nevertheless, in many 
text books in which these equations are given, a different unit of 
force is adopted, namely, the weight of the national unit of mass ; 
and then, in order to satisfy the equations, the national unit of mass 
is itself abandoned, and an artificial unit is adopted as the dynamical 
unit, equal to the national unit divided by the numerical value of 
the force of gravity at the place, In this way both the unit of force 
and the unit of mass are made to depend on the value of the 
force of gravity, which varies from place to place, so that state- 
ments involving these quantities are not complete without u know- 
ledge of the force of gravity in the places where these statements 
were found to be true. 

The abolition, for all scientific purposes, of this method of mca- 
suring forees is mainly due to the introduction of a general system 
of making observations of magnetic force in countries in which 
the force of gravity is different. All such forces are now measured 
according to the strictly dynamical method deduced from our 
delinitions, and the numerical results are the same in whatever 
country the experiments are made. 

The unit of Work is the work done by the unit of force acting 
through the unit of length measured in its own direction. Its 
dimensions are [A/Z? 7'-*]. 

The Energy of a system, being its capacity of performing work, 
is measured by the work which the system is capable of performing 
by the expenditure of its whole energy. 
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The definitions of other quantities, and of the units to which 
they are referred, will be given when we require them. 

In transforming the values of physical quantities determined in 
terms of one unit, so as to express them in terms of any other unit 
of the same kind, we have only to remember that every expres- 
sion for the quantity consists of two factors, the unit and the nu- 
merical part which expresses how often the unit is to be taken. 
Hence the numerical part of the expression varies in versely as the 
magnitude of the unit, that is, inversely as the various powers of 
the fundamental units which are indicated by the dimensions of the 
derived unit. 


On Physical Continuity aad Discontinuity, 


7.] A quantity is said to vary continuously when, if it passes 
from one value to another, it assumes all the intermediate values, 

We may obtain the conception of continuity from a consideration 
of the continuous existence of a particle of matter in time and space, 
Such a particle cannot pass from one position to another without 
deseribing a continuous line in space, and the coordinates of its 
position must: be continuous functions of the time. 

In the so-called ‘equation of continuity,’ as given in treatises 
on Hydrodynamies, the fact expressed is that matter cannot appear 
in or disappear ftom an clement of volume without passing in or out 
through the sides of that element. 

A quantity is said to be a continuous function of its variables 
when, if the variables alter continuously, the quantity itself alters 
continuously, 

Thus, if w is a function of x, and if, while # passes continuously 
from vy to 2), v passes continuously from 2, to «4, but when @ 
passes from 2, to 2, w passes from 2,’ to My, wy being different from 
w,, then « is said to have a discontinuity in its variation with 
respect to x for the valne 2 = @,, because it passes abruptly from z, 
tow,’ while 2 passes continuousl y through 2. 

Tf we consider the differential covfficient, of « with respect to 2 for 
the value # = a, as the limit of the fraction 


£,—2L, 
when #, and «, are both made to approach 2, without limit, then, 
if a and aw, wre always on opposite sides of 2,, the ultimate value of 
the numerator will be w,{—,, and that of the denominator will 
be zero. If wisa quantity physically continuous, the discontinuity 
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can exist only with respect to the particular variable 2. We must 
in this case admit that it has an infinite differential coefficient 
when @ =2,. If is not physically continuous, it cannot be dif- 
ferentiated at all. 

It is possible in physical questions to get rid of the idea of 
discontinuity without sensibly altering the conditions of the case. 
If 2, is a very little less than a,, and «, a very little greater than 
wy, then a, will be very nearly equal to 2, and #, to «,’. We 
may now suppose x” to vary in any arbitrary but continuous manner 
from 2, to v, between the limits w and «,. In many physical 
questions we may begin with a hypothesis of this kind, and then 
investigate the result when the values of # and a, are made to 
approach that of a, and ultimately to reach it. The result will 
in most cases he independent of the arbitrary manner in which we 
have supposed w to vary between the limits, 


Discontinuily of a Function of more than One Variable. 
1 9 


8.] If we suppose the values of all the variables except x to be 
constant, the discontinuity of the function will occur for particular 
values of x, and these will be connected with the values of the 
other variables by an equation which we may write 

b = > (2, y, z, &e.) = 0. 
The discontinuity will oceur when ¢ = 0. When ¢ is positive the 
function will have the form /, (x,y,z, &e.). When @ is negative 
it will have the form I, (z, y, 2, &c.). There need be no necessary 
relation hetween the forms 4, and J. 

To express this discontinuity in a mathematical form, let one of 
the variables, say a, be expressed as a function of @ and the other 
ariables, and Ict /, and F, be expressed as functions of @, y, 2, &e. 
We may now express the general form of the function by any 
formula which is sensibly equal to F, when ¢ is positive, and to 
4, when ¢ is negative. Such a formula is the following— 

pe tee, 
le? 

As long as 2 is a finite quantity, however great, F will be a 
continuons function, but if we make » infinite / will be equal to 
4, when ¢ is positive, and equal to / when ¢ is negative. 


Discontinuity of the Derivatives of a Continuous Function. 


The first derivatives of a continuous function may be discon- 
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tinuous. Let the values of the variables for which the discon- 
tinuity of the derivatives occurs be conneeted by the equation 
p= p(y,c...) = 0, 

and let 2, and /, be expressed in terms of @ and x—1 other 
variables, say (y, 2 ...). 

Then, when @ is negative, / is to be taken, and when p is 
positive 2, is to be taken, and, since ¥ is itself continuous, when 
p is zero, FL = F,, 


Henee, when ¢@ is zero, the derivatives oa and ig may be 

different, but the derivatives with respect to any of the other 
LP, LB, 

yariables, such as A) and cae must be the same. The discon- 
dy dy 


tinuity Is therefore confined to the derivative with respect to ¢, all 
the other derivatives being continuous, 


Periodic and Multiple Fuuetions, 


9] If « is a function of x such that its value is the same for 
a, 7+a, v-+na, and all values of @ differing by a, w is called a 
periodic function of x, and a is called its period. 

If a is considered as a function of u, then, for a given value of 
#, there must be an infinite series of values of x differing by 
multiples of a. In this case e is called a multiple function of ut, 
and a is called its cyclic constant. : 


The differential coefficient e has only a finite number of values 


corresponding to a given value of x. 


On the Relation of Physical Quantities to Directions in Space. 


10.] In distinguishing the kinds of physical quantities, it is of 
great importance to know how they are related to the directions 
of those coordinate axes which we usually employ in defining the 
positions of things. The introduetion of coordinate axes into eeo- 
metry hy Des Cartes was one of the greatest steps in mathematical 
progress, for it reduced the methods of geometry to calculations 
performed on numerical quantities. The position of a point is made 
to depend on the length of three lines which are always drawn in 
determinate directions, and the line joining: two points is in like 
manner considered as the resultant of three lines, 

But for riany purposes in physical reasoning, as distinguished 
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from calculation, it is desirable to avoid explicitly introducing the 
Cartesian coordinates, and to fix the mind at once on a point of 
space instead of its three coordinates, and on the magnitude and 
direction of a force instead of its three components. This mode 
of contemplating geometrical and physical quantities is more prim- 
itive and more natural than the other, although the ideas connected 
with it did not receive their full development till Hamilton made 
the next great step in dealing with space, hy the invention of his 
Calculus of Quaternions. 

As the methods of Des Cartes are still the most familiar to 
students of science, and as they are really the most useful for 
purposes of calculation, we shall express all our results in the 
Cartesian form. I am convineed, however, that the introduction 
of the ideas, as distingnished from the operations and methods of 
Quaternions, will be of great use to us in the study of all parts 
of our subject, and especially in electrodynamics, where we have to 
deal with a number of physical quantities, the relations of which 
to cach other can be expressed far more simply by a few words of 
Hamilton’s, than by the ordinary equations, 

11.) One of the most important features of Hamilton’s method is 
the division of quantities into Scalars and Vectors. 

A Scalav quantity is capable of being completely defined by a 
single numerical specification. Its numerical value does not in 
any way depend on the directions we assume for the coordinate 
axes. 

A Vector, or Directed quantity, requires for its definition three 
numerical specifications, and these may most simply be understood 
as having reference to the directions of the coordinate axes. 

Scalar quantities do not involve direction. The volume of a 
geometrical figure, the mass and the energy of a material body, 
the hydrostatical pressure at a point in a fluid, and the potential 
at a point in space, are examples of scalar quantities, 

A vector quantity has direction as well as magnitude, and is 
such that a reversal of its direction reverses its sign. The dis- 
placement of a point, represented by a straight line drawn from 
its original to its final position, may be taken as the typical 
vector quantity, from which indeed the name of Vector is derived. 

The velocity of a body, its momentum, the force acting on it, 
an electric current, the magnetization of a particle of iron, are 
instances of vector quantities. 

There are physical quantities of another kind which are related 
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to directions in space, but which are not vectors, Stresses and 
strains in solid bodies are examples of these, and the properties 
of bodies considered in the theory of clasticity and in the theory 
of double refraction. Quantities of this class require for their 
definition 27ve numerical specifications. They are expressed in the 
language of Quaternions by linear and veetor functions of a vector. 

The addition ol’ one vector quantity to another of the same kind 
is performed according to the rule given in Staties for the com- 
position of forces. In fact, the proof which Poisson eives of the 
‘parallelogram of forces’ is applicable to the composition of any 
quantities such that a reversal of their sign is equivalent to turning 
them end for end. 

When we wish to denote a vector quantity by a single symbol, 
and to call attention to the fact that it is a vector, so that we must 
consider its direction as well as its magnitude, we shall denote 
it by a German capital letter, as YU, B, &e, 

In the calculus of Quaternions, the position of a point in space 
is defined by the vector drawn from a fixed point, called the origin, 
to that point. If at that point of space we have to consider any 
physical quantity whose value depends on the position of’ the point, 
that quantity is treated as a function of the vector drawn from 
the origin. The function may he itself either scalar or vector. 
The density of a body, its temperature, its hydrostatic pressure, 
the potential at a point, are examples of scalar functions. The 
resultant force at the point, the velocity of a fluid at that point, 
the velocity of rotation of an element of the fluid, and the couple 
producing rotation, are examples of vector functions, 

12.] Physical vector quantities may be divided into two classes, 
in one of which the quantity is defined with reference to a line, 
while in the other the quantity is defined with reference to an 
area. 

For instance, the resultant of an attractive force in any direction 
may be measured by finding the work which it would do on a 
body if the body were moved a short distance in that direction 
and dividing it by that short distanee. Here the attractive force 
is defined with reference to a line, 

On the other hand, the flux of heat in any direction at any 
point of a solid body may be defined as the quantity of heat which 
crosses a small area drawn perpendicular to that direction divided 
hy that area and by the time. Here the flux is defined with 
reference to an area. 
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There are certain cases in which a quantity may be measured 
with reference to a line as well as with reference to an area, 

Thus, in treating of the displacements of elastic solids, we may 
direct our attention either to the original and the actual position 
of a particle, in which case the displacement of the particle is 
measured by the line drawn from the first position to the second, 
or we may consider a small area fixed in space, and determine 
what quantity of the solid passes across that area during the dis- 
placement. 

In the same way the velocity of a fluid may be investigated 
either with respect to the actual velocity of the individual parti- 
cles, or with respect to the quantity of the fluid which Hows through 
any fixed area. 

But in these cases we require to know separately the density of 
the body as well as the displacement: or velocity, in order to apply 
the first method, and whenever we attempt to form a molecular 
theory we have to use the second method. 

In the case of the flow of electricity we do not know anything 
of its density or its velovity in the conductor, we only know the 
value of what, on the fluid theory, would correspond to the product 
of the density and the velocity. Hence in all such cases we must 
apply the more general method of measurement of the flux across 


an area, 
In electrical science, electromotive furce and magnetic force | 


belong to the first cluss, being defined with reference to lines, 
When we wish to indicate this fact, we may refer to them as 
Forces. 

On the other hand, electric and magnetic induction, and electric 
currents, belong to the second class, being defined with reference 
to areas. When we wish to indicate this fact, we shall refer to them 
as Fluxes, 

Fach of these forees may be considered as producing, or tending 
to produce, its corresponding flux. Thus, electromotive force pro-~ 
duces electric currents in conductors, and tends to produce them 
in dielectrics. It produces electric induction in dielectrics, and pro- 
bably in conductors also, In the same sense, magnetic force pro- 
duces magnetic induction. 

13.] In some cases the flux is simply proportional to the force 
and in the same direction, but in other cases we can only affirm 
that the direction and magnitude of the flux are functions of the 
direction and magnitude of the force, 
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The case in which the components of the flux are dizear functions 
of those of the force is disenssed in the chapter on the Equations 
of Conduction, Art. 296. There are in general nine coefficients 
which determine the relation between the force and the flux. In 
certain cases we have renson to believe that six of these coetticients 
form three pairs of equal quantities. In such cases the relation he- 
tween the line of direction of the foree and the normal plane of the 
flux is of the same kind as that between a diameter of an ellipsoid 
and its conjugate diametral plane. In Quaternion language, the 
one vector is said to be a linear and veetor function of the other, and 
when there are three pairs of equal coefficients the function is said 
to be self-conjugate. 

In the case of magnetic induction in iron, the flux, (the mag- 
netization of the iron,) is not a linear finetion of the magnetizing 
force. In all cases, however, the product of the force and the 
flux resolved in its direction, gives a result of scientific import- 
ance, and this is always a scalar quantity. 

14.] There are two mathematical operations of frequent occur- 
rence which are appropriate to these two classes of yeetors, or 
directed quantities. 

In the case of forces, we have to take the integral along a line 
of the product of an clement of the line, and the resolved part of 
the foree along that element. The result of this operation is 
called the Line-integral of the force. It represents the work 
done on a body carried along the line. In certain eases in which 
the line-integral does not depend on the form of the line, but 
only on the position of its extremities, the line-integral is called 
the Potential, 

Tn the case of fluxes, we have to take the integral, over a surface, 
of the flux through every clement of the surface. The result of 
this operation is called the Surface-integral of the flax. It repre- 
sents the quantity which passes through the surface. 

There are certain surfaces across which there is no flux. If 
two of these surfaces intersect, their line of intersection is a line 
of flux. In those eases in which the flux is in the same direction 
as the force, lines of this kind are often called Lines of Foree. It 
would Le more correct, however, to speak of them in electrostatics 
and magnetics as Lines of Induction, and in electrokinematics as 
Lines of Flow, 

15.] There is another distinction between different kinds of 
directed quantities, which, though very important in a physical 
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point of view, is not so necessary to be observed for the sake of 
the mathematical methods. ‘This is the distinction between longi- 
tudinal and rotational properties. 

The direction and magnitude of a quantity may depend upon 
some action or effect which takes place entirely along a certain 
line, or it may depend upon something of the nature of rota- 
tion about that line as an axis, The laws of combination of 
directed quantities are the same whether they are longitudinal or 
rotational, so that there is no difference in the mathematical treat- 
ment of the two classes, but there may be physical circumstances 
Which indicate to which class we must refer a particular pheno- 
menon. Thus, clectrolysis consists of the transfer of certain sub- 
stanees along a line in one direction, and of certain other sub- 
stances in the opposite direction, which is evidently a longitudinal 
phenomenon, and there is no evidence of any rotational effect 
about the direction of the foree. Hence we infer that the electric 
current which causes or accompanies electrolysis is a longitudinal, 
and not a rotational phenomenon. 

On the other hand, the north and south poles of a magnet do 
not differ as oxygen and hydrogen do, which appear at opposite 
places during electrolysis, so that we have no evidence that mag- 
netism is a longiludinal phenomenon, while the effect of magnetism 
in rotating the plane of polarized light distinctly shews that mag- 
netism is a rotational phenomenon, 


Ow Aine~integrals, 

16.] The operation of integration of the resolved part of a vector 
quantity along a line is important in physical science generally, 
and should be clearly understood. 

Let 2, y,< be the coordinates of a point P on a line whose 
length, measured from a certain point 4, is s. These coordinates 
will be functions of a single variable s, ; 

Let 2 be the value of the vector quantity at P, and let the 
tangent to the curve at P make with the direction of 2 the angle e, 
then Heose is the resolved part of BR along ihe line, and the 
integral rs 
L =| Ros € ds 
is called the line-integral of 2? along the line s. 

We may write this expression 


, tye dy de ; 


ds as 
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where X, ¥, Zare the components of 7? parallel to a, y, 2 respect- 
ively. 

This quantity is, in general, different for different lines drawn 
between 2 and 2. When, however, within a certain region, the 
quantity ae 

A det Vdy+4idz = —DY, 
that is, is an exact differential within that region, the value of Z 
becomes L = ¥y—V¥p, 
and is the same for any two forms of the path between 4 and P, 
provided the one form ean be changed into the other by con- 
tinuous motion without passing out of this region. 


On Potentials, 


The quantity ¥ is a scalar function of the position of the point, 
and is therefore independent of the directions of reference. It is 
called the Potential Function, and the vector quantity whose com- 
ponents are X, Y, Z is said to have a potential ¥, if 


" d¥. 2 dy. ic, AY. 
X=—(7-): Ray 4=—-(—; F 


When a potential function exists, surfaces for which the po- 
tential is constant are called Equipotential surfaces. The direction 
of 2 at any point of such a surface coincides with the normal to 
the surface, and if 2 be a normal at the point P, then 2 = = . 

The method of considering the components of a vector as the 
first derivatives of a certain function of the coordinates with re- 
spect to these coordinates was invented by Laplace* in his treat- 
ment of the theory of attractions. The name of Potential was first 
given to this function by Green +, who made it the basis of his 
treatment of electricity. Green’s essay was neglected by mathe- 
maticians til] 1846, and before that time most of its important 
theorems had been rediscovered by Gauss, Chasles, Sturm, and 
Thomson f. 

In the theory of gravitation the potential is taken with the 
opposite sign to that which is here used, and the resultant force 
in any direction is then measured by the rate of tacrease of the 

* Meée, Céleate, liv. iii, 

+ Essay on the Application of Mathematical Analysis to the Theories of Electricity 
and Magnetism, Nottingham, 1828. Reprinted in Crelle’s Journal, and in Mr. Ferrer's 


edition of Green's Works. 
t Thomson and Tait, Natural Philosophy, § 483. 
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potential function in that direction. In electrical and magnetic 
investigations the potential is defined so that the resultant force 
in any direction is measured by the decrease of the potential in 
that direction, This method of using the expression makes it 
eorrespond in sign with potential energy, which always deercases 
when the bodies are moved in the direction of the forces acting 
on them. 

17.] The geometrical nature of the relation between the poten- 
tial and the vector thus derived from it receives great light from 
Hamilton’s discovery of the form of the operator by which the vector 
is derived from the potential. 

The resolved part of the vector in any direction is, as we have 
seen, the first derivative of the potential with respect to a co- 
ordinate drawn in that dircetion, the sign being reversed. 

Now if i, y, # are three unit vectors at right angles to cach 
other, and if Y, Y, 4 are the components of’ the vector § resolved 

parallel to these vectors, then 
R= IX+JV+kZG; (1) 
and by what we have said above, if ¥ is the potential, 


ab de oY 
Ba a (2) 
If we now write V for the operator, 
a a d 
pee Teor ace 3 
ae WG ai dz’ (3) 
F=~VyY. (4) 


The symbol of operation V may be interpreted as directing us 
to measure, in each of three rectangular directions, the rate of 
increase of ¥, and then, considering the quantities thus found as 
veelors, to compound them into one. This is what we are directed 
to do by the expression (3). But we may also consider it as directing 
us first to find out in what direction 4 increases fastest, and then 
to lay off in that direction a vector representing this rate of 
increase. 

M, Lamé, in his Zraité des Fonctions Inverses, uses the term 
Differential Parameter to express the magnitude of this greatest 
rate of increase, but neither the term itself, nor the mode in which 
Lamé uses it, indicates that the quantity referred to has direction 
us well as magnitude. On those rare occasions in which I shall have 
to refer to this relation as a purely gcometrical one, I shall call the 
vector ¥ the Slope of the scalar function ¥, using the word Slope 
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to indicate the direction, as well as the magnitude, of the most 
rapid decrease of ¥. 
18.] There arc cases, however, in which the conditions 


dZ dy dX dZ aY ax 
oo =0, -, —~37 =), and ~,- --— = 0, 
dy dz da dx dr dy 


which ave those of Vde+ Vdy + Zdz being a complete differential, 
are fulfilled throughout a certain region of space, and yet the line- 
integral from 4 to P may be different for two lines, each of 
which lies wholly within that region. This may be the case if 
the region is in the form of a ring, and if the two lines from A 
to P pass through opposite segments of the ring. In this case, 
the one path cannot be transformed into the other by continuous 
motion without passing out of the region. 

We are here led to considerations belonging to the Geometry 
of Position, a subject which, though its importance was pointed 
out by Leibnitz and illustrated by Gauss, has heen little studied. 
The most complete treatment of this subject has been given by 
J. B, Listing *. 

Let there be p points in space, and Jet 2 lines of any form be 
drawn joining these points so that no two lines intersect each 
other, and no point is left isolated. We shall call a figure com- 
posed of lines in this way a Diagram. OF these lincs, y~—1 are 
sufficient to join the p points so as to form a connected system. 
Every new line completes a loop or closed path, or, as we shall 
call it, a Cyele. The number of independent: eycles in the diagram 
is therefore « = 2— p+. 

Any closed path drawn along the lines of the diagram is com- 
posed of these independent cycles, each being taken any number of 
times and in either direction. 

The existence of cycles is called Cyclosis, and the number of 
eycles in a diagram is called its Cyclomatic number. 


Cyclosis in Surfaces and Regions. 


Surfaces are either complete or bounded. Complete surfaces are 
either infinite or closed. Bounded surfaces are limited by one or 
more closed lines, which may in the limiting cases become finite 
lines or points. 

A finite rezion of space is bounded by one or more closed 
surfaces, Of these one is the external surface, the others are 


* Der Census Raiimlicher Complexe, Gott. Abh., Bd. x. 8. 97 (1861). 
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included in it and exclude each other, and are called internal 
surfaces, 

If the region has one bounding surface, we may suppose that 
surface to contract inwards without breaking its continuity or 
cutting itself. If the region is one of simple continuity, such as 
a sphere, this process may be continued till it is reduced to a 
point; but if the region is like a ring, the result will be a closed 
eurve; and if the region has multiple connexions, the result will 
be a diagram of lines, and the cyclomatic number of the diagram 
will be that of the region. The space outside the region has the 
same cyclomatic number as the region itself. Hence, if the region 
is bounded by internal as well as external surfaces, its cyclomatic 
number is the sum of those due to all the surfaces. 

When a region encloses within itself other regions, it 1s called a 
Periphractic region. 

The number of internal bounding surfaces of a region is called 
its periphractic number. A closed surface is also periphractic, its 
number being unity. 

The cyclomatic number of a closed surface is twice that of the 
region which it bounds. To find the cyclomatic number of a 
bounded surface, suppose all the boundaries to contract inwards, 
without breaking continuity, till they mect. The surface will then 
be reduced to a point in the case of an acyclic surface, or to a linear 
diagram in the case of cyclic surfaces. The cyclomatic number of 
the diagram is that of the surface. 


19.] Tuuores I. Uf throughout any acyelie region 
A de+ V¥idy+Zd: =—-DY, 
the value of the line-integral from a point A lo « point P taken 
along any path within the reyion will be the same. 


We shall first shew that the line-integral taken round any closed 
path within the region is zero. 

Suppose the equipotential surfaces drawn. They are all either 
closed surfaces or are bounded entirely by the surface of the region, 
so that a closed linc within the region, if it cuts any of the sur- 
faces at one part of its path, must cut the same surface in the 
opposite direction at some other part of its path, and the corre- 
sponding portions of the line-integral being equal and opposite, 
the total value is zero. 

Hence if AQP and AQ’P are two paths from 4 to P, the line- 
integral for 4Q’P is the sum of that for 4QP and the closed path 

YOL, I. ¢ 
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AQ’PQ But the line-integral of the closed path is zero, there- 
fore those of the two paths are equal. 

Hence if the potential is given at any one point of such a 
region, that at any other point is determinate, 


20.) Tuboren IL. In @ eyelic region in which the equation 
Nde+ Vdy44ds = — De 
as everywhere fulfilled, the line-integral Jrom A to P, along a 
dine drawn within the region, will not in general be determinate 
unless the channel of communication between A and P be specified. 

Let A be the eyclumatic number of the region, then A’ sections 
of the region may be made by surfaces which we may eall Dia- 
phragims, so as to close up K of the channels of communication, 
and reduce the region to an acyclic condition without destroying 
its continuity. 

The line-integral from sf to any point P taken along a line 
which does not cut any of these diaphragms will be, by the last 
theorem, determinate in value. 

Now Jet .4 and 2 be taken indefinitely near to each other, but 
on opposite sides of a diaphragm, and let A’ be the line-intezral 
from a to P, 

Let 4’ and /” be two other points on opposite sides of the same 
diaphragm and indefinitely near to cach other, and let A’ be the 
line-integral from 4’ to 2’. Then A’ se K. 

For if we draw Lf and PP’, nearly coincident, but on opposite 
sides of the diaphragm, the line-integrals aloug these lines will be 
equal, Suppose cach equal to L, then the line-integral of A’ P” is 
equal io that of 44 4P 4+ PP = ~Li+K4+i= K = that of AP. 

Hence the line-integral round a closed curve which passes through 
one diaphragm of the system in a given direction is a constant 
quantity A. This quantity is called the Cyclic constant corre- 
sponding to the given cycle, 

Let any closed curve be drawn within the region, and let it cut 
the diaphragm of the first cycle » times in the positive direction 
and ~” times in the negative direction, and let p-Y =m. Then 
the line-integral of the closed curve will be a, Ky. 

Similarly the line-integral of any closed curve will be 

ny Ay + 2, Ay pte =p ae Ae ; 
where 2% represents ihe excess of the number of positive passages 
of the curve through the diaphragm of the cycle A over the 
number of negative passagres, 
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If two curves are such that one of them may be transformed 
into the other by continuous motion without at any time passing 
through any part of space for which the condition of having a 
potential is not fulfilled, these two curves are called Reconcileable 
curves. Curves for which this transformation cannot he effected 
are called Irreconcileable curves *, 

The condition that Xde+ Vidy4Zdz is © complete differential 
of some function for all points within a certain region, occurs in 
several physical investigations in which the directed quantity and 
the potential have diflerent physical interpretations. 

In pure kinematics we may suppose X, Y, 7 to be the com- 
ponents of the displacement of a point of a continuous body whose 
original coordinates are x,y,z, then the condition expresses that 
these displacements constitute a xon-rotativnal strain t. 

If X, ¥, Z represent the components of the velocity of a fluid at 
the point 2, y, 2, then the condition expresses that the motion of the 
fluid is irrotational. 

Tf X, Y, Z represent the components of the force at the point 
2, y, 2, then the condition expresses that the work done on a 
particle passing from one point to another is the difference of the 
potentials at these points, and the value of this difference is the 
same for all reconcileable paths between the two points. 


On Surfuce-Integrals. 
21.] Let dS be the clement of a surface, and € the angle which 
a normal to the surface drawn towards the positive side of the 
surface makes with the direction of the vector quantity A, then 


f; cos ed§ is called the sur/uce-indegral of R orer the surface S. 


Turoren IIT. The surfuce-integral of the fluc through a elosed 
surfuce may be expressed as the volume-integral of tts convergence 
taken within the surface. (See Art. 25.) 

Let X, ¥, Z be the components of f, and let 7, m, be the 

direction-cosines of the normal to S measured outwards. Then the 
surface-integral of 22 over S is 


TE: foals =f fxras+ [[rmas+ | [ anas 
= ff xXdytz+ | [ Vdeia+ [f 4avay; (1) 


* See Sir W. Thomson ‘On Vortex Motion,’ Trans. RS. Edin, 1869. 
+ See Thomson and Tait’s Natural Philosophy, § 190 (2). 


Ca 
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the values of ¥X, Y, Z being those at a point in the surfuce, and 
the integrations being extended over the whole surface. 

If the surface is a closed one, then, when y and z are given, 
the coordinate z must have an even number of values, since a line 
parallel to must enter and leave the enclosed space an equal 
number of times provided it meets the surface at all. 

Let a point travelling from #=—oo to x=-+o0 first enter 
the space when @ = a, then leave it when # = 2,, and so on; 
and let the values of ¥ at these points be Xy, X,, &e., then 


[fragaz= [] (0 ,—5) 4% -X) + 80.4 Non —Koy q)hdgdes (2) 
Tf V is a quantity which is continuous, and has no infinite values 
between w, and .r,, then 
? dX 
X,-¥,= ["* 


Ee ie dv; (3) 
where the integration is extended from the first to the second 
intersection, that is, along the first segment of 2 which is within 
the elosed surface, Taking into account all the segments which lie 


within the closed surface, we find 


ike dz =/f/ . de dy dz, (4) 


the double integration being confined to the closed surface, but. 
the triple integration being extended to the whole enclosed space. 
Hence, if X, ¥, Z are continuous and finite within a closed surface 
S, the total surface-integral of # over that surface will be 


dX dY  adZ 
[[Reoseas =H{f{(G + We ime dx dy de, (5) 


the triple integration being extended over the whole space within 8. 
Let us next suppose that 4, Y,Z are not continuous within the 
closed surface, but that at a certain surface F(a, y, z) = 0 the 
values of X, 1, Z alter abruptly from XV, Y, Zon the negative side 
of the surface to X’, ¥’, Z’ on the positive side, 
If this discontinuity occurs, say, between 2, and x,, the value 
of X,—X, will be 


rts LX 
i da +(X =X), (6) 


where in the expression under the integral sign only the finite 
values of the derivative of X are to be considered, 

In this case therefore the total surface-integral of R over the 
closed surface will he expressed hy 
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| [Reoseas =/[ [G+ oa a) tedydz + | [{( X’— panne 
iar Y)dzdv+ | f[@—2 Z) du dy; (7) 


or, if 2’, i”, 2’ are the direction-cosines of the normal to the surface 
of discontinuity, and @.S’ an element of that surface, 


I fico e dS = | ‘| i (A+ +n . de dy dz 
+ [fear Xm TW’ ¥) +-(Z'—Z)} ds’, (8) 


where the integration of the last term is to be extended over the 
surface of discontinuity. 

If at every point where X, Y, Z are continuous 

aX dY dZ@ 
de * dy + ds = 
and at every surface where they are discontinuous 
UN + V4 D = UX4+m ¥+n'Z, (10) 
then the surface-integral over every closed surface is zero, and the 
distribution of the vector quantity is said to be Solencidal. 

We shall refer to equation (9) as the General solenoidal con- 
dition, and to equation (10) as the Superficial solenoidal condition. 

22.) Let us now consider the case in which at every point 
within the surface S the equation 

aX adaY adZ 

de ade cee, 
is fulfilled. We have as a consequence of this the surface-integral 
over the closed surface equal to zero. 

Now let the closed surface § consist of three parts S,, S,, and 
S,. Let S, be a surface of any form bounded by a closed line J. 
Let S, be formed by drawing lines from every point of Z, always 
coinciding with the direction of #. If J, m, 2 are the direction- 
cosines of the normal at any point of the surface S,, we have 

Roose = XI/4+¥ut+Zn = 0. (12) 
Hence this part of the surface contributes nothing towards the 
value of the surface-integral. 

Let 8, be another surface of any form bounded by the closed 
eurve J, im which it meets the surface §,. 

Let Q:, Qo: Q, be the surface-integrals of the surfaces S,, 5), 52, 
and let Q be the surface-integral of the closed surface 8. Then 


Q = O14 V+ Q, = 95 (13) 


(9) 
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and we know that Q) = 9; (14) 
therefore Q, = —Q)3 (15) 
or, in other words, the surface-inteeral over the surface S, is equal 
and opposite to that over S$, whatever be the form and position 
of S,, provided that the intermediate surface § is one for which 2 
is always tangential. 

If we suppose £, a closed curve of small area, S, will be a 
tubular surface having the property that the surface-integral over 
every complete section of the tube is the same. 

Since the whole space can be divided into tubes of this kind 


provided dX dY adZ —0 (16) 


de. aly ly al dz : 
a distribution of a vector quantity consistent with this equation is 
ealled a Solenoidal Distribution. 


On Tubes und Lines of Flow. 


If the space is so divided into tubes that the surface-integral 
for every tube is unity, the tubes are ealled Unit tubes, and the 
surface-integral over any finite surface § bounded by a closed 
curve LZ is equal to the zamZer of such tubes which pass through 
S in the positive direction, or, what is the same thing, the number 
which pass through the closed curve L. 

Tfence the surface-integral of § depends only on the form of 
its boundary Z, and not on the form of the surface within its 
boundary. 


On Periphractie Regions. 


Tf, throughout the whole region bounded externally by the single 
closed surface $,, the solenoidal condition 


dX ad¥ add 
rie fs ae ee ee) 
de dy — dz 

is fulfilled, then the surface-integral taken over any closed surface 
drawn within this region will be zero, and the surface-integral 
taken over a bounded surface within the region will depend only 
on the form of the closed curve which forms its houndary. 

Tt ix not, however, generally true that the same results follow 
if the region within which the solenoidal condition is fulfilled ig 
bounded otherwise than by a single surface. 

For if it is bounded by more than one continuous surface, one of 
these is the external surface and the others are internal surfaces, 
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and the region § is a periphractic region, having within it other 
regions which it completely encloses. 

If within any of these enclosed regions, 8,, the solenoidal con- 
dition is not fulfilled, let 


Q1 = iE: cose @S, 


be the surface-integral for the surface enclosing this region, and 
let Q,, Q,, &c. be the corresponding quantities for the other en- 
closed regions. 

Then, if a closed surface S’ is drawn within the region S, the 
value of its surface-integral will be zero only when this surface 
8’ docs not include any of the enelosed regions S,, S,, &c. If it 
ineludes any of these, the surface-integral is the sum of the surface- 
integrals of the different enclosed regions which lie within it. 

For the same reason, the surfacc-integral taken over a surfiee 
hounded by a closed curve is the same for such surfaces only bounded 
by the closed curve as are reconcileable with the given surface by 
continnons motion of the surface within the region S, 

When we have to deal with a periphractic region, the first thing 
to be done is to reduce it to an aperiphractic region by drawing 
lines joining the different bounding surfaces, Each of these lines, 
provided it joins surfaces which were not already in continuons 
connexion, reduces the periphractie number by unity, so that the 
whole number of lines to be drawn to remove the periphraxy is 
equal to the periphractic number, or the number of internal sur- 
faces. When these lincs have been drawn we may assert that if 
the solenoidal condition is fulfilled in the region S, any closed surface 
drawn entirely within S, and not cutting any of the lines, has its 
surface-integral zero. 

In drawing these lines we must remember that any line joining 
surfaces which are already connected docs not diminish the peri- 
phraxy, but introduces eyclosis. 

The most familiar example of a periphractic region within which 
the solenoidal condition is fulfilled is the region surronnding a mass 
attracting or repelling inversely as the square of the distance. 

In this case we have 

J . 


ve e be 
‘cone eas foc Mee F _. —_. * 
X= 7 rom ae Z= mM 32 


where 1 is the mass supposed to be at the origin of coordinates. 
At any point where - is finite 
dX d¥  dZ 
cn i a 
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but at the origin these quantities become infinite. For any closed 
surface not including the origin, the surface-integral is zero. If 
a closed surface includes the origin, its surface-inteprral is 4 mz. 

Tf, for any reason, we wish to treat the region round w as if it 
were not periphractie, we must draw a line from a to an infinite 
distance, and in taking surfacc-integrals we must remember to add 
4mm whenever this line crosses from. the negative to the positive 
side of the surface. 


On Right-handed and Left-handed Relations in Space. 


28.] In this treatise the motions of translation along any axis 
and of rotation about that axis, will be assumed to be of the same 
sign when their directions correspond to those of the translation 
and rotation of an ordinary or right-handed screw *. 

For instance, if the actual rotation of the earth from west to cast 
is taken positive, the direction of the earth’s axis from south to 
north will be taken positive, and if a man walks forward in the 
positive direction, the positive rotation is in the order, head, right- 


hand, fect, left-hand. 


If we pluce ourselves on the positive side of a surface, the positive 
direction along its bounding curve will be opposite to the motion 
of the hands of a watch with its face towards us. 

This is the right-handed system which is adopted in Thomson 
and Tait’s Natural Philosophy, § 213. he opposite, or left-handed 
system, is adopted in Hamilton’s and Tait’s Quadernions. The 
operation of passing from the one system to the other is called, by 
Listing, Perversion, 

The reflexion of an object in a mirror is a perverted image of the 
object. ‘ 

When we use the Cartesian axes of 2, y, 4, we shall draw them 


* The combined action of the muscles of the arm when we turn the upper side of 
the right-hand outwards, and at the sume time thrust the hand forwards, will 
impress the right-handed screw inotion on the memory inore firmly than any verbal 
definition, A common corkscrew may be used as a ‘material symbol of the same 
relation, 

Professor W. H. Miller has suggested to me that as the tendrils of the vine are 
right-handed screws and those of the hop left-handed, the two systems of relations in 
Space mizht be called those of the vine and the hop respectively. 

The system of the vine, which we adopt, is that of Linneus, and of serew-Inalcers 
in all civilized countries except Japan. De Candolle was the first who called the 
hop-tendril right-handed, and in this he is followed hy Listing, and by most writers 
on the rotatory polarization of light, Screws like the hop-tendril are made for the 
couplings of railway-carriages, and for the fittings of wheels on the left side of ordinary 
carriages, but they are always called left-handed screws by those who use them. 
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so that the ordinary conventions about the cyclic order of the 
symbols lead to a right-handed system of directions in space. Thus, 
if 2 is drawn castward and y northward, z must be drawn upward. 
The areas of surfaces will be taken positive when the order of 
integration coincides with the cyclic order of the symbols. Thus, 
the area of a closed curve in the plane of ry may be written cither 


[xdy or — [yao 


the order of integration being 2, y in the first expression, and y, 2 
in the second. 

This relation between the two products dedy and dyde may 
be compared with that between the products of two perpendicular 
yectors in the doctrine of Quaternions, the sign of which depends 
on the order of multiplication, and with the reversal of the sign 
of a determinant when the adjoining rows or columns are ex- 
changed. 

For similar reasons a volumc-integral is to be taken positive when 
the order of integration is in the cyclic order of the variables 2, y, z, 
and negative when the cyclic order is reversed. 

We now proceed to prove a theorem which is useful as erta- 
blishing a connexion between the surface-integral taken over a 
finite surface and a line-integral taken round its boundary. 
cin aD Pe 
24.) Tunonem IV. A Cine-integral taylor round a cob eure 

may be expressed in terms of a siti, age inte gal Raden 8 a @ 


surface bounded by the curve. =)" pabias 
Let X, ¥, Z be the components of a vectokK {uantity § ba whopé line- 
integral is to be taken round a closed curve s. 
Let § be any continuous finite surface bounded entirely by the 
closed curve s, and let &, 7, ¢ be the components of another vector 


quantity B, related to X, Y, Z hy the equations 
dZ dy dX dG _a¥ dX 


Sade) te ie ae ag 
Then the surface-integral of B taken over the surface S is equal to 
the line-integral of 9 taken round the curve s. It is manifest that 
&, n, ¢ fulfil of themselves the solenoidal condition 

d€ dn  d¢ 


Cae ig 


Let 2, m, 2 be the direction-cosines of the normal to an element 
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of the surface dS, reckoned in the positive direction. Then the 
value of the surface-integral of 8 may be written 


f (7E+mnt+u)d§, (2) 


In order to form a definite idea of the meaning of the element 
@8, we shall suppose that the values of the coordinates a, 7,2 for 
every point of the surface are given as functions of two inde- 
pendent variables a and 8. If Gis constant and a varies, the point 
(2, y, 2) will deseribe a curve on the surface, and if a series of values 
is given to 8, 2 series of such curves will be traced, all lying on 
the surface S. In the same way, by giving a series of constant 
values to a, a second series of curves may be traced, cutting the 
first series, and dividing the whole surface into elementary portions, 
any one of which may he taken as the element @8. 

The projection of this element on the plane of y, z is, by the 
ordinary formula, — ee 

(de dy le 

pag (ia dp” dpda 

The expressions for mdS and nd§ are obtained from this by sub- 
stituting 2, y, 2 in eyclic order. 

The surface-integral which we have to find is 


ffe+ myta Od s; (4) 
or, substituting the values of £, , Cin terms of X, Y, Z, 
[[ ce ax dX dy ,d¥ (04 nie 


ap da. (3) 


MS dy de ae ag ae 


The part of this which depends on 1 may be a 
p@X dz de dzday aX pdev dy dx dyy) , 
I )— iy Gada Tp dads 42s (6) 


tdz dadp dpda dy 
dN de dr 
adding and subtracting -; te da dB? this becomes 


i [Ss (dx aN dx a ‘i aX dz 
1B (a der iy da - dz ae 


da IX de aX dy a Oe | pda; (7) 


~ dade apt Ty dat We dB 
rh AX de aX du 
Maia aa 10 ®) 


As we have made no assumption as to the form of the functions 
a and 8, we may assume that a is a function of X, or, in other 
words, that the curves for which a is constant are those for which 


end ced AMO whe NL ted Banat Ps 
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Si F 1X Z ; 
X is constant. In this case is = 0, and the expression becomes 


by integration with respect to a, 


dX dz / , ae 


where the integration is now to be performed round the closed 
curve. Since all the quantities are now expressed in terms of one 
variable 8, we may make s, the length of the bounding curve, the 
independent variable, and the expression may then be written 


/ x 7 ds, (10) 
where the integration is to be performed round the eurve s. We 
may treat in the same way the parts of the surface-integral which 
depend upon Y and Z, so that we get finally, 

[[cg+m+no as= f(x “ Bp eee +48 ds ; (11) 
where the first integral is extended over the surface S, and the 
second round the bounding curve s*. 


On the effect of the operator V on a vector function, 


25.] We have seen that the operation denoted by V is that by 
which a vector quantity is deduced from its potential. The same 
operation, however, when applied to a vector function, produces 
results which enter into the two theorems we have just proved 
(IIIand IV). The extension of this operator to vector displacements, 
and most of its further development, is due to Professor Tait +. 

Let « be a vector function of p, the vector of a variable point. 
Let us suppose, as usual, that 

p=tatjytke, 
and o =tX4+jV+hdZ; 
where X, Y, Zare the components of « in the directions of the 
axes, 
We have to perform on the operation 
add d 
Vv aan 1G ae 
Performing this operation, and remembering the rules for the 

* This theorem was given by Professor Stokes. Snuith's Prize Examination, 1854, 
question 8. [t is proved in Thomson and Tait’s Nalural Philosophy, § 190 (j). 

+ See Proc, B.S, Edin., April 28,1862. ‘On Green’s and other allied Theorems,’ 


rans. BR. S. Edin, 1869-70, a very valuable paper; and ‘On some Quaternion 
Integrals,” Proc. R. 8. £din., 1870-71. 
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multiplication of 2, 7, 4, we find that Vo consists of two parts, 
one scalar and the other vector. 

The scalar part is 
dX d¥  adZ 


SVo=— as oh fe “5? sce Theorem III, 
and the vector part is 
AZ Ay, tN dé adY dX 
ENE Gy) 0 ge aa aa gg) 


If the relation between X, Y, Z and 7, ¢ is that given by 

equation (1) of the last theorem, we may write 
FVo=26+4 jn+hC See Theorem IV. 

It appears therefore that the functions of X, Y, Z which occur 
in the two theorems are hoth obtained by the operation V on the 
vector whose components are X, Y, Z The theorems themselves 
may be written 


[[[sveas = f[8.0vy ds, (III) 


and [Soap = [[8.v0Uvas; (IV) 


where ds is an element. of a volume, ds of a surface, 7p of a curve, 
and Uy a unit-vector in the direction of the normal. 
To understand the meaning of these functions of a vector, let us 
suppose that o is the value of o at a point P, and let us examine 
the value of c—o, in the neighbourhood of P. 
| If we draw a closed surface round P, then, if the 
~ Ya surface-integral of ¢ over this surface is directed 
inwards, SV o will be positive, and the vector 
P g—a, near the point P will be on the whole 
val SS directed towards P, as in the figure (1). 
I propose therefore to call the scalar part of 
Fig. 1. Vo the convergence of o at the point P. 
To interpret the vector part of Vo, let us 
suppose ourselves to be looking in the direction of the vector 
whose components are £7, ¢ and let us examine 
“— the vector o—o, near the point P. It will appear 
| 5 as in the figure (2), this vector being arranged on 
the whole tangentially in the direction opposite to 
the hands of a watch. 
I propose (with great diffidence) to call the vector 
part of Vo the evr, or the version of ¢ at the point P. 


sd 


Fig. 2. 
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At Fig. 3 we have an illustration of curl combined with con- 
vergence. 


Let us now consider the meaning of the equation 
VVo = 0, NS a 
This implies that Vo is a scalar, or that the vector ; be 
c is the slope of some scalar function ¥. These va 
applications of the operator V are due to Professor Vig. 8. 


Tait *, A more complete development of the theory 

is given in his paper ‘On Green’s and other allied Theorems +,’ 
to which I refer the reader for the purely Quaternion investigation 
of the properties of the operator V. 

26.] One of the most remarkable properties of the operator V is 
that when repeated it becomes 
a@ Oe 
ae age aa) 
an operator occurring in all parts of Physics, which we may refer to 
as Laplace’s Operator. 

This operator is itself essentially scalar. When it acts on a 
sealar function the result is scalar, when it acts on a vector function 
the result is a vector. 

If, with any point P as centre, we draw a small sphere whose 
radius is r, then if gy is the value of ¢ at the centre, and g the 
mean value of ¢ for all points within the sphere, 


Vv? =—( 


Ww- 7 = wr Vas 
so that the value at the centre exceeds or falls short of the mean 
value according as V?q is positive or negative. 

I propose therefore to call v?g the concentration of g at the 
point P, because it indicates the excess of the value of g at that 
point over its mean value in the neighbourhood of the point. 

If g is a scalar function, the method of finding its mean value is 
well known. If it is a veetor function, we must find its mean 
value by the rules for integrating vector functions. The result 
of course is a vector. 


* Proceedings R. &. £din., 1862. + Trans. R. S. Edin., 1869-70. 
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PART I. 


ELECTROSTATICS, 


CHAPTER I. 


DESCRIPTION OF PHENOMENA. 


Llectrification by Friction, 
27.) Exprermsent1*. Let a piece of glass and a piece of resin, 
neither of which exhibits any electrical properties, be rubbed to- 
gether and left with the rubbed surfaces in contact. They will 


still exhibit no electrical properties. Let them be separated. They - 


will now attract each other. 

If a second piece of glass be rubbed with a second piece of 
resin, and if the pieces be then separated and suspended in the 
neighbourhood of the former pieces of glass and resin, it may be 
observed— 

(1) That the two pieces of glass repel each other. 

(2) That each piece of glass attracts cach piece of resin. 

(3) That the two picces of resin repel each other. 

These phenomena of attraction and repulsion are called Elec- 
trical phenomena, and the bodies which exhibit them are said to 
be electrified, or to be charged with electricity. 

Bodies may be electrified in many other ways, as well as by 
friction. 

The electrical properties of the two pieces of glass are similar 
to each other but opposite to those of the two pieces of resin, 
the glass attracts what the resin repels and repels what the resin 
attracts. 


* See Sir W. Thomson ‘On the Mathematical Theory of Electricity,’ Cambridge 
and Dublin Mathenaticai Journal, March, 1848. 
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If a body electrified in any manner whatever behaves as the 
glass docs, that is, if it repels the glass and attracts the resin, the 
body is suid to be vitreously electrificd, and if it attracts the glass 
and repels the resin it is said to be resivousdy electrified, All 
electrified bodies are found to be either vitreously or resinously 
electrified. 

It is the established practice of men of science to call the vitreous 
electrification positive, and the resinous electrification negative. 
The exactly opposite properties of the two kinds of electrification 


Justify us in indicating them by opposite signs, but the applica- 


tion of the positive sign to one rather than to the other kind must 
be considered as a matter of arbitrary convention, just as it is a 
matter of convention in mathematical diagrams to reckon positive 
distances towards the right hand. 

No force, cither of attraction or of repulsion, can be observed 
between an electrified body and a body not electrified, When, in 
any case, bodies not previously electrified are observed to be acted 
on by an electrified body, it is because they have become electrified 
by induetion. 


SMectrification by Induction. 


28.) Experiwent IT*. Let a hollow vessel of metal be hung 
up by white silk threads, and let a similar thread 
be attached to the lid of the vessel so that the vessel 
may be opened or closed without touching it. 

Let the pieces of glass and resin be similarly sus- 
pended and electrified as before. 

Let the vessel be originally unelectrified, then if 
an clectrified piece of glass is hung up within it by 
its thread without touching the vessel, and the lid 
closed, the outside of the vessel will be found to 
be vitreously electrified, and it may be shewn that 
the electrification outside of the vessel is exactly the 
same in whatever part of the interior space the glass 
is suspended. 

If the glass is now taken out of the vessel without touching it, 
the electrification of the glass will be the same as before it was 
put in, and that of the vessel will have disappeared. 

This electrification of the vessel, which depends on the glass 


Fig. 4. 


* This, and several experiments which follow, are due to Faraday, ‘On Static 
Electrical Inductive Action,’ Phil. Mag., 1848, or Exp. Rea., vol. ii, p. 279. 
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being within it, and which vanishes when the glass is removed, is 
called Electrification by induction. 

Similar effects would be produced if the glass were suspended 
near the vessel on the outside, but in that case we should find 
an electrification vitreous in one part of the outside of the vessel 
and resinous in another. When the glass is inside the vessel 
the whole of the outside is vitreously and the whole of the inside 
resinously electrified. 


Electrification by Conduction, 


29.) Experiment III. Let the metal vessel be electrified by 
induction, as in the last experiment, let a second metallic body 
be suspended by white silk threads near it, and let a metal wire, 
similarly suspended, be brought so as to touch simultancously the 
electrified vessel and the second body. 

The second body will now be found to be vitreously electrified, 
and the vitreous electrification of the vessel will have diminished. 

The electrical condition has been transferred from the vessel to 
the second body by means of the wire. The wire is called a con- 
ductor of electricity, and the second body is said to be electrified 
by conduction. 


Conductors and Insulators. 


Experiment IV, Ifa glass rod, a stick of resin or gutta-percha, 
or a white silk thread, had been used instead of the metal wire, no 
transfer of electricity would have taken place. Hence these latter 
substances are called Non-conductors of electricity, Non-conduc- 
tors are used in electrical experiments to support electrified bodies 
without carrying off their electricity, They are then called In- 
sulators. 

The metals are good conductors; air, glass, resins, gutta-percha, 
vuleanite, paraffin, &e. are good insulators; but, as we shall see 
afterwards, all substances resist the passage of electricity, and all 
substances allow it to pass, though in exceedingly different degrees, 
This subject will be considered when we come to treat of the 
Motion of electricity. For the present we shall consider only two 
classes of bodies, good conductors, and good insulators. 

In Experiment JI an electrified body produced electrification in 
the metal vessel while separated from it by air, a non-conducting 
medium. Such a medium, considered as transmitting these electrical 
effects without conduction, has been called by Faraday a Dielectric 
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medium, and the action which takes place through it is called 
Induction. 

In Experiment IIT the electrified vessel produced electrification 
in the second metallic body through the medium of the wire. Let 
us suppose the wire removed, and the electrified piece of glass taken 
out of the vessel without touching it, and removed to a sufficient 
distance. The second body will still exhibit vitreous electrifica- 
tion, but the vessel, when the glass is removed, will have resinols 
electrification. If we now bring the wire into contact with both 
bodies, conduction will take place along the wire, and all clectri- 
fication will disappear from both bodies, shewing that the elec- 
trification of the two bodies way equal and opposite. 

30.] kxvertuenr V, In Experiment II it was shewn that if 
a piece of glass, electrified by rabbing it with resin, is hung up in 
an insulated metal vessel, the electrification observed outside dovs 
not depend on the position of the glass. If we now introduce the 
piece of resin with which the glass was rubbed into the same vessel, 
without touching it or the vessel, it will be found that there is 
no electrification outside the vessel. From this we conelude that 
the electrification of the resin is exactly equal and opposite to that 
of the glass. By putting in any number of bodies, electrified in 
any way, it may be shewn that the electrification of the outside of 
the vessel is that due to the algebraic sum of all the electri fica- 
tions, those being reckoned negative which are resinous. We have 
thus a practical method of adding the electrical effects of several 
bodies without altering the electrification of each. 

31,] Exrrnent VI. Let a second insulated metallic vessel, B, 
be provided, and let the electrified piece of glass be put into the 
first vessel A, and the electrified picee of resin into the second vessel 
B. Let the two vessels be then put in communication by the metal 
wire, as in Experiment II]. All signs of electrification will dis- 
appear. 

Next, let the wire be removed, and let the pieces of glass and of 
resin be taken out of the vessels without touching them. It will 
be found that is electrified resinously and B vitreously. 

If now the glass and the vessel 4 be introduced together into a 
larger insulated vessel C, it will be found that there is no clec- 
trification outside C. This shews that the electrification of A is 
exactly equal and opposite to that of the piece of glass, and that 
of B may be shewn in the same way to be equal and opposite to that 
of the piece of resin. 

VOL, 1. D 
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We have thus obtained a method of charging a vessel with a 
quantity of electricity exactly equal and opposite to that of an 
electrified body without altering the elcetrification of the latter, 
and we may in this way charge any number of vessels with exactly 
equal quantities of cleetricity of cither kind, which we may take 
for provisional units. 

32.] Exprrtmenr VII, Let the vessel 2, charged with a quan- 
tity of positive electricity, which we shall eall, for the present, 
unity, be introduced into the larger insulated vessel @ without 
touching it. It will produce a positive electrification on the out- 
side of C. Now Ict 2 be made to touch the inside of C, No change 
of the external electrification will be observed. If B is now taken 
out of C without touching it, and removed to a sufficient distance, 
it will be found that B is completely discharged, and that C has 
beeome charged with a unit of positive electricity. 

We have thus a method of transferring the charge of B to C. 

Let B be now recharged with a unit of electricity, introduced 
into C already charged, made to touch the inside of C, and re- 
moved. It will be found that # is again completely discharged, 
so that the charge of Cis doubled. 

If this process is repeated, it will be found that however highly 
Cis previously charged, and in whatever way # is charged, when 
Bis first entirely enclosed in C, then made to touch C, and finally 
removed without touching C, the charge of 2 is completely trans- 
ferred to C, and 2 is entirely free from electrification, 

This experiment indicates a method of charging a body with 
any nunnber of units of electricity. We shall find, when we come 
to the mathematical theory of electricity, that the result of this 
experiment affords an accurate test of the truth of the theory. 

83.] Before we proceed to the investigation of the law of 
electrical force, let us enumerate the facts we have already esta- 
blished. 

By placing any electrified system inside an insulated hollow con~ 
ducting vessel, and examining the resultant effect. on the outside 
of the vessel, we ascertain the character of the total electrification 
of the system placed inside, without any communication of elec- 
tricity between the different bodies of the system. 

The electrification of the outside of the vessel may be tested 
with great delicacy by putting it in communication with an elec- 
troscope. 

We may suppose the electroscope to consist of a strip of gold 
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leaf hanging between two bodies charged, one positively, and the 
other negatively. If the gold leaf becomes electrified it will incline 
towards the body whose electrification is opposite to its own. By 
increasing the electrification of the two bodies and the delicacy of 
the suspension, an exceedingly small electrification of the gold leaf 
may be detected. 

When we come to describe electrometers and multipliers we 
shall find that there are still more delicate methods of detecting 
electrification and of testing the accuracy of our theorems, but at 
present we shall suppose the testing to be made by connecting the 
hollow vessel with a gold leaf electroscope. 

This method was used by Faraday in his very admirable de- 
monstration of the laws of electrieal phenomena *. 

34.] I. The total electrification of a body, or system of bodies, 
remains always the same, except in so far as it reccives electrifi- 
cation from or gives electrification to other bodies. 

Tn all electrical experiments the electrification of bodies is found 
to change, but it is always found that this change is due to want 
of perfect insulation, and that as the means of insulation are im- 
proved, the loss of clectrification becomes less. We may therefore 
assert that the electrification of a body placed in a perfectly in- 
sulating: medium would remain perfectly constant, 

II. When one body electrifies another by conduction, the total 
electrification of the two bodics remains the same, that is, the one 
loses as much positive or gains as much negative electrification as 
the other gains of positive or loses of negative electrification. 

For if the two bodies are enclosed in the hollow vessel, no change 
of the total electrification is observed. 

III. When electrification is produced by friction, or by any 
other known method, equal quantities of positive and negative clee- 
trification are produced. 

For the electrification of the whole system may be tested in 
the hollow vessel, or the process of electrification may be carried 
on within the vessel itself, and however intense the electrification of 
the parts of the system may be, the electrification of the whole, 
as indicated by the gold leaf eleetroscope, is invariably zero. 

The electrification of a body is therefore a physical quantity 
capable of measurement, and two or more electrifications can be 
combined experimentally with a result of the same kind as when 

ne Static Electrical Inductive Action.’ Phil. May., 1843, or Exp, MRes., vol. ii. 
yp. ade. 
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two quantities are added algebraically. We therefore are entitled 
to use language fitted to deal with clectrification as a quantity as 
well as a quality, and to speak of any electrified body as ¢ charged 
with a certain quantity of positive or negative electricity.’ 

35.] While admitting electricity, as we have now done, to the 
rank of a physical quantity, we must not too hastily assume that; 
it is, or is not, a substance, or that it is, or is not, a form of 
energy, or that it belongs to any known category of physical 
quantities. All that we have hitherto proved is that it cannot 
be ereated or annihilated, so that if the total quantity of clec- 
tricity within a closed surface is increased or diminished, the in- 
crease or diminution must have passed in or ont through the closed 
surface. 

This is true of matter, and is expressed by the equation known as 
the Equation of Continuity in Hydrodynamics. 

It is not true of heat, for heat may be increased or diminished 
within a closed surface, without passing in or out through the 
surface, by the transformation of some other form of energy into 
heat, or of heat into some other form of energy. 

It is not true even of energy in general if we admit the imme- 
diate action of bodies at a distance. For a body outside the closed 
surface may make an exchange of energy with a body within 
the surface. But if all apparent action at a distance is the 
result of the action between the parts of an intervening medium, 
and if the nature of this action of the parts of the medium ig 
clearly understood, then it is conceivable that in all cases of the 
increase or diminution of the energy within a closed surface we 
may be able to trace the passage of the energy in or out through 
that surface, 

There is, however, another reason which warrants us in asserting 
that electricity, as a physical quantity, synonymous with the total 
electrification of a body, is not, like heat, a form of energy. An 
electrified system has a certain amount of energy, and this energy 
ean be calculated by multiplying the quantity of electricity in 
each of its parts by another physical quantity, called the Potential 
of that part, and taking half the sum of the products. The quan- 
tities ‘ Electricity’ and ‘ Potential,’ when multiplied together, 
produce the quantity ‘Energy.’ It is impossible, therefore, that 
electricity and energy should be quantities of the same category, for 


electricity is only one of the factors of energy, the other factor 
being ‘ Potential.’ 
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Energy, which is the product of these factors, may also be con- 
sidered as the product of several other pairs of factors, such as 


A Force x A distance through which the force is to act. 
A Mass x Gravitation acting through a certain height. 
A Mass x Half the square of its velocity. 

A Pressure x A volume of fluid introduced into a vessel at 


that pressure. 

A. Chemical Affinity x A chemical change, measured by the number 
of clectro-chemical equivalents which enter 
into combination. 


If we obtain distinct mechanical ideas of the nature of electric 
potential, we may combine these with the idea of energy to 
determine the physical category in which ‘Electricity’ is to be 
placed. 

36.] In most theories on the subject, Electricity is treated as 
a substance, but inasmuch as there are two kinds of electrification 
which, being combined, annul each other, and since we cannot 
conceive of two substances annulling each other, a distinction has 
been drawn between Free Electricity and Combined Electricity. 
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Theory of Two Fluids. 


In the theory called that of Two Fluids, all bodies, in their 
unelectrified state, are supposed to be charged with equal quan- 
tities of positive and negative electricity. These quantities are 
supposed to be so great that no process of electrification has ever 
yet deprived a body of all the electricity of either kind, The pros 
cess of electrification, according to this theory, consists in taking 
a certain quantity P of positive electricity from the body 4 and 
communicating it to B, or in taking a quantity NV of negative 
electricity from B and communicating it to 4, or in some com- 
bination of these processes. 

The result will be that 4 will have P+N units of negative 
electricity over and above its remaining positive electricity, which 
is supposed to he in a state of combination with an equal quantity 
of negative electricity. This quantity P+ is called the Free 
electricity, the rest is called the Combined, Latent, or Fixed elec- 
tricity. 

In most expositions of this theory the two electricities are called 
‘Fluids,’ because they are capable of being transferred from one 
body to another, and are, within conducting bodies, extremely 


38 ELECTROSTATIC PHENOMENA. [36. 


mobile. The other properties of fluids, such as their inertia, 
weight, and clasticity, are not attributed to them by those who 
have used the theory for merely mathematical purposes; but the 
use of the word Fluid has been apt to mislead the vulgar, including 
many men of science who are not natural philosophers, and who 
have seized on the word Fluid as the only term in the statement 
of the theory which seemed intelligible to them, 

We shall see that the mathematical treatment of the subject has 
been greatly developed by writers who express themselves in terms 
of the ‘Two Fluids’ theory. Their results, however, have been 
deduced entirely from data which can be proved by experiment, 
and which must therefore be true, whether we adopt the theory of 
two fluids or not. The experimental verification of the mathe- 
matical results therefore is no evidence for or against the peculiar 
doctrines of this theory. 

The introduction of two fluids permits us to consider the negative 
electrification of 4 and the positive electrification of B as the effeet 
of any one of three different processes which would lead to the same 
result. We have already supposed it produced by the transfer of 
P units of positive electricity from to B, together with the 
transfer of V units of negative electricity from # to a. But if 
P+N units of positive electricity had been transferred from A 
to B, or if P+N units of negative electricity had been transferred 
from B to A, the resulting ‘free electricity’ on 4 and on B would 
have been the same as before, but the quantity of ‘combined 
electricity’ in 4 would have been less in the second case and greater 
an the third than it was in the first. 

It would appear therefore, according to this theory, that it is 
possible to alter not only the amount of free electricity in a body, 
but the amount of combined electricity. But no phenomena have 
ever been observed in electrified bodies which ean be traced to the 
rarying amount. of their combined electricities. Hence either the 
combined clectricities have no observable properties, or the amount 
of the combined clectricities is incapable of variation. The first 
of these alternatives presents no difficulty to the mere mathema- 
tician, who attributes no properties to the fluids except those of 
attraction and repulsion, for in this point of view the two fluids 
simply annul one another, and their combination is a true mathe- 
matical zero. But to those who cannot use the word Fluid without, 
thinking of a substance it is difficult to conceive that the com- 
bination of the two fluids shall have no properties at all, so that 
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the addition of more or less of the combination to a body shall not 
in any way affect it, either by increasing its mass or its weight, or 
altering some of its other properties. Hence it has been supposed 
by some, that in every process of electrification exactly equal quan- 
tities of the two fluids are transferred in opposite directions, so 
that the total quantity of the two fluids in any body taken to- 
gether remains always the same. By this new law they ‘contrive 
to save appearances,’ forgetting that there would have been no need 
of the law except to reconcile the ‘two fluids’ theory with facts, 
and to prevent it from predicting non-existent phenomena. 


Theory of One Fluid. 

87.] In the theory of One Fluid everything is the same as in 
the theory of Two Iluids except that, instead of supposing the two 
substances equal and opposite in all respects, one of them, gene- 
rally the negative one, has been endowed with the properties and 
name of Ordinary Matter, while the other retains the name of The 
Electric Fluid. The particles of the fluid are supposed to repel 
one auother according to the law of the inverse square of the 
distanre, and to attract those of matter according to the same 
law. Those of matter are supposed to repel cach other and attract 
those of electricity. The attraction, however, :etween units of the 
different substances at unit of distance is supposed to be a very little 
greater than the repulsion between units of the same kind, so that 
a unit of matter combined with a unit of electricity will exert a 
force of attraction on a similar combination at a distance, this 
force, however, being exceedingly small compared with the force 
between two uncombined units. 

This residual foree is supposed to account for the attraction of 
gravitation, Unelectrified bodies are supposed to be charged with 
as many units of electricity as they contain of ordinary mutter. 
When they contain more electricity or less, they are said to be 
positively or negatively clectrified, 

This theory does not, like the Two-Fluid theory, explain too 
much, It, requires us, however, to suppose the mass of the electric 
fluid so small that no attainable positive or negative electrification 
has yet perceptibly increased or diminished cither the mass or the 
weight of a body, and it has not yet been able to assign sufficient 
reisons Why the vitreous rather than the resinous electrification 
should be supposed due to an excess of electricity. 

One objection has sometimes been urged against this theory by 
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men who ought to have reasoned better. It has been said that 
the doctrine that the particles of matter uncombined with elec- 
tricity reped one another, is in direct antagonism with the well- 
established fact that every particle of matter attracts every other 
particle throughout the universe. If the theory of One Fluid were 
true we should have the heavenly bodies repelling on> another. 

But it is manifest that the heavenly bodies, according to this 
theory, if they consisted of matter uncombined with electricity, 
would be in the highest state of negative electrification, and would 
repel each other. We have no reason to believe that they are in 
such a highly electrified state, or could be maintained in that 
state. The earth and all the bodies whose attraction has been 
observed are rather in an unclectrified state, that is, they contain 
the normal charge of electricity, and the only action hetween them 
is the residual force lately mentioned. The artificial manner, how- 
ever, in which this residual force is introduced is a much more 
valid objection to the theory. 

In the present treatise I propose, at different stages of the in- 
vestigation, to test the different theories in the light of additional 
classes of phenomena. For my own part, I look for additional 
light on the nature of electricity from a study of what takes place 
in the space intervening hetween the electrified bodies. Such is the 
essential character of the mode of investigation pursued by Faraday 
in his Ineperimental Researches, and as we go on I intend to exhibit 
the results, as developed hy Faraday, W. Thomson, &e., in a eon- 
nected and mathematical form, so that we may perceive what 
phenomena are explained equally well by all the theories, and what 
phenomena indicate the peculiar difficulties of each theory, 


Measurement of the Force between Electrified Bodies. 


38.] Forees may be measured in various ways. For instance, 
one of the bodies may be suspended from one arm of a delicate 
balance, and weights suspended from the other arm, till the body, 
when unclectrified, is in equilibrium, The other body may then 
be placed at a known distance beneath the first, so that the 
attraction or repulsion of the bodies when electrified may increase 
or diminish the apparent weight of the first. The weight which 
must be added to or taken from the other arm, when expressed 
in dynamical measure, will measure the foree between the bodies, 
This arrangement was used by Sir W. Snow Harris, and is that 
adopted in Sir W. Thomson's absolute electrometers. See Art. 217, 
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It is sometimes more convenient to use a torsion-balance in 
which a horizontal arm is suspended by a fine wire or fibre, so as 
to be capable of vibrating about the vertical wire as an axis, and 
the body is attached to one end of the arm and acted on by the 
force in the tangential direction, so as to turn the arm round the 
vertical axis, and so twist the suspension wire through a certain 
angle, ‘he torsional rigidity of the wire is found by observing 
the time of oscillation of the arm, the moment of inertia of the 
arm being otherwise known, and from the angle of torsion and 
the torsional rigidity the force of attraction or repulsion can be 
deduced. The torsion-balance was devised by Michell for the de- 
termination of the force of gravitation between small bodies, and 
was used by Cavendish for this purpose. Coulomb, working in- 
dependently of these philosophers, reinvented it, and successfully 
applied it to discover the laws of electric and magnetic forces; 
and the torsion-balance has ever since been used in all researches 
where small forces have to be measured, See Art. 215. 

39.] Let us suppose that by either of these methods we can 
measure the force between two electrified bodies. We shall suppose 
the dimensions of the bodies small compared with the distance: 
between them, so that the result may not be much altered by 
any inequality of distribution of the electrification on either body, 
and we shall suppose that both bodies are s0 suspended in air as 
to be at a considerable distance from other bodies on which they 
might induce electrification. 

It is then found that if the bodies are placed ata fixed distance 
and charged respectively with ¢ and ¢ of our provisional units of 
electricity, they will repel cach other with a force proportional 
to the product of ¢ and ¢’. If cither e or é is negative, that is, 
if one of the charges is vitreous and the other resinous, the force 
will be attractive, but if both e and é are negative the force is again 
repulsive. 

We may suppose the first body, 4, charged with om units of 
vitreous and # units of resinous clectricity, which may be con- 
ecived separately placed within the body, as in Experiment V. 

Let the second body, B, be charged with m’ units of positive 
and w’ units of negative electricity, 

Then cach of the m positive units in. will repel each of the am 
positive units in B with a certain force, say /, making a total effect 
equal to wmf. 

Since the effect of negative electricity is exactly equal and 
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opposite to that of positive clectricity, each of the positive units 
in -f will attract each of the x’ negative units in B with the same 
force, f, making a total effect equal to mn’/, 

Similarly the 2 negative units in 4 will attract the m’ positive 
units in B with a force z'f, and will repel the 1’ negative units 
in B with a force 2a7f, : 

The total repulsion will therefore be (mm + x n)/; and the total 
attraction will be (122+ mn) /. 

The resultant repulsion will be 

(mend! + ui’ — mn’ —~nm’)f or (m—n) (12 ~2") f° 

Now m—n =e is the algebraical value of the charge on 1, and 
w’—n’= ¢ is that of the charge on B, s0 that the resultant re- 
pulsion may be written ee’ f the quantities ¢ and ¢ being always 
understood to he taken with their proper signs, 


Fariation of the Force with the Distance. 

40.] Having established the law of force at a fixed distance, 
we may measure the foree between bodies charged in a constant 
manner and placed at different distances. It is found hy direct 
measurement that the foree, whether of attraction or repulsion, 
varies inversely as the square of the distance, so that if f is the 
repulsion between two units at unit distance, the repulsion at dis- 
tance 7 will be 7r~*, and the general expression for the repulsion 
betiveen ¢ units and e” units at distance 7 will be 


fee re, 


Definition of the Electrostatic Unit Of Klectricity, 

41.] We have hitherto used a wholly arbitrary standard for our 
unit of electricity, namely, the electrification of 2 certain piece of 
glass as it happened to be electrified at the commencement of our 
experiments, We are now able to select a unit on a definite prin- 
ciple, and in order that this unit may belong to a gencral system 
we define it so that //'may be unity, or in other words— 

Lhe electrostetic unit of electricity is that quantily of electricity 
which, when placed at unit of distance Jrom an equat quantity, renels 
v6 with unit of force. 

This unit is called the Electrostatic unit to distinguish it from 
the Electromagnetic unit, to be afterwards defined. 

We may now write the general law of electrical action in the 
simple form Psedr?: or, 


43-] LAW OF ELECTRIC FORCE. 43 


The repulsion between two small bodies charged respectively with e and 
e units of electricily is numerically equal to the product of the charges 
divided by the square of the distance. 


Dimensions of the Electrostatic Unit of Quantity. 

42.} If [Q] is the conerete electrostatic unit of quantity itself, 
and ¢, e the numerical values of particular quantities; if [7] is 
the unit of length, and 7 the numerical value of the distance; and 
if [7] is the unit of foree, and Ff the numerical value of the force, 
then the equation becomes 

F[P] = er? (Q*] [1-7]; 
whence [Q] = [LF ra 
a [L327 M4}. 

This unit is called the Electrostatic Unit of electricity. Other 
units may be employed for practical purposes, and in other depart- 
ments of electrical science, but in the equations of electrostatics 
quantitics of electricity are understood to be estimated in electro- 
static units, just as in physical astronomy we employ a unit of 
mass which is founded on the phenomena of gravitation, and which 
differs from the units of mags in common use. 


y 


Proof of the Law of Electrical Force, 

43.] The experiments of Coulomb with the torsion-balance may 
be considered to have established the law of force with a certain 
approximation to accuracy, Experiments of this kind, however, 
are rendered difficult, and in some degree uncertain, by several 
disturbing causes, which must be carefully traced and corrected for. 

In the first place, the two electrified bodies must be of sensible 
dimensions relative to the distance between them, in order to be 
capable of carrying charges sufficient to produce measurable forces. 
The action of each body will then produce an effect on the dis- 
tribution of electricity on the other, so that the charge cannot be 
considered as evenly distributed over the surface, or collected at 
the centre of gravity; but its effect must be calculated by an 
intricate investigation. This, however, has been done as regards 
two spheres by Poisson in an extremely able manner, and the 
investigation has been greatly simplified hy Sir W. Thomson in 
his Theory of Electrical Images. Sec Arts, 172-174. 

Another difficulty arises from the action of the electricity 
induced on the sides of the case containing the instrument. By 
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making the inside of the instrument aceurately cylindric, and 
making its inner surface of metal, this effect can be rendered 
definite and measurable, 

An independent difficulty arises from the imperfect. insulation 
of the bodies, on account of which the charge continually de- 
creases, Coulomlh investigated the law of dissipation, and made 
Corrections for it in his experiments. 

The methods of insulating charged conductors, and of measuring 
electrical effects, have been greatly improved since the time of 
Coulomb, particularly by Sir W, Thomson; but the perfect ac- 
curacy of Coulomb's law of force is established, not by any direct 
experiments and measurements (which may be used as illustrations 
of the law), but by a mathematical consideration of the pheno- 
menon described as Experiment, V II, namely, that an electrified 
conductor B, if made to touch the inside of a hollow closed con- 
ductor Cand then withdrawn without touching C, is perfectly dis- 
charged, in whatever manner the outside of C may be electrified, 
By means of delicate electroscopes it is easy to shew that no 
electricity remains on B after the operation, and by the mathe- 
matical theory given at Art. 74, this can only be the case if the 
foree varies inversely as the square of the distance, for if the law 
had been of any different form B would have been electrified. 


The Klectric Field. 

44.] The Electric Field is the portion of space in the neigh- 
bourhood of electrified bodies, considered with reference to electric 
phenomena. It may be occupied by air or other bodics, or it 
may be a so-called vacuum, from which we have withdrawn every 
substance which we can act upon with the means at our dis- 
posal. 

If an electrified body be placed at any part of the electric field 
it, will he acted on by a force which will depend, in general, on 
the shape of the body and on its charge, if the body is so highly . 
charged us to produce a sensible disturbance in the previous elec- 
irification of the other bodies. 

But if the body is very small and its charge also very small, 
the electrification of the other bodies will not. be sensibly disturbed, 
and we may consider the body as indicating by its centre of gravity 
a certain point of the field. The force acting on the body will 
then be proportional to its charge, and will be reversed when the 
charge is reversed, 
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Let ¢ be the charge of the body, and /’ the force acting on the 
body in a certain direction, then when ¢ is very small / is propor- 
tional to e, or F=Re, 


where 2 is a quantity depending on the other bodies in the field. 
If the charge e could be made cqual to unity without disturbing 
the electrification of other bodies we should have /’= 2. 

We shall call 2 the Resultant clectric force at the given point 
of the field. 


Electric Potential. 


45.] If the small body carrying the small charge e be moved 
from the given point to an indefinite distance from the electrified 
bodies, it will experience at each point of its course a force Le, 
where 2 varies from point to point of the course, Let the whole 
work done on the body by these electrical forces be /’e, then F is 
the potential at the point of the field from which the body started. 
If the charge e¢ could be made equal to unity without disturbing 
the electrification of other bodies, we might define the potential at 
any puint as the work done on a body charged with unit: of elec- 
tricity in moving from that point to an infinite distance. 

A body electrified positively tends to move from places of greater 
positive potential to places of smaller positive, or of negative 
potential, and a body negatively electrified tends to move in the 
opposite direction. 

In a conductor the electrification is distributed exactly as if 
it were free to move in the conductor aceording to the same law. 
If therefore two parts of a conductor have different potentials, 
positive electricity will move from the part having greater potential 
to the part having less potential as long as that difference con- 
tinnes. A conductor therefore cannot be in electrical equilibrium 
unless every point in it has the same potential. This potential is 
called the Potential of the Conductor. 


Equipotential Surfaces. 

46.] Ifa surface described or supposed to be described in the 
electric field is such that the electric potential is the same at every 
point of the surface it is called an Equipotential surface. 

An electrified point constrained to rest upon such a surface will 
have no tendency to move from one part of the surlace to another, 
because the potential is the same at every point. An equipotential 
surface is therefore a surface of equilibrium or a level surface. 
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The resultant force at any point of the surface is in the direction 
of the normal to the surface, and the magnitude of the force is such 
that the work done on an electrical unit in passing from the surface 
F to the surface }’ is V— VP". 

No two equipotential surfaces having different potentials can 
mect one another, because the same point. cannot have more than 
one potential, but one equipotential surface may mect itself, and 
this takes place at all points and lines of equilibrium. 

The surface of a conductor in clectrical equilibrium is necessarily 
an equipotential surface. If the electrification of the conductor is 
positive over the whole surface, then the potential will diminish as 
we move away from the surface on every side, and the conductor 
will be surrounded by a series of surfaces of lower potential. 

But if (owing to the action of external electrified bodies) some 
revions of the conductor are electrified positively and others ne- 
gatively, the complete equipotential surface will consist of the 
surface of the conductor itself’ together with a system of other 
surfaces, mecting the surface of the conductor in the lines which 
divide the positive from the negative regions, These lines will 
be lines of equilibrium, so that an electrified point placed on one 
of these lines will experience no force in any direction. 

When the surface of a conduetor is electrified positively in some 
parts and negatively in others, there must be some other electrified 
body in the field besides itself. For if we allow a_ positively 
electrified point, starting from a positively electrified part of the 
surface, to move always in the direction of the resultant force upon 
it, the potential at the point will continually diminish till the point 
reaches cither a negatively electrified surface at a potential less than 
that of the first conductor, or moves off to an infinite distance. 
Since the potential at an infinite distance is zero, the latter case 
can only occur when the potential of the conductor is positive. 

In the same way a negatively electrified point, moving off from 
a negatively electrified part of the surface, must cither reach a posi- 
tively electrified surface, or pass off to infinity, and the latter case 
ean only happen when the potential of the conductor is negative. 

Therefore, if both positive and negative electrification exists on 
a conductor, there must be some other hody in the field whose 
potential has the same sign as that of the conductor but a greater 
numerical value, and if a conductor of any form is alone in the 
field the electrification of every part is of the same sign as the 
potential of the conductor. 
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Lines of Force. 


47.] The line described hy a point moving always in the direc- 
tion of the resultant force is called a Line of fores. It euts the 
equipotential surfaces at right angles. The propertics of lines of 
force will be more fully explained afterwards, because Faraday has 
expressed many of the laws of clectrical action in terms of his 
conception of lines of force drawn in the electric field, and indicating 
both the direction and the magnitude of the force at every point. 


Hleetrie Tension. 

48.] Since the surface of a conductor is an equipotential surface, 
the resultant force is normal to the surface, and it will be shewn 
in Art. 78 that it is proportional to the superticial density of the 
electrification, Hence the electricity on any small area of the 
surface will be acted on by a force tending from the conductor 
and proportional to the product of the resultant forec and the 
density, that is, proportional to the square of the resultant force 

This force which acts outwards as a tension on every part of 
the conductor will be called electric Tension. It is measured like 
ordinary mechanical tension, by the force exerted on unit of area, 

The word ‘Tension has been used by electricians in several vague 
senses, and it has been attempted to adopt it in mathematical 
language as a synonym for Potential; but on cxamining the cases 
jn which the word has been used, I think it will be more con- 
sistent with usage and with mechanical analogy to understand 
by tension a pulling force of so many pounds per square inch 
exerted on the surface of a conductor or elsewhere. We shall find 
that the conception of Faraday, that this electric tension exists not 
only at the electrified surface but all along the lines of force, leads 
to a theory of electric action as a phenomenon of stress in a 
medium. 

Electromotive Force. 


49.] When two conductors at different potentials are connected 
by a thin conducting wire, the tendency of electricity to flow 
along the wire is measured by the difference of the potentials of 
the two bodics. The difference of potentials between two con- 
ductors or two points is therefore called the Electromotive force 


between them. 
Electromotive force may arise from other causes than difference 
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of potential, but these causes are not considered in treating of sta- 
tical electricity. We shall consider them when we come to chemical 
actions, motions of magnets, inequalities of temperature, &e. 


Cupacily of a Conductor. 

50.] If one conductor is insulated while all the surrounding con- 
ductors are kept at the zero potential by being put in commu- 
nication with the earth, and if the conductor, when charged with 
a quantity H of electricity, has a potential /’, the ratio of If to F 
is called the Capacity of the conductor. If the conductor is com- 
pletely enclosed within a conducting vessel without touching it, 
then the charge on the inner conductor will be equal and op- 
posite to the charge on the inner surface of the outer conductor, 
and will be equal to the capacity of the inner conductor multiplied 
by the difference of the potentials of the two conductors. 


Flectric Accumulators. 


A system consisting of two conductors whose opposed surfaces 
are separated from cach other by a thin stratum of an insulating 
medium is called an electrie Accumulator. Its capacity is directly 
proportional to the area of the opposed surfaces and inversely pro- 
portional to the thickness of the stratum between them. A Leyden 
jar is an accumulator in which glass is the insulating medium. 
Accumulators are sometimes called Condensers, but I prefer to 
restrict the term ‘condenser’ to an instrument which is used not to 
hold electricity but to increase its superficial density. 


PROPERTIES OF BODIES IN RELATION TO STATICAL ELECTRICITY, 
Resistance to the Passage of Klectricity through a Body. 


51.] When a charge of electricity is communicated to any part 
of a mass of metal the electricity is rapidly transferred from places 
of high to places of low potential till the potential of the whole 
mass becomes the same. In the case of pieces of metal used in 
ordinary experiments this process is completed in a time too short 
to be observed, but in the case of very long and thin wires, such 
as those used in telegraphs, the potential does not become uniform 
till after a sensible time, on account of the resistance of the wire 
to the passage of electricity through it. 

The resistance to the passage of electricity is exceedingly dif- 
ferent in different substances, as may be seen from the tables at 
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Arts. 362, 366, and 369, which will be explained in treating of 
Electric Currents, 

All the metals are good conductors, though the resistance of 
lead is 12 times that of copper or silver, that of iron 6 times, 
and that of mercury 60 times that of copper. The resistance of all 
metals increases as their temperature rises. 

Selenium in its crystalline state may also be regarded as a con- 
ductor, though its resistance is 3.7 x 101? times that of a piece 
of copper of the same dimensions. Its resistance increases as the 
temperature rises. Selenium in the amorphous form is a good 
insulator, like sulphur. 

Many liquids conduct eleetricity by eleetrolysis, This mode of 
conduction will be considered in Part IT. Vor the present, we may 
reward all liquids containing water and all damp bodies as con- 
ductors, far inferior to the metals, but incapable of insulating a 
charge of electricity for a sufficient time to be observed. 

On the other hand, the gases at the atmospheric pressure, whether 
dry or moist, are insulators so nearly perfect, when the electric tension 
is small that we have as yet obtained no evidence of electricity passing 
through them by ordinary conduction. The gradual loss of charge 
by electrified bodies may in every case be traced to imperfect insu- 
lation in the supports, the electricity either passing through the 
substance of the support or creeping over its surface. Hence, when 
two charged bodies are hung up near each other, they will preserve 
their charges longer if they are electrified in opposite ways, than if 
they are clectrified in the same way. For though the electromotive 
force tending to make the electricity pass through the air between 
them is much greater when they are oppositely clectrified, no per- 
ceptible loss oceurs in this way. The actual loss takes place through 
the supports, and the electromotive force through the supports is 
greatest when the bodies are clectrificd in the same way. The result 
appcars anomalous only when we expect the loss to oecur by the 
passage of clectricity through the air between the bodies. 

Certain kinds of glass when cold are marvelously perfect in- 
sulators, and Sir W. Thomson has preserved charges of electricity 
for years in bulbs hermetically sealed. The same glass, however, 
lecomes a conductor at a temperature below that of boiling water. 

Gutta-percha, eaoutchouc, vulcanite, paraffin, and resins are good 
insulators, the resistance of gutta-percha at 75°. being about 
6 x 10?° times that of copper. 

Ice, crystals, and solidified electrolytes, are also insulators. 
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Certain liquids, such as naphtha, turpentine, and some oils, are 
insulators, but inferior to most of the solid insulators, 

The resistance of most substanees, except the metals, and selenium 
and carbon, seems to diminish as the temperature rises, 


DIELECTRICS. 
Specific Inductive Capreity, 

52.] All bodies whose insulating power is such that when they 
are placed between two conductors at different potentials the elec- 
tromotive force acting on them does not immediately distribute 
their electricity so as to reduce the potential to a constant value, are 
called by Faraday Dielectrics, 

Faraday discovered that the capacity of an accumulator depends 
on the nature of the insulating medium between the two conductors, 
as well as on the dimensions and relative position of the conductors 
themselves. By substituting other insulating media for air as the 
dielectric of the accumulator, without altering it in any other 
respect, he found that when air and other gases were employed as 
the insulating medium the capacity of the accumulator remained the 
same, but that when shell-lac, sulphur, glass, &c., were substituted 
for air, the capacity was increased in a ratio which was different 
for each substance, 

The ratio of the capacity of an accumulator formed of any di- 
electric medium to the capacity of an accumulator of the same form 
and dimensions filled with air, was named by Faraday the Specific 
Inductive Capacity of the dielectric medium. It is equal to unity 
for air and other gases at all pressures, and probably at all tempe- 
ratures, and it is greater than unity for all other liquid or solid 
dielectrics whieh have been examined. 

If the dielectric is not a good insulator, it is difficult to mea- 
sure its inductive eapacity, because the accumulator will not hold a 
charge for a sufficient time to allow it to be measured ; but it is 
certain that inductive capacity is a property not confined to good 
insulators, and it is probable that it exists in all bodies. 


Absorption of Llectrivity, 
53.] It is found that when an accumulator is formed of certain 
dielectrics, the following phenomena occur, 
When the accumulator has been for some time electrified and is 
then suddenly discharged and again insulated, it becomes recharged 


hieten 


CLE races Tf 


FON ARR ME IS, 


eg CRT 


ARTE AMS AOE ORES | 


54.] ELECTRIC ABSORPTION, 51 


in the same sense as at first, but to a smaller degree, so that it may 
be discharged again several times in succession, these discharges 
always diminishing. This phenomenon is called that of the Re- 
sidual Discharge. 

The instantancous discharge appears always to be proportional 
to the difference of potentials at the instant of discharge, and the 
ratio of these quantities is the true capacity of the accumulator ; 
but if the contact of the discharger is prolonged so as to include 
some of the residual discharge, the apparent capacity of the accu- 
mulator, caleulated from such a discharge, will be too great. 

The accumulator if charged and left insulated appears to lose its 
charge by conduction, but it is found that the proportionate rate 
of loss is much greater at first than it is afterwards, so that the 
measure of conductivity, if deduced from what takes place at first, 
would be too great. Thus, when the insulation of a submarine 
cable is tested, the insulation appears to improve as the electrifi- 
cation continues, 

Thermal phenomena of o kind at first sight analogous take place 
in the case of the conduction of heat when the opposite sides of a 
body are kept at different temperatures. In the case of heat we 
know that they depend on the heat taken in and given out by the 
body itself. Hence, in the case of the electrical phenomena, it 
has been supposed that electricity is absorbed and emitted by the 
paris of the body, We shall see, however, in Art. 329, that the 
phenomena ean be explained without the hypothesis of absorption of 
electricity, by supposing the dielectric in some degree heterogeneous. 

That the phenomenon called Electric Absorption is not an 
actual absorption of electricity by the substance may be shewn by 
charging the substance in any manner with electricity while it is 
surrounded by a closed metallic insulated vessel. If, when the 
substance is charged and insulated, the vessel be instantaneously 
discharged and then left insulated, no charge is ever communicated 
to the vessel by the gradual dissipation of the electrification of the 
charged substance within it. 

54.) This fact is expressed by the statement of Faraday that 
it is impossible to charge matter with an absolute and independent 
charge of onc kind of electricity *. 

In fact it appears from the result of every experiment which 
has been tried that in whatever way electrical actions may take 


* Fup. Res., vol. i. serieg xi. fii. ‘On the Absolute Charge of Matter,’ and (1244). 
gE2 
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place among a system of bodies surrounded hy a metallic vessel, the 
charge on the outside of that vessel is not altered. 

Now if any portion of electricity could be forced into a body 
so as to be absorbed in it, or to become latent, or in any way 
to exist in it, without being connected with an equal portion of 
the opposite electricity by lines of induction, or if, after having 
being absorbed, it could gradually emerge and return to its or- 
dinary mode of’ action, we should find some change of clectrifica- 
tion in the surrounding vessel. 

As this is never found to be the case, Faraday concluded that 
it is impossible to communicate an absolute charge to matter, and 
that no portion of matter can by any change of state evolve or 
render latent one kind of electricity or the other. He therefore 
regarded induction as ‘the essential frnetion both in the first 
development and the consequent phenomena of electricity.’ His 
‘induction’ is (1298) a polarized state of the particles of the 
dicleetric, each particle being positive on one side and negative 
on the other, the positive and the negative electrification of each 
particle being always exactly equal. 


Disruptive Discharge*. 

55.] If the electromotive force acting at any point of a dielectric 
is gradually inercased, a limit is at length reached at which there 
is a sudden electrical discharge through the dielectric, generally 
accompanied with light and sound, and with a temporary or per- 
manent rupture of the diclectric, 

The intensity of the electromotive force when this takes place 
depends on the nature of the dielectric. It is greater, for instance, 
in dense air than in rare air, and greater in glass than in air, but 
in every case, if the electromotive force be made great enough, 
the dielectric gives way and its insulating power is destroyed, so 
that a current of' electricity takes place through it. It is for this 
reason that distributions of electricity for which the electric resultant 
force becomes anywhere infinite cannot exist in nature. 


The Electric Glow, 

Thus, when a conductor haying a sharp point is electrified, 
the theory, based on the hypothesis that it retains its charge, 
leads to the conclusion that as we approach the point the super- 
ficial density of the electricity increases without limit, so that at 
the point itself the surface-density, and therefore the resultant 


* See Faraday, Evrp. Res, vol. i., series xii. and xiii, 
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electrical force, would be infinite. If the air, or other surrounding 
dielectric, had an invincible insulating power, this result would 
actually oceur ; but the fact is, that as soon as the resultant force 
in the neighbourhood of the point has reached a certain limit, the 
insulating power of the air gives way, so that the air close to 
the point becomes a conductor. At a certain distance from the 
point the resultant force is not sufficient to break through the 
insulation of the air, so that the electric current is checked, and 
the electricity accumulates in the air round the point. 

The point is thus surrounded by particles of air charged with 
electricity of the same kind with its own, The effect of this charged 
air round the point is to relieve the air at the point itself from 
part of the enormous electromotive foree which it would have ex- 
perienced if the conductor alone had been electrified. In fact the 
surface of the electrified body is no longer pointed, because the 
point is enveloped by a rounded mass of electrified air, the surface 
of which, rather than that of the solid conductor, may be regarded 
as the outer electrified surface. 

If this portion of electrified air could be kept still, the elec- 
trified body would retain its charge, if not on itself at least in its 
neighbourhood, but the charged particles of air being free to move 
under the action of electrical foree, tend to move away from the elec- 
trified hody because it is charged with the same kind of electricity. 
The charged particles of air therefore tend to move off in the direc- 
tion of the lines: of force and to approach those surrounding bodies 
which are oppositely electrified. When they are gone, other un- 
charged particles take their place round the point, and since these 
cannot shield those next the point itself from the excessive elec- 
tric tension, a new discharge takes place, after which the newly 
charged particles move off, and so on as long as the body remains 
electrified. 

In this way the following phenomena are produced :—At and 
close to the point there is a steady glow, arising from the con- 
stant discharges which are taking place between the point and the 
air very near it. 

The charged particles of air tend to move off in the same general 
direction, and thus produce a current of air from the point, con- 
sisting of the charged particles, and probably of others carried along 
by them. By artificially aiding this current, we may increase the 
glow, and by checking the formation of the current we may pre- 
vent the continuance of the glow. 
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The electric wind in the neighbourhood of the point is sometimes 
very rapid, but it soon loses its velocity, and the air with its charged 
particles is carried about with the general motions of the atmo- 
sphere, and constitutes an invisible elvet rie cloud. When the charged 
particles come near to any conducting surface, such as a wall, they 
induce on that surface an electrification opposite to their own, and 
are then attracted towards the wall, but sinee the clectromotive 
forec is small they may remain for a long time near the wall 
without being drawn up to the surface and discharged. They 
thus form an clectrified atmosphere clinging to conductors, the pre- 
senee of which may somctimes be detected by the electrometer. 
The electrical forces, however, acting between charged portions 
of air and other bodies are exceedingly feeble compared with the 
forces which produce winds arising from inequalities of density 
due to differenees of temperature, so that it is very improbable 
that any observable part of the motion of ordinary thunder clouds 
arises from electrical causes. 

The passage of electricity from one place to another by the 
motion of charged particles is called Electrical Convection or Con- 
vective Discharge. 

The electrical glow is therefore produced by the constant passage 
of electricity through a small portion of air in which the tension 
is very high, so as to charge the surrounding particles of air which 
are continually swept off by the electric wind, which is an essential 
part of the phenomenon, 

The glow is more easily formed in rare air than in dense alr, 
and more easily when the point is positive than when it is negative, 
This and many other differences between positive and negative elec- 
trification must be studied by those who desire to discover some- 
thing about the nature of electricity. They have not, however, 
heen satisfactorily brought to bear upon any existing theory. 


the Electric Brush. 

56.] The electrie brash is a phenomenon which may be pro- 
duced by clectrifying a blunt point or small ball so as to produce 
an electric field in which the tension diminishes, but in a less rapid 
manner, as we leave the surfiee, It consists of a succession of 
discharges, ramifying as they diverge from the ball into the air, 
and terminating either by charging portions of air or by reaching: 
some other conductor. It is accompanied hy a sound, the pitch of 
which depends on the interval between the successive discharges, 
and there is no current of air as in the case of the glow. 
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The Electric Spark. 


57.] When the tension in the space between two conductors is 
considerable all the way between them, as in the case of two balls 
whose distance is not great compared with their radii, the discharge, 
when it occurs, usually takes the form of a spark, by which nearly 
the whole electrification is discharged at once. 

In this case, when any part of the dielectric has given way, 
the parts on cither side of it in the direction of the electric force 
are put, into a state of greater tension so that they also give way, 
and go the discharge procceds right through the dielectric, just as 
when a little rent is made in the edge of a piece of paper a tension 
applied to the paper in the direction of the edge causes the paper to 
be torn through, beginning at the rent, but diverging occasionally 
where there are weak places in the paper. The electric spark in 
the same way begins at the point where the electric tension first 
overcomes the insulation of the dielectric, and proceeds from that 
point, in an apparently irregular path, so as to take in other weak 
points, such as particles of dust floating in air. 


On the Electric Force required to produce a Spark in Air, 


In the experiments of Sir W. Thomson * the electromotive force 
required to produee a spark across strata of air of various thick~ 
nesses was measured by means of an electrometer. 

The sparks were made to pass between two surfaces, one of which 
was plane, and the other only sufliciently convex to make the sparks 
occur always at the same place. 

The difference of potential required to cause a spark to pass was 
found to increase with the distance, but in a less rapid ratio, so that 
the electric foree at any point between the surfaces, which is the 
quotient of the difference of potential divided by the distance, can 
be raised to a greater value without a discharge when the stratum 
of air is thin. 

When the stratum of air is very thin, say .00254 of a centimetre, 
the resultant foree required to produce a spark was found to be 
527.7, in terms of eentimétres and grammes. This corresponds to 
an clectric tension of 11,29 grammes weight per square centimetre. 

When the distance between the surfaces is about a millimétre 
the electric force is about 130, and the electric tension .68 grammes 
weight per square centimétre. It is probable that the value for 


* Proc, ROS, 18605; ov, Reprint, chap. six. 
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greater distances is not much less than this. The ordinary pressure 
of the atmosphere is about 1032 grammes per square centimetre, 

It is difficult to explain why a thin stratum of air should require 
a greater force to produce a disruptive discharge across it than a 
thicker stratum. Is it possible that the air very near to the sur- 
face of dense bodies is condensed, so as to become a better insu- 
lator? or does the potential of an clectrified conductor differ from 
that of the air in contact with it by a quantity having a maximum 
value just before discharge, so that the observed difference of 
potential of the conductors is in every case greater than the dif 
ference of potentials on the two sides of the stratum of air by a 
constant quantity equivalent to the addition of about .005 of an 
inch to the thickness of the stratum? See Art. 370. 

All these phenomena differ considerably in different gases, and in 
the same gas at different densities. Some of the forms of electrical 
discharge through rare gases ave exceedingly remarkable. In some 
eases there is a regular alternation of luminous and dark strata, so 
that if the electricity, for example, is passing along a tube contain- 
ing a very small quantity of gas, a number of luminous disks will 
he scen arranged transversely at nearly equal intervals along the 
axis of the tube and separated by dark strata, If the strength of 
the current be increased a new disk will start into existence, and 
it and the old disks will arrange themselves in closer order, In 
a tube described by Mr. Gassiot * the light of each of the disks 
is bluish on the negative and reddish on the positive side, and 
bright red in the central stratum. 

These, and many other phenomena of electrical discharge, are 
exceedingly important, and when they are better understood they 
will probably throw great light on the nature of electricity as well 
as on the nature of gases and of the medium pervading space. At 
present, however, they must be considered as outside the domain of 
the mathematical theory of electricity. 


Klectrie Phenomena of Tourmaline. 


58.] Certain crystals of tourmaline, and of other mincrals, possess 
what may be called Electrie Polarity. Suppose a erystal of tour. 
maline to be at a uniform temperature, and apparently free from 
clectrification on its surface. Let, its temperature be now raised, 
the crystal remaining insulated. One end will be found positively 


* Intellectual Obacrver, March, 1866. 
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and the other end negatively electrified. Let the surface be de- 
prived of this apparent electrification by means of a flame or other- 
wise, then if the crystal be made still hotter, clectrification of the 
same kind as before will appear, but if the crystal be cooled the 
end which was positive when the crystal was heated will become 
negative, 

These electrifications are observed at the extremities of the erys- 
tallographic axis. Some crystals are terminated by a six-sided 
pyramid at one end and by a three-sided pyramid at the other. 
In these the end having the six-sided pyramid becomes positive 
when the erystal is heated. 

Sir W. Thomson supposes every portion of these and other hemi- 
hedral crystals to bave a definite electric polarity, the intensity 
of which depends on the temperature. When the surface is passed 
through a flame, every part of the surface becomes electrified to 
such an extent as to exactly neutralize, for all external points, 
the effect of the internal polarity. The crystal then has no ex- 
ternal electrical action, nor any tendency to change its mode of 
electrification, But if it be heated or cooled the interior polariza- 
tion of each particle of the erystal is altered, and can no longer 
be balaneed by the superficial electrification, so that there is a 
resultant external action. 


Plan of this Treatise. 

59.] In the following treatise I propose first to explain the ordinary 
theory of electrical action, which considers it as depending only 
on the electrified bodies and on their relative position, without 
taking account of any phenomena which may take place in the 
surrounding media. In this way we shall establish the law of the 
inverse square, the theory of the potential, and the equations of 
Laplace and Poisson. We shall next consider the charges and 
potentials of a system of electrified conductors as connected by 
a system of equations, the coefficients of which may be supposed 
to be determined by experiment in those cases in which our present 
mathematical methods are not applicable, and from these we shall 
determine the mechanical forces acting between the different clec- 
trified bodies. 

We shall then investigate certain gencral theorems by which 
Green, Gauss, and Thomson have indicated the conditions of so- 
lution of problems in the distribution of electricity. One result 
of these theorems is, that if Poisson’s equation is satisfied by any 
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function, and if at the surface of every conductor the function 
has the value of the potential of that conductor, then the fune- 
tion expresses the actual potential of the system at every point. We 
also deduce a method of finding problems capable of exact solution. 

In Thomson’s theorem, the total energy of the system is ex- 
pressed in the form of the integral of a certain quantity extended 
over the whole space between the electrified bodies, and also in 
the form of an integral extended over the electrified surfaces only. 
The equation between these two expressions may be thus inter- 
preted physically. We may conceive the relation into which the 
electrified bodies are thrown, either as the result of the state of 
the intervening medium, or as the result of a direct action between 
the electrified bodics at a distance. If we adopt the latter con- 
ception, we may determine the law of the action, but we can go 
no further in speculating on its cause. If, on the other hand, 
we adopt the conception of action through a medium, we are led to 
enqiure into the nature of that action in each part of the medium, 

Tt appears from the theorem, that if we are to look for the seat 
of the electric energy in the different parts of the dielectric me- 
dium, the amount of energy in any small part must depend on 
the square of the intensity of the resultant clectromotive force at 
that place multiplied by a coefficient called the specific inductive 
capacity of the medium. 

It is better, however, in considering the theory of dielectrics 
in the most general point of view, to distinguish between the clec- 
tromotive foree at any point and the electric polarization of the 
medinm at that point, since these directed quantities, though re- 
lated to one another, are not, in some solid substances, in the same 
direction. The most general expression for the electric energy of 
the medium per unit of volume is half the product of the electro- 
motive force and the clectrie polarization multiplicd by the cosine 
of the angle between their directions. 

In all fluid dielectrics the electromotive force and the electric 
polarization are in the same direction and in a constant ratio. 

If we calculate on this hypothesis the total energy residing 
in the medium, we shall find it eqnal to the energy due to the 
electrification of the conductors on the hypothesis of direct action 
ata distance. Hence the two hypotheses are mathematically equi- 
valent. 

If we now procced to investigate the mechanical state of the 
medium on the hypothesis that the mechanical action observed 
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between electrified bodies is exerted through and by means of 
the medium, as in the familiar instances of the action of one body 
on another by means of the tension of a rope or the pressure of 
a rod, we find that: the medium must be in a state of mechanical 
stress, 

The nature of this stress is, as Faraday pointed out *, a tension 
along the lines of force combined with an equal pressure in all 
directions at right angles to these lines. The magnitude of these 
stresses is proportional to the energy of the electrification, or, in 
other words, to the square of the resultant electromotive force mul- 
tiplied by the specific inductive capacity of the medium. 

This distribution of stress is the only one consistent with the 
observed mechanical action on the electrified bodies, and also with 
the observed equilibrium of the fluid dielectric which surrounds 
them. [I have therefore thought it a warrantable step in scientific 
procedure to assume the actual existence of this state of stress, and 
to follow the assumption into its consequenees. Finding the phrase 
electric tension used in several vague senses, I have attempted to 
confine it to what I conceive to have been in the mind of some 
of those who have used it, namely, the state of stress in the 
dielectric medium which causes motion of the electrified bodies, 
and leads, when continually augmented, to disruptive discharge. 
Electric tension, in this sense, is a tension of exactly the same 
kind, and measured in the same way, as the tension of a rope, 
and the dicleetric medium, which can support a certain tension 
and no more, may be said to have a certain strength in exactly 
the same sense as the rope is said to have a certain strength. 
Thus, for example, Thomson has found that air at the ordinary 
pressure and temperature can support an electric tension of 9600 
grains weight per square foot before a spark passes. 

60.] From the hypothesis that electric action is not a direct 
action between bodies at a distance, but is exerted by means of 
the medium between the bodies, we have deduced that this medium 
must be in a state of stress. We have also ascertained the cha- 
racter of the stress, and compared it with the stresses which may 
occur in solid bodies, Along the lines of force there is tension, 
and perpendicular to them there is pressure, the numerical mag- 
nitude of these forees being equal, and cach proportional to the 
square of the resultant force at the point. Having established 
these results, we are prepared to take another step, and to form 
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an idea of the nature of the electric polarization of the dielectric 
medium. 

An elementary portion of a hody may be said to be polarized 
when it acquires equal and opposite properties on two opposite 
sides. ‘The idea of internal polarity may be studied to the greatest 
advantage as exemplified in permanent magnets, and it will be 
explained at greater length when we come to treat of magnetism. 

The electric polarization of an elementary portion of a diclectric 
is a forced state into which the medium is thrown by the action 
of electromotive force, and which disappears when that force is 
removed. We may conceive it to consist in what we may call 
an electrical displacement, produced by the electromotive force. 
When the electromotive force acts on a conducting medium it 
produces a cnrrent through it, but if the medium is a non-con- 
ductor or dielectric, the current cannot flow through the medium, 
but the electricity is displaced within the medium in the direction 
of the electromotive force, the extent of this displacement de- 
pending on the magnitude of the electromotive force, so that if 
the electromotive force increases or diminishes the electric displace- 
ment inereases and diminishes in the same ratio. 

The amount of the displacement is measured by the quantity 
of electricity which crosses unit of area, while the displacement 
increases from zero to its actual amount. This, therefore, is the 
measure of the electric polarization, 

The analogy between the action of electromotive force in pro- 
ducing electric displacement and of ordinary mechanical foree in 
producing the displacement of an clastic body is so obvious that 
J have ventured to call the ratio of the electromotive force to the 
corresponding electric displacement the cveficient of electric elasticity 
of the medium. This coefficient is different in different media, and 
varies inversely as the specific inductive capacity of each medium. 

The variations of electric displacement evidently constitute electric 
currents, These currents, however, can only exist during the 
variation of the displacement, and therefore, since the displacc- 
ment cannot exceed a certain value without causing disruptive 
discharge, they cannot be continued indefinitely in the same direc- 
tion, like the currents through conductors. 

In tourmaline, and other pyro-electric crystals, it is probable that 
a state of electric polarization exists, which depends upon tem- 
perature, and does not require an external electromotive force to 
produce it If the interior of a body were in a state of permanent 
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electric polarization, the outside would gradually become charged 
in such a manner as to neutralize the action of the internal elec- 
trification for all points outside the body. This external superficial 
charge could not be detected by any of the ordinary tests, and 
could not be removed by any of the ordinary methods for dis- 
charging superficial electrification, The internal polarization of 
the substance would therefore never be discovered unless by some 
means, such as change of temperature, the amount of the internal 
polarization could be increased or diminished. The external elec- 
trification would then be no longer capable of neutralizing the 
external effect of the internal polarization, and an apparent elec- 
trification would be observed, as in the case of tourmaline, 

If a charge e is uniformly distributed over the surface of a 
sphere, the resultant force at any point of the medium surrounding 
the sphere is numerically equal to the charge ¢ divided by the square 
of the distance from the centre of the sphere. This resultant force, 
according to our theory, is aceompanied by a displacement of elec- 
tricity in a direction outwards from the sphere. 

Tf we now draw a concentric spherical surface of radius7, the whole 
displacement, J, through this surface will be proportional to the 
resultant force multiplied by the area of the spherical surface, But 
the resultant force is directly as the charge e and inversely as the 
square of the radius, while the area of the surface is directly as the 
square of the radius. 

Hence the whole displacement, Z, is proportional to the charge e, 
and is independent of the radius. 

To determine the ratio between the charge e, and the quantity 
of electricity, /, displaced outwards through the spherical surface, 
leb us consider the work done upon the medium in the region 
between two concentric spherical surfaces, while the displacement 
is increased from # to F+8#. If V, and FP, denote the potentials 
at the inner and the outer of these surfaces respectively, the elec- 
tromotive force by which the additional displacement is produced 
is /;—V/,, so that the work spent in augmenting the displacement 
is (Y,— PF, 6£. 

If we now make the inner surface coincide with that of the 
electrified sphere, and make the radius of the other infinite, 
becomes F, the potential of the sphere, and ¥,, becomes zero, so 
that the whole work done in the surrounding medium is 7’8 Z. 

But by the ordinary theory, the work done in angmenting the 
charge is V de, and if this is spent, as we suppose, in augmenting 
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the displacement, 54 = de, and since # and e vanish together, 
L=e, o— 

Lhe displacement outwards through any spherical surface concentric 
with the sphere is equat to the charge ow the sphere. 

To fix our ideas of electric displacement, let us consider an accu- 
mulator formed of two conducting plates 4 and B, separated by a 
stratum of a diclectrie C. Let W be a condueting wire joining 
A and B,and let us suppose that by the action of an electromotive 
force a quantity Q of positive electricity is transferred along the 
wire from # to d. The positive electrification of 4 and the 
negative electrification of B will produce a certain electromotive 
foree acting from A towards B in the diclectric stratum, and this 
will produce an electric displacement from 4 towards B within the 
dielectric, The amount of this displacement, as measured by the 
quantity of electricity forced across an imaginary section of the 
dielectric dividing it into two strata, will be, according to our 
theory, exactly Q. See Arts. 75, 76, 111. 

It appears, therefore, that at the same time that a quantity 
Q of electricity is being transferred along tho wire by the clectro- 
motive ferce from B towards 4, so as to cross every section of 
the wire, the same quantity of electricity crosses every section 
of the dielectric from 4 towards B by reason of the electric dis- 
placement. 

The reverse motions of electricity will take place durmg the 
discharge of the accumulator. In the wire the discharge will be 
Q from 4 to B, and in the dielectric the displacement will subside, 
and a quantity of electricity Q will cross every section from B 
towards A. 

very case of electrification or discharge may therefore be con- 
sidered as a motion in a closed circuit, such that at every section 
of the cirenit the same quantity of electricity crosses in the same 
time, and this is the case, not only in the voltaic circuit where 
it has always been recognised, but in those cases in which elec- 
tricity has been generally supposed to be accumulated in certain 
places. 

61.] We are thus Jed to a very remarkable consequence of the 
theory which we are examining, namely, that the motions of elec- 
tricity are like those of an ixcompressible fluid, so that the total 
quantity within an imaginary fixed closed surface remains always 
the same, ‘This result appears at first sight in direet contradiction 
to the fact that we can charge a conductor and then introduce 
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it, into the closed space, and so alter the quantity of electricity 
within that space. But we must remember that the ordinary theory 
takes no account of' the electric displacement in the substance of 
diclectries which we have been investigating, but confincs its 
attention to the electrification at the bounding surfaces of the 
conductors and dielectrics. In the case of the charged conductor 
let us suppose the charge to be positive, then if the surrounding 
dielectric extends on all sides beyond the closed surface there will be 
clectrie polarization, accompanied with displacement from within 
outwards all over the closed surface, and the surface-integral of 
the displacement taken over the surface will be equal to the charge 
on the conductor within. 

Thus when the charged conductor is introduced into the closed 
space there is immediately a displacement of a quantity of elec- 
tricity equal to the charge through the surface from within out- 
wards, and the whole quantity within the surface remains the 
same. 

The theory of eleetrie polarization will be discussed at greater 
length in Chapter V, and a mechanical illustration of it will be 
given in Art. 334, but its importance cannot be fully understood 
till we arrive at the study of electromagnetic phenomena, 

62.] The peculiar features of the theory as we have now de- 
veloped them are :— 

That the energy of electrification resides in the dielectric medium, 
whether that medium be solid, liquid, or gaseous, dense or rare, 
or even deprived of ordinary gross matter, provided it be still 
capable of transmitting electrical action. 

That the energy in any part of the medium is stored up in 
the form of a state of constraint called electric polarization, the 
amount of which depends on the resultant electromotive force at 
the place. 

That electromotive foree acting on a dielectric produces what 
we have called electric displacement, the relation between the force 
and the displacement being in the most gencral case of a kind 
to be afterwards investigated in treating of conduction, but in 
the most important cases the furce is in the same direction as 
the displacement, and is numerically equal to the displacement 
multiplied by a quantity which we have called the coefficient of 
electric elasticity of the dieleetric, 

That the energy per unit of volume of the diclectric arising from 
the electric polarization is half the product of the electromotive 
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foree and the clectrie displacement multiplied, if necessary, by the 
cosine of the angle between their directions. 

That in fluid dielectrics the elcetric polarization is accompanied 
by a tension in the direetion of the lines of force combined with 
an equal pressure in all directions at right angles to the lines 
of force, the amount of the tension or pressure per unit of area 
being numerically equal to the energy per unit of volume at the 
same place. 

That the surfaces of any elementary portion into which we may 
conceive the volume of the diclectrie divided must be conceived 
to be electrified, so that the surface-density at any point of the 
surface is equal in magnitude to the displacement through that 
point of the surface reckoned inwards, so that if the displacement 
is in the positive direction, the surface of the element will be elec- 
trified negatively on the positive side and positively on the negative 
side. These superficial electrifications will in general destroy one 
another when consecutive elements are considered, except where 
the dielectric has an internal charge, or at the surface of the 
dielectric. 

That whatever electricity may be, and whatever we may under- 
stand by the movement of electricity, the phenomenon which we 
have called electric displacement is a movement of electricity in the 
same sense as the transference of a definite quantity of electricity 
through a wire is a movement of electricity, the only difference 
being that in the dielectric there is a force which we have called 
electric elasticity which acts against the electric displacement, and 
forees the clectricity back when the electromotive force is removed ; 
whereas in the conducting wire the electric elasticity is continually 
giving way, so that a current of true conduction is set up, and 
the resistance depends, not on the total quantity of electricity dis- 
placed from its position of equilibrium, but on the quantity which 
crosses a section of the conductor in a given time. 

That in every case the motion of electricity is subject to the 
sume condition as that of an incompressible fluid, namely, that 
at every instant as much must flow out of any given closed space 
as flows into it. 

Tt follows from this that every electric current must form a 
closed cireuit, The importance of this result will be seen when we 
investigate the laws of electro-magnetism. 

Since, as we have seen, the theory of direct action at a distance 
is mathematically identical with that. of action by means of a 


eet ae 


LA a secant Tak a a la ae re ROT _ 
~ NS rt CES SOCIATION IPACO A RATECRIS Be So a er 
o We Ih eS Satta gan a on 


62.] METIIOD OF THIS WORK. 65 


medium, the actual phenomena may be explained by the one 
theory as well as by the other, provided suitable hypotheses be 
introduced when any difficulty occurs. Thus, Mossotti has deduced 
the mathematical theory of diclectries from the ordinary theory 
of attraction by merely giving an clectric instead of a magnetic 
interpretation to the symbols in the investigation by which Poisson 
has deduced the theory of magnetic induction from the theory of 
magnetic fluids, Ie assumes the existence within the dielectric of 
small conducting elements, capable of having their opposite surfaces 
oppositely electrified by induction, but not capable of losing or 
gaining clectricity on the whole, owing to their being insulated 
from each other by a non-conducting medium. This theory of 
dielectrics is consistent with the laws of electricity, and may be 
actually true, If it is true, the specific inductive capacity of a 
dielectric may be greater, but cannot be less, than that of air or 
vacuum. No instaiice has yet been found of a dielectric having 
an inductive capacity less than that of air, but if such should 
be discovered, Mossotti’s theory must be abandoned, although his 
formulae would all remain exact, and would only require us to alter 
the sign of a coefficient. 

In the theory which I propose to develope, the mathematical 
methods are founded upon the smallest possible amount of hypo- 
thesis, and thus equations of the same form are found applicable to 
phenomena which are certainly of quite different natures, as, for 
instance, electric induction through dielectrics ; conduction through 
conduetors, and magnetic induction, In all these cases the re- 
lation between the force and the effect produced is expressed by 
a set of equations of the same kind, so that when a problem in 
one of these subjects is solved, the problem and its solution may 
be translated into the language of the other subjects and tho 
results in their new form will also be true. 


VOL, I. F 


CHAPTER II. 


ELEMENTARY MATIEMATICAL THEORY OF STATICAL 


ELECTRICITY, 


Definition of Electricity as a Mathematical Quantity, 


63.] We have sven that the actions of electrified bodies are sucli 
that the electrification of one body may be equal to that of another, 
or to the sum of the electrifications of two bodies, and that when 
two bodies are equally and oppositely electrified they have no elec- 
trical effect on external bodies when placed together within a closed 
insulated conducting vessel. We may express all these results in 
a concise and consistent manner hy describing an cleetrified body as 
charged with a certain quantily of electricity, which we may denote 
by ¢. When the electrification is positive, that is, according to the 
usual convention, vitreous, e will be a positive quantity. When the 
electrification is negative or resinous, ¢ will be negative, and the 
quantity —é may be interpreted either as a negative quantity of 
vitreous electricity or as a positive quantity of resinous clectricity, 

The effect of adding together two equal and opposite charges of 
electricity, +e and —e, is to produce a state of no electrification 
expressed by zero, We may therefore regard a body not electrified 
as virtually charged with equal and opposite charges of indefinite 
magnitude, and an clectrified body as virtually charged with un- 
equal quantities of positive and negative electricity, the algebraic 
sum of these charges constituting the observed electrification, It is 
manifest, however, that this way of regarding an electrified body 
is entirely artificial, and may be compared to the conception of the 
velocity of a body as compounded of two or more different velo- 
cities, no one of which is the actual velocity of the body. When 
we speak therefore of a body being charged with a quantity ¢ of 
electricity we mean simply that the hody is electrified, and that 
the electrification is vitreous or resinous according as ¢ is positive 
or negative, 
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ON ELECTRIC DENSITY. 


Distribution in Three Dimensions. 


64.] Definition, The electric volume-density at a given point 
in space is the limiting ratio of the quantity of electricity within 
a sphere whose centre is the given point to the volume of the 
sphere, when its radius is diminished without limit. 

We shall denote this ratio by the symbol p, which may be posi- 
tive or negative. 


Distribution on a Surface. 


It is a result alike of theory and of experiment, that, in certain 
eases, the electrification of a body is entirely on the surface. The 
density at a point on the surface, if defined according to the method 
given above, would be infinite. We therefore adopt a different 
method for the measurement of surface-density. 

Definition, The clectrie density at a given point on a surface is 
the limiting ratio of the quantity of electricity within a sphere 
whose centre is the given point to the area of the surface contained 
within the sphere, when its radius is diminished without limit. 

We shall denote the surface-density by the symbol oc. 

Those writers who supposed electricity to be a material fluid 
or a collection of particles, were obliged in this case to suppose 
the electricity distributed on the surface in the form of a stratum 
of a certain thickness 0, its density being p,, or that value of p 
which would result from the particles having the closest. contact 
of which they are capable, It is manifest that on this theory 

py =o. 
When o is negative, according to this theory, a certain stratum 
of thickness @ is left entirely devoid of positive electricity, and 
filled entirely with negative electricity. 

There is, however, no experimental evidence either of the elec- 
tric stratum having any thickness, or of electricity being a fluid 
or a collection of particles, We therefore prefer to do without the 
symbol for the thickness of the stratum, and to use a special symbol 
for surface-density. 


Distribution along a Line. 
It is sometimes convenient to suppose electricity distributed 
on a line, that is, a long narrow body of which we neglect the 
¥ 2 
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thickness. In this case we may define the line-density at any point 
to he the limiting: ratio of the electricity on an clement: of the 
line to the length of that clement when the clement is diminished 
Withuut limit. 

Tf A denotes the line-density, then the whole quantity of elec- 
tricity ona curve is ¢ = fx ds, Where ds is the clement of the curve, 


Similarly, if o is the surface-density, the whole quantity of clee- 


tricity on the surface is 
ete if foods, 


where (5 is the element of surface. 
Tf p is the volume-density at any point of space, then the whole 
electricity within a certain volume js 


¢ =([[> dx dy de, 


where de dy dz is the element of volume. The limits of integration 
in each case are those of the curve, the surface, or the portion of 
space considered. 

It is manifest that e, A, ¢ and p are quantities differing in kind, 
each being one dimension in space lower than the preeeding, so that 
if'a be a line, the quantities ¢, aA, a*o, and a*p will be all of the 
same kind, and if « be the unit of length, and d, a, p each the 
unit of the different kinds of density, aa, ao, and a3 p will each 
denote one unit of electricity. 


Definition of the Unit of Klectricity. 

65.] Let 4 and B be two points the distance between which 
is the unit of length. Let two bodies, whose dimensions are small 
compared with the distance LB, be charged with equal quantities 
of positive electricity and placed at 4 and B respectively, and 
let the charges be such that the force with which they repel each 
other is the unit of foree, measured as in Art. 6. Then the charge 
of either body is said to be the unit of electricity. If the charge of 
the body at B were a unit of negative electricity, then, since the 
action between the bodies would be reversed, we should have an 
attraction equal to the unit of force. 

If the charge of A were also negative, and equal to unity, the 
force would he repulsive, and equal to unity. 

Since the action between any two portions of electricity is not 
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affeeted hy the presence of other portions, the repulsion between 
é units of electricity at 4d and ¢’ units at B is ee’, the distance 
AB being unity. See Art. 39, 


Law of Force betiecen Electrified Bodies. 

66.] Coulomb shewed by experiment that the foree between 
elcetrified bodies whose dimensions are small eampared with the 
distance between them, varies inversely as the square of the dis- 
tanee. Henee the actual repulsion between two such bodies charged 
with quantities e and ¢ and placed at a distance x ts 

ee 
ia 

We shall prove in Art. 74 that this law is the only one con- 
sistent with the observed fact that a conductor, placed in the inside 
of a closed hollow conductor and in contact with it, is deprived of 
all cleetrieal charge, Our conviction of the accuracy of the law 
of the inverse square of the distance may be considered to rest 
on experiments of this kind, rather than on the direct measure- 
ments of Coulomb. 


Resultant Force between Two Balies, 

67.] In order to find the resultant foree between two bodies 
we might divide each of them into its elements of volume, and 
consider the repulsion between the eleetricity in each of the elements 
of the first body and the electricity in each of the elements of the 
second body. We should thus get a system of forces equal in 
number to the product of the numbers of the elements into which 
we have divided cach body, and we should have to combine the 
effects of these forces by the rules of Statics. Thus, to find the 
component in the direction of # we should have to find the value 
of the sextuple integral 
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where 2, y, 2 are - noord of a point in the first body at 
which the clectrical density is p, and 2’, y’, 2’, and p’ are the 
corresponding quantities for the second body, and the integration 
is extended first over the one body and then over the other, 


Resultant Foree ata Point, 
68.] In order to simplify the mathematical process, it is con- 
venient to consider the action of an electrified bady, not on another 
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body of any form, but on an indefinitely small body, charged with 
an indefinitely small amount of electricity, and placed at any point 
of the space to which the electrical action extends. By making 
the charge of this body indefinitely small we render insensible its 
disturbing action on the charge of the first body. 

Let ¢ be the charge of this body, and let the force acting: on 
it when placed at the point (#, y, 2) be Re, and let the direction- 
cosines of the force be 7, m,n, then we may call #? the resultant 
foree at the point (2, y, -). 

In speaking of the resultant clectrical force at a point, we do not 
necessarily imply that any force is actually exerted there, but. only 
that if an clectrified body were placed there it would be acted on 
by a force Re, where ¢ is the charge of the body. 

Definition, The Resultant electrical force at any point is the 
force which would be exerted on a small body charged with the unit 
of positive clectricity, if it were placed there without disturbing the 
actual distribution of electricity. 

This foree not only tends to move an electrified body, but to 
move the electricity within the body, so that. the positive electricity 
tends to move in the direction of #2 and the negative electricity 
in the opposite direction. Ienee the force R is also called the 
Electromotive Force at ¢he point (ry, 2). 

When we wish to oxpress the fact. that the resultant force is a 
vector, we shall denote it by the German letter @. If the body 
is a dielectric, then, according to the theory adopted in this 
treatise, the electrivity is displaced within it, so that the quantity 
of electricity which is forced in the direction of € across unit 
of area fixed perpendicular to & is 


D= | KG; 
4a 
where ® is the displacement, © the resultant force, and K the 
specific inductive capacity of the diclectric. For air, K = 1, 
Ifthe body is w conductor, the state of constraint is continually 


giving way, so that a current of conduction is produced and main- 
tained as long as the force € acts on the medium, 


Components of the Resullant Force. 
If X, ¥, Z denote the components of 2, then 
X= Ri, Y= Rn, Zz Rn; 
where 2, m,2 are the direction-cosines of 2. 
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hine-Inlegral of Electric Force, or Electromotive Force along 
an Are of a Curve. 

69.] The Electromotive force along a given are AP ofa curve is 
numerically measured by the work which would be done on a unit 
of positive clectricity carried along the curve from the beginning, 
A, io P, the end of the are. 

If's is the length of the are, measured from 4, and if the re- 
sultant force 7? at any point of the curve makes an angle ¢ with 
the tangent drawn in the positive direction, then the work done 
on unit of electricity in moving along the clement of the curve 


ds will be PB eos eds, 


and the total electromotive force V will be 
r= [* Roos eds, 
a) 


the integration being extended from the beginning to the end 
of the are. 
If we make use of the components of the force PR, we find 
- sda ally fz 
pa [GHG + 4am 


ds dl. 


Tf X, ¥, and Z are such that Xda+Vdy+4dz is a complete 
differential of a function of , y, 2, then 


P 
Fa |" (Nde4 Vay + 2ds) = la-Ts 
WA 


where the integration is performed in any way from the point 4 
to the point P, whether along the given curve or along any other 
line between A and P. 

In this ease 7’ is a sealar fanction of the position of a point in 
space, that is, when we know the coordinates of the point, the value 
of I” is determinate, and this value is independent of the position 
and direction of the axes of reference. See Art. 16. 


On Functions of the Position of a Pot. 


In what follows, when we describe a quantity as a function of 
the position of a point, we mean that for every position of the point 
the function has a determinate value. We do not imply that this 
value can always be expressed by the same formula for all points of 
space, for it may be expressed by one formula on one side of a 
given surface and by another formula on the other side. 
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On Potential Functions. — 


70.) The quantity Nide+Vdy4Zde is an exact differential 
whenever the force arises from attractions or repulsions whose in- 
tensity is a function of the distance only from any number of 
points. For if 7, be the distance of one of the points from the point 
(w, y, 2), and if A, be the repulsion, then 
X=Rhl=R, - 
with similar expressions for Y, and Z,, so that 

X, da4+ ¥,dy+@,dz = RB, dr, ; 
and since #, is a function of », only, f, dy, is an exact differential 
of some function of 7, say 7. 
Similarly for any other force fy, acting from a centre at dis- 
tance ",, 
A,da+ ¥,dy+Z,dz = Rydr, = arV,,. 
But X = X, +X,+&e. and ¥ and Z are compounded in the same 
way, therefore 
Ade+ Vdy+ Zdz = dV, 4d), 4 &e. = dV. 

F, the integral of this quantity, under the condition that = 0 
at an infinite distance, is called the Potential Function, 

The use of this function in the theory of attractions was intro- 
duced by Laplace in the calculation of the attraction of the earth, 
Green, in his essay ‘ On the Application of Mathematical Analysis 
to Electricity,’ gave it the name of the Potential Function. Gauss, 
working independently of Grecn, also used the word Potential. 
Clansius and others have applied the term Potential to the work 
which would be done if two bodies or systems were removed to 
an infinite distance from one another. We shall follow the use of 
the word in reeent English works, and avoid ambiguity by adopting 
the following definition due to Sir W. Thomson, 

Definition of’ Potential. The Potential at a2 Point is the work 
which would be done on a unit of positive electricity by the clec- 
tric forces if it were placed at that point without disturbing the 
eleetrie distribution, and carried from that point to an infinite 
distance. 

71.] Expressions for the Resultant Force and its components in 
terms of the Potential. 

Since the total electromotive force along any are 1B is 


4—V a, 
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if we put ds for the are 4B we shall have for the force resolved 
in the direction of ds, 


Rese = Ue. 
ds’ 
whence, by assuming ds parallel to each of the axes in succession, 
we get i” l 
at Fp AF, ga, 
ds aly ds 
av dV? dV? ya 
ws (i + oy + | ) ° 


We shall denote the force itself, whose magnitude is and whose 
components are X, ¥, 4, by the German letter , as in Arts. 17 
and 68. 


The Potential at all Points within a Conductor is the same. 


72.] A conductor is a body which allows the clectricity within 
it to move from one part of the body to any other when acted on 
by clectromotive foree. When the electricity is in equilibrium 
there can be no electromotive force acting within the conductor. 
Hence R= 0 throughout the whole space occupied by the con- 
ductor. From this it follows that 

av é dV av 


We = 0, Wy = 0, Pe =0; 
and therefore for every point of the conductor 
VF=C, 


where C is a constant quantity. 


Potential of a Conductor. 


Since the potential at all points within the substance of the 
conductor is C, the quantity C is called the Potential of the con- 
ductor. C may be defined as the work which must be done by 
external agency in order to bring a unit of electricity from an 
infinite distance to the conduetor, the distribution of electricity 
being supposed not to be disturbed by the presence of the unit. 

If two conductors have equal potentials, and are connected by 
a wire so fine that the electricity on the wire itself may be neg- 
lected, the total electromotive force along the wire will be zero, 
and no electricity will pass from the one conductor to the other. 

If the potentials of the conductors 4 and B he V4, and Py, then 
the clectromotive force along any wire joining 4 and B will be 

r4—Th 
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in the direction 4B, that is, positive electricity will tend to pass 
from the conductor of higher potential to the other. 

Potential, in electrical science, has the same relation to Elee- 
{ricity that Pressure, in Hydrostatics, has to Mid, or that Tem- 
perature, in Thermodynamics, has to Heat. Electricity, Fluids, 
and Neat all tend to pass from one place to another, if the Poten- 
tial, Pressure, or Temperature is grenter in the first place than in 
the second. A fluid is certainly a substance, heat is as certainly 
not a substance, so that though we may find assistance from ana- 
logies of this kind in forming clear ideas of formal electrical rela- 
tions, we must be eareful not to let the one or the other analogy 
suggest to us that electricity is either a substance like water, or 
a state of agitation like heat. 


Potential due to any Electrical System. 


73.| Let there be a single electrified point charged with a quantity 
¢ of electricity, and let 7 be the distance of the point a’, 7’, 2 from it, 


then r=[ Rid =| dy = ee 
Je , ? r 


Let there he any number of electrified points whose coordinates 
are (215 1, %4)s (Xz Yo 2). &e. and their charges ¢,, ¢,, &c., and 
let their distances from the point (2,7, <’) be 7,, 7, &e., then the 
potential of the system at 2, y’, 2 will be 


r=3(), 


Let the clectric density at any point (2, y, 2) within an elec- 
trified body be p, then the potential duc to the body is 


r= fff? dx dy da; 


where r= flee" + (y—yP + (ee), 
the integration heing extended throughout the body. 


On the Proof of the Law of the Inverse Square. 


74.) The fuet that the force between electrified bodies is inverscly 
as the square of the distance may be considered to be established 
by direct experiments with the torsion-balance. The results, how- 
ever, which we derive from such experiments must be regarded 
as affected hy an error depending on the probable error of each 
experiment, and unless the skill of the operator be very great, 
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the probable error of an experiment with the torsion-balance is 
considerable. As an argument that the attraction is really, and 
not mereiy as a rough approximation, inversely as the square of the 
distance, Experiment VII (p. 34) is far more conclusive than any 
measurements of electrical forces can be. 

In that experiment a conductor B, charged in any manner, was 
enclosed in a hollow conducting vessel C, which completely sur- 
rounded it. C was also electrified in any manner. 

B was then placed in electric communication with C, and was then 
again insulated and removed from 0 without touching it, and ex- 
amined by means of an clectroscope. In this way it was shewn 
that a conductor, if made to touch the inside of a conducting: vessel 
which completely encloses it, becomes completely discharged, so 
that. no trace of electrification can be discovered by the most 
delicate electrometer, however strongly the conductor or the vessel 
has been previously electrified. 

The methods of detecting the clectrification of a body are so 
delicate that a millionth part of the original electrification of B 
could be observed if it existed, No experiments involving the direct 
measurement of forees can be brought to such a degree of accuracy. 

It follows from this experiment that a non-electrified body in the 
inside of a hollow conductor is at the same potential as the hollow 
conductor, in whatever way that conductor is charged. For if it 
were not at the same potential, then, if it were put in electric 
connexion with the vessel, either by touching it or by means of 
a wire, electricity would pass from the one body to the other, and 
the conductor, when removed from the vesscl, would be found to be 
electrified positively or negatively, which, as we have already stated, 
is not the case. 

Hence the whole space inside a hollow conduetor is at the same 
potential as the conductor if no eleetrified body is placed within it. 
Tf the Jaw of the inverse square is true, this will be the case what- 
ever be the form of the hollow conductor. Our object at present, 
however, is to ascertain from this fact the form of the law of 
attraction. 

For this purpose let us suppose the hollow conductor to be a thin 
spherical shell, Since everything is symmetrical about its centre, 
the shell will be uniformly electrified at every point, and we have 
to enquire what must be the law of attraction of a uniform spherical 
shell, so as to fulfil the condition that the potential at every point 
within it shall be the same. 
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Let the force at a distance from a point at which a quantity ¢ 
of electricity is concentrated be 72, where 2 is some function of 7, 
All central forces which are functions of the distance admit of a 


potential, let us write ue for the potential function due to a unit 


of electricity at a distance r. 

Let the radius of the spherical shell be «, and let the surface- 
density be «. Let P be any point within the shell at a distance 
p from the centre, Take the radius through P as the axis of 
spherical coordinates, and let + be the distance from P to an element 
d§ of the shell. Then the potential at P is 


r= [folas, 


jos | "fo FO) a* sin 6.40 dd. 
“0 0 r 


Now v? = aq? —2apcosd-+ p?, 
rdyv = ansin ddd. 
a [arr 
Hence P= Qua--- S(y@r ; 
p a—p 


and V must be constant for all values of p less than a. 
Multiplying both sides by » and differentiating with respect to », 
Ve enoa {fat p)+/(a—p)}. 
Differentiating again with respect to p, 
Oa f (a+ p)—f" (a— >). 
Since « and p are independent, 
J’ (7) = GC, a constant. 


Hence T(r) = Cr+’, 
and the potential function is 
LO) = C4 ce . 
, r 


The force at distance 7 is got by differentiating this expression 
with respect to 7, and changing the sign, so that 
eo 
ye 
or the force is inversely as the square of the distance, and this 
therefore is the only law of force which satisfics the condition that 
the potential within a uniform spherical shell is constant*. Now 


* See Pratt's Mechanical Philosophy, p. 144. 
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this condition is shewn to be fulfilled by the electric forces with 
the most perfect accuracy. Hence the law of electric force is 
vuliies to a corresponding degree of accuracy. 


Surface-Integrat of Electric Induction, aud Electric Displacement 
throngh a Surface, 


75.) Let R be the resultant force at any point of the surface, 
and ¢ the angle which 2 makes with the normal drawn towards the 
positive side of the surface, then # cos is the component of the 
foree normal to the surface, and if dS is the element of the surface, 
the electric displacement through @S will be, by Art. 68, 


ENy Vey 
4n 


Since we do not at present consider any dielectric except air, A= 1. 

We may, however, avoid introducing at this stage the theory of 
electric displacement, by calling / cose dS the Induction through 
the element @8. This quantity is well known in mathematical 
physics, but the name of induction is borrowed from Faraday. 
The surface-integral of induction is 


if Reose ds, 


and it appears by Art, 21, that if X, Y, Z are the components of £, 
and if these quantities are continuous within a region bounded by a 
closed surface S, the induction reckoned from within outwards is 


[Jn cose ds “SU Ga * Gt is da dy dz, 


the integration being extended through the al space within the 
surface. 


Induction through a Finite Closed Surface due to a Single Centre 
of Force. 
76.] Let a quantity e of electricity be supposed to be placed at a 
point O, and let 7 be oe distance of any point P from 0, the force 


at that point is 2 = 5 in the direction OP, 


Let a line be drawn from O in any direction to an infinite 
distance. If O is without the closed surface this line will either 
not cut the surface at all, or it will issue from the surface as many 
times ay it enters. If 0 is within the surface the line must first 
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issue from the surface, and then it may enter and issue any number 
of times alternately, ending by issuing from it. 

Let e« be the angle between OP and the normal to the surface 
drawn outwards where OP cuts it, then where the line issues from 
the surface cose will be positive, and where it enters cose will 
be negative. 

Now let a sphere be deseribed with eentre 0 and radius unity, 
and let the line OP describe a conical surface of small angular 
aperture about O as vertex. 

This cone will cut off a small element ¢w from the surface of the 
sphere, and small elements dS,, ¢@8,, &e. from the closed surface at 
the various places where the line OP intersects it. 

Then, since any one of these clements @S intersects the cone at a 
distanee 7 from the vertex and at an obliquity e, 

dS = r* sece dw; 
and, sinee # = er~*, we shal] have 
ReosedS = + eda; 
the positive sign being taken when 7 issues from the surface, and 
the negative where it enters it. 

If the point O is without the closed surface, the positive values 
are equal in number to the negative ones, so that for any direction 
of 7, TLReose dS = 0, 


and therefore Ee cosedS = 0, 


the integration being extended over the whole closed surface. 

If the point O is within the closed surface the radius vector OP 
first issues from the closed surface, giving’ a positive value of eda, 
and then has an equal number of entrances and issues, so that in 
this case TRosedS = edw. 


Extending the integration over the whole closed surface, we shall 
include the whole of the spherical surface, the area of which is 47, 


so that 
f [tcos eds = ef [ew = dze, 


Hence we conclude that the total induction outwards through a 
closed surface due to a centre of force ¢ placed at a point O is 
zero when O is without the surface, and 47¢ when O is within 
the surface. 

Since in air the displacement is equal to the induction divided 
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by 4m, the displacement through a closed surface, reckoned out- 
wards, is equal to the electricity within the surface. 

Corollary. It also follows that if the surface is not closed but 
is bounded by, a given closed curve, the total induction through 
it is we, where w is the solid angle subtended by the closed curve 
at O. This quantity, therefore, depends only on the closed curve, 
and not on the form of the surface of which it is the boundary. 


Ou the Equations of Laplace and Poisson. 


77.) Since the value of the total induction of a single centre 
of force through a closed surface depends only on whether the 
centre is within the surface or not, and does not depend on its 
position in any other way, if there are a number of such centres 
ey, ¢, &e, within the surface, and e,/, e/, &e. without the surface, 


we shall have 
[ [eos eas = de; 


where e denotes the algebraical sum of the quantities of clee- 
tricity at all the centres of force within the closed surface, that is, 
the total electricity within the surface, resinous clectricity being 
reckoned negative. 

If the electricity is so distributed within the surface that the 
density 1s nowhere infinite, we shall have by Art. 64, 


4ne = anf pdx dy dz, 
and by Art. 75, 
f Reose dS = I | (Ge 4 y a = de dy dz. 
If we take as the closed surface that of the element of volume 
dg dy dz, we shall have, by equating these expressions, 
dX d¥ dZ% 
da t dy + ais = 4703 
and if'a potential / exists, we find by Art. 71, 
UV d®*V adtV 
2 + aR + Fe +4tp = 0. 
This equation, in the case in which the density is zero, is called 
Laplace’s Equation. In its more general form it was first given by 
Poisson. It enables us, when we know the potential at every point, 
to determine the distribution of electricity. 
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We shall denote, as at Art. 26, the quantity 
(Gp dV dey 
det * GT ae 

and we may express Poisson’s equation in words By saying that 
the clectric density multiplied by 47 is the concentration of the 
potential. Where there is no electrification, the potential has no 
concentration, and this is the interpretation of Laplace’s equation. 

If we suppose that in the superficial and linear distributions of 

electricity the volume-density p remains finite, and that the clee- 
tricity exists in the form of a thin stratum or narrow fibre, then, 
by increasing p and diminishing the depth of the stratum or the 
section of the fibre, we may approach the limit of true superficial 
or linear distribution, and the equation being true throughout the 
process will remain true at the limit, if mterpreted in accordance 
with the actual circumstances. 


by —v?P, 


On the Conditions to be fulfilled at an Electrified Surface. 


78.] We shall consider the electrified surface as the limit to 
which an electrified stratum of density p and thickness v approaches 
when p is increased and vy diminished without limit, the product py 
being always finite and equal to o the surface-density. 

Let the stratum be that included between the surfaces 


F(@a,y,2) = P=a (1) 
and Fo=a+h, (2) 
2 ep Ti? 
ake adh abel (3) 


= hel t dy| T dey’ 
and if 2, m, » are the direction-cosines of the normal to the surface, 
= ce Ras ce Ru = i (4) 
das dy dz 

Now let 7, be the value of the potential on the negative side 
of the surface = a, F’ its value between the surfaces / = a and 
F=a+h, and F, its value on the positive side of F = a+. 

Also, let p,. p’, and p, be the values of the density in these three 
portions of space. Then, since the density is everywhere finite, 
the second derivatives of / are everywhere finite, and the first 
derivatives, and also the function itself, are everywhere continuous 
and finite. 

At any point of the surface J’ = @ let a normal be drawn of 


If we put rR 


ke 
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length v, till it meets the surface F = a+4, then the value of # at 
the extremity of the normal is 


oH af ak 
apy (la +m dy +n )+&e,, (5) 
or a+h =at+vR+&e. (6) 
The value of V at the same a is 
ar’ dV’ 
Vi=V;, Bees Hs +m— a +2) +ke., (7) 
A dV’ 
or Vj Vi = a + &e. (8) 


Since the first derivatives of / continue always finite, the second 
side of the equation vanishes when / is diminished without limit, 
and therefore if 7, and V, denote the values of V on the outside 
and inside of an electrified surface at the point 2, y, 2, 

y="; (9) 

If 2+dr, y+dy, z+dz be the coordinates of another point on 

the electrified surface, F=a and ;=V, at this point also; whence 


dF 
0 de + ys Gk, (10) 
dF, _¢@ F, dV,  aF, a Pe : V, 
o=(—2 es abe +) dee + Ca ae Tp) de + Be. ; (11) 


and when dz, dy, dz vanish, we find the tans 
dV, dF, 


1_ E 
ie a 
Py = ay, z= Cn, (12) 
dy dy 
av, dV, 
de ds Gn, 


where C is a quantity to be determined. Z 
; d 
Next, let us consider the variation of / and - along the 


ordinate parallel to # between ey rea F=aaand Fath. 
ar 


Wehave = F=a+--de +3 Suey + &e., (13) 
or = dV, avy’ = Pr 
and = eee da+ a - (dx)? + &e. (14) 
Henee, at re second surface, where e =a+h, and V becomes Vy, 
= : 
ay, — dV, de ae ‘ipo (18) 


de ~ dz 
VOL, I G 
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(2P" . 
whence ae de+t ke. = Cl, ¢! 6) 


by the first of equations (12). 
Multiplying by 2/, and remembering that. at the second surface 


Rldy = h (17) 

we find Oe hk = CRI, (18) 
Similarly jets CRn (19) 
and oa = CRn. (20) 
Adding (eee + oa + iY: = Ci; (21) 


EO PVT QV’ 


but We aye + anda and k=vR; (22) 


hence C= —4rp'p = ~4 70, (23) 


where o is the surface-density; or, multiplying the equations 
(12) by 7, m, u respectively, and adding, 
dy, a¥, av, a¥, dF, AP, 

i 5 ~ Wa. +n Ty -~ Wot aCe = a )bine = 0, (24) 
This equation is called the characteristic equation of F at a surface. 

This equation may also be written 

dP, dP, 

Where 1, v2 are the normals to the surface drawn towards the 
first and the second medium respectively, and V,, V, the potentials 
at points on these normals. We may also write it 


LR, cos &-+- R, cose; +4are0 = 0; (26) 
where A, A, are the resultant forces, and ¢,, é, the angles which 
they make with the normals drawn /yom the surface on cither 
side. 

79.] Let us next determine the total mechanical force acting on 
an clement of the electrified surface, 

The general expression for the foree parallel to # on an clement 
whose volume is dz dy dz, and volume-density p, is 


dX =— — a dan ly dz. (27) 
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In the present case we have for any point on the normal v 
ar al, CP, 

Te apt age bs (28) 

also, if the clement of surface is 74, that of the volume of the 

element. of the stratum may be written dSd@v; and if 4’ is the whole 


force on a stratum of thickness v, 


dV, Cy, , 

=///( ile +p ‘gd 1 4 &e.) p as dv. (29) 
Integrating with respect to », we ; nd 
ar, sate Cy, 

aaa Ife as (v—+ aa ee nett + &e.); (30) 

or, since RG Lae ke. ; 
? ey eer es ee + XC, 5 (31) 

; F at dV, 

x=—f[aevas(P4 Tp) t ke. (32) 


When v is diminished and p’ ae without limit, the product 
py remaining always constant and equal to o, the expression for 
the force in the direction of w on the electricity ¢ ZS on the element 
of surface (/8 is ay ak yy 

Oe: Cat dy qi) 
that is, the force acting on the electrified element « dS in any given 
direction is the arithmetic mean of the forces acting on equal 
quantities of clectricity placed one just inside the surface and the 
other just outside the surface close to the actual position of the 
element, and therefore the resultant mechanical force on the clee- 
trified clement is equal to the resultant of the forees which would 
act on two portions of clectricity, cach equal to half that on the 
element, and placed one on each side of the surface and infinitely 
near to it. 

80.] When a conductor is in electrical equilibrium, the whole of the 
electricity 1s on the surface. 

We have already shewn that throughout the substance of the 
conductor the potential VY is constant. Henee vy?) is zero, and 
therefore by Poisson’s equation, p is zero throughout the substance 
of the conductor, and there can be no electricity in the interior 
of the conductor. 

Hence a superficial distribution of electricity is the only possible 
one in the case of conductors in equilibrium. A distribution 
throughout the mass can only exist in equilibrium when the body 
is a non-conductor. 


(33) 


G@ 2 
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Since the resultant force within a conductor is zero, the resultant 
force just outside the conductor is wong the normal and is equal to 
dao, acting outwards from the conductor. 

81.] If we now suppose an elongated body to he electrified, we 
may, by diminishing its lateral dimensions, arrive at the conception 
of an electrified line, 

Let ds be the length of a small portion of the clongated body, 
and let ¢ be its cireumference, and ¢ the superficial density of the 
electricity on its surface; then, if A is the electricity per unit of 
length, A= co, and the resultant. electrical force close to the 
surface will be A 

a ee 
é 

If, while A remains finite, ¢ be diminished indefinitely, the force 
at the surface will be increased indefinitely. Now in every di- 
electric there is a Limit heyond which the force cannot be inereased 
without a disruptive discharge, Hence a distribution of electricity 
in which a finite quantity is placed on a finite portion of a line 
is inconsistent with the conditions existing in nature. 

Even if an insulator could be found such that no discharge could 
be driven through it by an infinite foree, it would be impossible 
to charge a linear conductor with a finite quantity of electricity, 
for an infinite electromotive force would be required to bring the 
electricity to the lincar conductor, 

In the same way it may be shewn that a point charged with 
a finite quantity of electricity cannot exist in nature. It is eon- 
venient, however, in certain cases, to speak of' clectrified lines and 
points, and we may suppose these represented by electrified wires, 
and by small bodies of which the dimensions are negligible com- 
pared with the principal distances concerned. 

Since the quantity of electricity on any given portion of a wire 
diminishes indefinitely when the diameter of the wire is indefinitely 
diminished, the distribution of electricity on bodies of considerable 
dimensions will not be sensibly affected by the introduction of very 
fine metallic wires into the field, so as to form electrical connexions 
between these bodies and the earth, an electrical machine, or an 
electrometer. 


On Lines of Force, 


82.] If a line be drawn whose direction at every point of’ its 
course coincides with that of the resultant force at that point, the 
line is called a Line of Force. 
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If lines of force be drawn from every point of a line they will 
form a surface such that the foree at any point is parallel to the 
tangent plane at that point. The surface-integral of the force with 
respect to this surface or any part of it will therefore be zero. 

If lines of force are drawn from every point of a closed curve ZL, 
they will form a tubular surface S,. Let the surface S,, bounded 
hy the closed curve Z,, be a section of this tube, and let 8, be any 
other section of the tube. Let Qo, Q:, Q, be the surface-integrals 
over S,, 8,, 8, then, since the three surfaces completely enclose a 
space in which there is no attracting matter, we have 


Q,+ Qi+ Q, = 0. 

But Q,=0, therefore Q,=—@,, or the surface-integral over 
the second section is equal and opposite to that over the first: but 
since the directions of the normal are opposite in the two cases, we 
may say that the surface-integrals of the two sections are equal, the 
direction of the line of force being supposed positive in both. 

Such a tube is called a Solenoid*, and such a distribution of 
foree is called a Sclenoidal distribution. The velocities of an in- 
compressible fluid are distributed in this manner. 

If we suppose any surface divided into elementary portions such 
that the surface-integral of each clement is unity, and if solenoids 
are drawn through the field of force having these clements for their 
bases, then the surface-integral for any other surface will be re- 
presented by the number of solenoids which it cuts, It is in this 
sense that Faraday uses his conception of lines of foree to indicate 
. not only the direction but the amount of the force at any place in 
a the field. 

We have used the phrase Lines of Foree Lecause it has been used 
by Faraday and others. In strictness, however, these lines should 
be called Lines of Electric Induction. 

In the ordinary cases the Jines of induction indicate the direction 
and magnitude of the resultant electromotive force at every point, 
because the force and the induction are in the same direction and 
in a constant ratio. There are other cases, however, in which it 
is Important to remember that these lines indicate the induction, 
8 and that the force is indicated by the equipotential surfaces, beings 
normal to these surfaces and inversely proportional to the distances 
2 of consecutive surfaces. 
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é * From awady, 2 tube, Faraday uses (8271) the term ‘Sphondyloid’ in the same 
sense, 
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Ou Specifie Inductive Cupacity, 

83.] In the preceding investigation of surface-integrals I have 
adopted the ordinary conecption of direct action at a distance, 
and have not taken into consideration any effects depending on the 
nature of the dieleetrie medium in which the forces are observed, 

Bat Faraday has observed that the quantity of clectricity 
induced by a given electromotive foree on the surface of a conductor 
which bounds a dielectric is not the same for all dicleetries, ‘The 
induced electricity is greater for most solid and liquid dielectrics 
than for air and gases, Henee these bodies are said to have a 
greater specific inductive capacity than air, which is the standard 
medium. 

We may express the theory of Faraday in mathematical language 
hy saying that in a dielectric medium the induction across any 
surfaee is the product of the normal cleetrie force into the coeflcient 
of specific inductive capacity of that medium. If we denote this 
covfficient by A’, then in every part of the investigation of sur- 
face-integrals we must multiply ¥, Fy and Z by K, so that the 
equation of Poisson will become 


ddd dl od 
ihe het ay dy + ie & gg F400 = 0 
At the surface of separation of two media whose inductive capa- 

cities are A and X,, and in which the potentials are r, and J, 
the characteristic equation may be written 

20 a ah, 

2p AN i +in7g=0; 
Where vis the normal drawn from the first medium to the second, 
and ¢@ is the true surfacc-density on the surface of separation ; 
that is to say, the quantity of electricity which is actually on the 
surface in the form of a charge, and which ean be altered only by 
conveying electricity to or from the spot. This true clectrification 
must he distinguished from the apparent. electrification o’, which is 
the electrification as deduced from the electrical forees in the neigh- 
bourhood of the surface, using the ordinary characteristic equation 

LU eee ere 

dp dy 

Ifa solid dielectric of any form is a perfeet insulator, and if 

its surface reevives no charge, then the true electrification remains 
zero, Whatever be the electrical forees acting on it, 
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dl, Ky,dF, Ki —K, €F, 
Tone GED a hea ander Rtgs iad as 

Hence pees tar Pie ind ee ly +400 : 

ar, And’K, dF, Amo’K, 
dy K,—K,’ dp KK, 

The surface-density o’ is that of the apparent electrification 
produced at the surtiace of the solid dielectric by induction. It 
disappears entirely when the inducing force is removed, but if 
during the action of the inducing force the apparent electrification 
of the surface is discharged by passing a flame over the surface, 
then, when the inducing force is taken away, there will appear an 
electrification opposite to o’*. 

In a heterogencons dielectric in which A’ varies continuously, if 
p’ be the apparent: volume-density, 

CP BK EP fap 
da* dy? * dz* ier exe 
Comparing this with the equation above, we find 
dK dV dK dF dK AP 


dda iil ede 


dm(p— Ap’) + 
The true electrification, indieated by p, in the dielectric whose 
yariable inductive capacity is denoted by A, will produce the same 
potential at every point as the apparent electrification, indicated hy 
p’, would produce in a dielectric whose inductive capacity is every~ 
where equal to unity, 


* Seo Faraday’s ‘Remarks on Static Induction,’ Proceedings of the Royal Jn- 
alitudion, Feb, 12, 1858. 


CHAPTER IIL 


SYSTEMS OF CONDUCTORS. 


On the Superposition of Electrical Systems, 


84.] Let #, be a given electrified system of which the potential 
ata point P is V,, and let F, be another electrified system of which 
the potential at the same point would be 7, if X, did not exist. 
Then, if #, and &, exist together, the potential of the combined 
system will be + 7%. 

Hence, if Y be the potential of an electrified system #, if the 
electrification of every part of /# be inereased in the ratio of » to 1, 
the potential of the new system x # will be aV. 


Lineryy of an Electrified System. 
85.] Let the system be divided into parts, 4,, 4, &e. so small 


that the potential in each part may be considered constant through- 
out its extent. Let ¢,, é,, &e. be the quantities of electricity in 
cach of these parts, and let Vi, V,, &e. be their potentials, 

If now ¢, is altered to €, ¢, to ne,, &e., then the potentials will 
become x#?, xF.,, &e. 

Let us consider the effect, of changing 2 into 2+ dx in all these 
expressions, It will be equivalent to charging 4, with a quantity 
of electricity e, du, A, with e,dn, &e. These charges must be sup- 
posed to he brought from a distance at which the electrical action 
of the system is insensible. The work done in bringing ¢, du of 
electricity to 4,, whose potential before the charge is x F, and after 
the charge (n+ dn) V,, must lie between 


aFye,dn and (n+ dn) FP, e, dn. 


In the limit we may neglect the square of dx, and write the 
expression Vyeyadn. 
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Similarly the work required to increase the charge of A, is 
V,e,ndn, s0 that the whole work done in increasing the charge 
of the system is 

(Fy 6, + Fy, + &e.) ndn. 

If we suppose this process repeated an indefinitely great number 
of times, each charge being indefinitely small, till the total effect 
becomes sensible, the work done will be 


= (Po fn dn = &3 (Fe) (m2 —n,2) ; 


where 3 (Ve) means the sum of all the products of the potential of 
each clement into the quantity of electricity in that element when 
n = 1, and a, is the initial and 2, the final value of 7. 

If we make 2) = 0 and 2, = 1, we find for the work required to 
charge an unelectrified system so that the electricity is e and the 
potential V7 in cach element, 


Q= 423 (Fe). 


General Theory of « System of Conductors. 


86.} Let 4,, 4,,...A, be any number of conductors of any 
form. Let the charge or total quantity of electricity on each of 
these be #,, #,,... #,, and let their potentials be 7, %, ... F, 
respectively. 

Let us suppose the conductors to be all insulated and originally 
free of charge, and at potential zero. 

Now let 4, be charged with unit of electricity, the other bodies 
being without charge, The effect of this charge on 4, will be to 
raise the potential of A, to 7,,, that of 4, to po, and that of A, to 
Pin» Where py, &e. are quantities depending on the form and rela- 
tive position of the conductors. The quantity »,, may be called the 
Potential Coefficient of 4, on itself, and p,, may be called the Po- 
tential Coefficient of 4, on 4, and so on. 

Ifthe charge upon 4, is now made Z,, then, by the principle of 
superposition, we shall have 

P= I A oes. ie re OA 

Now let 4, be discharged, and A, charged with unit of electricity, 
and let the potentials of 4,, 4,,... 4, be py Poy ++» Pyny then the 
potentials due to #, on A, will be 


ee ne one Fi = tiahh. 
Similarly let us denote the potential of 4, due to a unit charge 
on 4, by 7,,, and let us call p,, the Potential Coefficient of 4, on A,, 
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then we shall have the following equations determining the po- 
tentials in terms of' the charges : 
Doh Pats + Dey tes # pay Bus 


i) 


Resa t+ hin be tp, Fe, (1) 
Eph Pek Al or Pandey 
We have here x linear equations containing 2° coefficients of 
potential. 

87.] By solving these equations for Ei), Fy, &e. we should obtain 
% equations of the form 

Aah 4g hit aks 

Kal th tak, (2) 

£,= Yn Py a + aabyes + Yan bie 
The eneflicients in ‘these equations may be obtained directly from 
those in the former equations. They may be called Coeflicients of 
Induction. 

Of these 4,, is numerically equal to the quantity of electricity 
on 4, when 4, is at potential unily and all the other bodies are 
at potential zero. This is called the Capacity of 4,. It depends 
on the form and position of all the conductors in the system. 

Of the rest y,, is the charge induced on 4, when A, is main- 
tained at potential unity and all the other conductors at potential 
zero. This is called the Coeflicient of Induction of A,on “,. 

The mathematical determination of the coeflicients of potential 
and of capacity from the known forms and positions of the con- 
ductors is in general difficult. We shall afterwards prove that they 
have always determinate values, and we shall determine their values 
in certain special cases, For the present, however, we may suppose 
them to be determined by actual experiment. 


Dineusions of these Coefiicients, 


Since the potential of an electrified point at a distance 7 is the 
charge of electricity divided by the distance, the ratio of'a quantity 
of electricity to a potential may be represented by a line. Hence 
all the coefficients of capacity and induction (g) are of the nature of 


lines, and the coefficients of potential (») are of the nature of the 
reciprocals of lines, 
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88.] Tuzornm I. Zhe coefficients of' A, relative to A, are equal to 
those of A, relative lo A,. 

If #,, the charge on 4,, is increased by 6#,, the work spent in 
bringing 8#, from an infinite distance to the conductor 4, whose 
potential is /,, is by the definition of potential in Art. 70, 

V bk, 
and this expresses the inerement of the electric energy caused by 
this increment of charge. 

Tf the charges of the different conductors are inereased by 8/,, 
&c., the increment of the electric energy of the system will be 

8Q = F, 62, +&e.4+V,52,+&e. 

If, therefore, the electric energy @Q is expressed as a function 
of the charges /,, #,, &c., the potential of any conductor may be 
expressed as the partial differential coefficient of this function with 
respect to the charge on that conductor, or 

dQ Q 
V,= (54) ee Ve re) 

Since the potentials are linear functions of the charges, the energy 

must be a quadratic furiction of the charges. If we put 

Ck, FH, 
for the term in the expansion of Q which involves the product 
Hi, #, then, by differentiating with respect to Z,, we find the term 
of the expansion of V, which involves Z. to be CZ. 

Differentiating with respect to 4, we find the term in the 
expansion of V, which involves Z, to be C¥,. 

Comparing these results with equations (1), Art. 86, we find 

Pr = C= Dey 
or, interpreting the symbols p,, and p),, — 

The potential of 4, due to a unit charge on A, is equal to the 
potential of 4, due to a unit charge on 4,. 

This reciprocal property of the electrical action of one conductor 
on another was established by Helmholtz and Sir W. Thomson. 

If we suppose the conductors A, and A, to be indefinitely small, 
we have the following reciprocal property of any two points :— 

The potential at any point 4,, due to unit of electricity placed 
at 4, in presence of any system of conductors, is a function of the 
positions of 4, and 4, in which the coordinates of 4, and of , 
enter in the same manner, so that the value of the funetion is 
unchanged if we exchange -/, and 4,. 
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This function is known by the name of Green’s Function, 

The coefficients of induction Gr. and g,, are also equal. This is 
easily seen from the process by which these coefticients are obtained 
from the coefficients of potential. For, in the expression for Qrn3 
P,, and p,, enter in the same way as p,, and P,, do in the expression 
for q,,- Hence if all pairs of coefficients Pr, and p,, are equal, the 
pairs 4,, and 4,, arc also equal, 


80.] Turores II. Let a charye Fi, be placed on A,, and let all 
the other conductors be at potential zero, and let the charge 
enduced on A, be ~n,, L., then-if A, i discharged and insulated, 
and A, brought to potential F, the other conductors being at 
potential zero, then the potential of A. will be +140, 


For, in the first case, if 7; is the potential of A,, we find by 


equations (2), 
I,=4,%;, and Eo = Ger Fe. 


4g jz if, 
Hence K= 4s fy and 2, = — Lee 
Ver Gry 


In the second ease, we have 
Ei=0= Vn Ti+ ee E. 


Hence —— Irs =a, 1 
v4 


From this follows the important theorem, due to Green :-— 


If a charge unity, placed on the conductor A, in presence of 


conductors 4,, 4,, &e. at potential zero induces charges —1,, 
~,, &e. in these conductors, then, if A, is discharged and in- 
sulated, and these conductors are maintained at potentials 7), T,,, 
&e., the potential of A, will be 

aT +27, + &e. 
The quantities (x) are evidently numerical quantities, or ratios, 

The conductor 4) may he supposed reduced to a point, and 
4,, 4,, &. need not be insulated from each other, but may be 
different elementary portions of the surface of the same conductor. 
We shall sec the application of thig principle when we investigate 
Green’s Functions, 


90.] Turorrm III. Me coefficients of potential are ail positive, 
but none of the coefficients Drs 28 greater than p,, OF Dy. 

For let a charge unity be communicated to 4,, the other con- 

duetors being uncharged. A system of equipotential surfaces will 
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be formed. Of these one will be the surface of 4,, and its potential 
will be »,,. If A, is placed in a hollow excavated in 4, so as to be 
completely enclosed by it, then the potential of 4, will also Le p,,. 

If, however, 4, is outside of 4, its potential p,, will lie between 
Pry and zero. 

For consider the lines of foree issuing from the charged con- 
ductor 4,. The charge is measured by the excess of the number 
of lines which issue from it over those which terminate in it. 
Hence, if the conductor has no charge, the number of lines which 
enter the conductor must: be equal to the number which issue from 
it. The lmes which enter the conductor come from places of greater 
potential, and those which issue from it go to places of less poten- 
tial. Uence the potential of an uncharged conductor must be 
intermediate between the highest and lowest potentials in the field, 
and therefore the highest aud lowest potentials cannot belong to 
any of the uncharged bodies. 

The highest potential must therefore be p,,, that of the charged 
body 4,, and the lowest must be that of space at an inlinite dis- 
tance, which is zero, and all the other potentials such as p,, must 
lie between p,, and zero. 

If , completely surrounds 4,, then p,, = 2,,. 


91.] Turores IV. None of the coefficients of induction are positive, 
and the sum of all those belonging to « single conductor ts not 
numerically greater than the coefficient of capacity of thut con- 
ductor, which is always positive. 

For let 4, be maintained at potential unity while all the other 
conductors are kept at potential zero, then the charge on J, is 4,,, 
and that on any other conductor 4, is g,,. 

The number of lines of force which issue from 4, is p,,. Of these 
some terminate in the other conductors, and some may proceed to 
infinity, but no lines of foree can pass between any of the other 
conductors or from them to infinity, because they are all at potential 
zero. 

No line of force can issue from any of the other conductors such 
as A,, because no part of the ficld has a lower potential than 4,. 
If A, is completely cut off from «, by the closed surface of one 
of the conductors, then ¢,, is zero, If A, is not thus cut off, g,, is a 
negative quantity. 

If one of the conductors 4, completely surrounds 4,, then all 
the lines of force from 4, fall on 4, and the conductors within it, 
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and the sum of the coefficients of induction of these conductors with 
respect to 4, will be equal to g,, with its sign changed. But if 
A, is not completely surrounded by a conductor the arithmetical 
sum of the coefficients of induction Gn &e. will be less than 4,,. 

We have deduced these two theorems independently by means 
of electrical considerations. We may leave it to the mathematical 
student to determine whether one is a mathematical consequence 
of the other. 


Resuliant Mechanical Force on any Conductor in terms of the Charges. 

92.] Let 8p be any mechanical displacement of the conductor, 
and let be the the component of the force tending to produce that 
displacement, then 8 is the work done by the foree during 
the displacement, If this work is derived from the electrification 
of the system, then if Q is the electric energy of the system, 


Pib+8Q = 0, (3) 
7) 
or ip = 8 . (4) 
Tere Q=4(4'\4 £F 4 &e.) (5) 


Tf the bodies are insulated, the variation of Q must be such that 
I, #,, &e. remain constant. Substituting: therefore for the values 
of the potentials, we have 
Q = 35,3, (2, Bde), (6) 
where the symbol of summation ¥ includes all terms of the form 
within the brackets, and 7 and s may cach have any values from 
1 tow. From this we find 
dQ 1p 
Pe~ K-=—-—-1>5 (FF Le 
I 43,3,(4, £, ip (7) 


as the expression for the component of the foree which produces 
variation of the generalized coordinate p. 


Resultant Mechanical Force in terms of the Potentials. 
93.] The expression for @ in terms of the charges is 
a yy Op 
Q =-—1Yy , ee 
b= ISS g)) (8) 
where in the summation 7 and ¢ have each every value in suc- 
eession from 1 to 2. 
1 vt ‘a 
Now £, = BU; 4) Where ¢ may have any value from 1 to 2, 
so that 


Witt attet Lae. 
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dp, 
# = —43,3,5,(B 9,7): (9) 


Now the coefficients of potential are connected with those of 
induction by 2 equations of the form 


x, (Pay Yar) = 1 3 (10) 
and $%(2—1) of the form 
=, (Par Urr) == 9. (11) 
Differentiating with respect to @ we get $2(2+ 1) equations of 
the form ln. May 
>i. (mn ag)+ E(u ig? = 0, (12) 


where @ and 6 may be the same or different. 
Hence, putting @ and 4 equal to 7 and s, 
ey 


b= 2%, x, 3, (F, Pn ae , (13) 
but ¥, (4, Pr) = %, so that we may write 
‘I hae fe dy, 
wet ee) (14) 


where x and ¢ may have each every value in succession from 1 
to x. ‘This expression gives the resultant force in terms of the 
potentials, 

If cach conductor is connected with a battery or other con- 
trivance by which its potential is maintained constant during the 
displacement, then this expression is simply 


wae (15) 


under the condition that all the potentials are constant. 

The work done in this ease during the displacement dp is D bq, 
and the electrical energy of the system of conductors is increased 
hy 6Q; hence the energy spent by the batteries during the dis- 
placement is 

PbP+5Q = 2Ddh = 285. (16) 
It appears from Art. 92, that the resultant force & is equal to 


il gt 
a ie under the condition that the charges of the conductors are 
@D 
: 7¢ 
constant. It is also, by Art. 93, equal to oe under the con- 
tcf 
dition that the potentials of the conductors are constant. If the 
conductors are insulated, they tend to move so that their energy 
is diminished, and the work done by the electrical forces during 
the displacement is equal to the diminution of enorgy. 


Tf the conductors are connected with batteries, so that their 
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potentials are maintained constant, they tend to move so that the 
energy of the system is increased, and the work done by the 
electrical forces during the displacement is equal io the increment 
of the energy of the system. The energy spent by the batteries 
is equal to double of cither of these quantities, and is spent half 
in mechanical, and half in electrical work. 


On the Comparison of Similar Llectrified Systems. 


94.1] If two electrified systems are similar in a geometrical sense, 
so that the lengths of corresponding lines in the two systems 
are as Z to L’, then if the dielectric which separates the conducting 
bodies is the same in both systems, the coefficients of induction 
and of capacity will be in the proportion of Z to ZL’. For if we 
consider corresponding portions, 4 and 4’, of the two systems, and 
suppose the quantity of clectricity on 4 to be Z and that on 4’ 
to be #’, then the potentials V and F’ at corresponding points 
Band B, due to this electrification, will be 

E , FF 
V= ap end Vix ay 
But AB is to A’B’ as L to I’, so that we must have 
Bik: LP: LP’. 

But if the inductive capacity of the dielectric is different in the 
two systems, being A in the first and KX’ in the second, then if the 
potential at any point of the first system is to that at the cor- 
responding point of the second as VY to F’, and if the quantities 
of electricity on corresponding parts are as Z to 4’, we shall have 

As Bs: BFR: UVR’. 

By this proportion we may find the relation between the total 
electrification of corresponding parts of two systems, which are 
in the first place geometrically similar, in the second place com- 
posed of dielectric media of which the dielectrie inductive capacity 
at corresponding points is in the proportion of K to K “, and in 
the third place so electrified that the potentials of corresponding 
points are as Ito F%, 

From this it appears that if q be any coefficient of capacity or 
induction in the first system, and 9’ the corresponding one in the 
second, gGig:: DK: IK’; 
and if » and 7 denote corresponding coefficients of potential in 
the two systems, r 1 1 
Pipecs TK’ VK 
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Tf one of the bodies be displaced in the first system, and the 
corresponding body in the second system receive a similar dis- 
placement, then these displacements are in the proportion of 
to 1’, and if the forces acting on the two bodies are as F' to 2”, 
then the work done in the two systems will be as FL to P’L’, 

But the total electrical energy is half the sum of the quantities 
of electricity multiplied cach by the potential of the electrified 
body, so that in the similar systems, if Q and Q’ be the total 
electrical energy, 

O:Q:: 4 HT", 
and the difference of energy after similar displacements in the two 
systems will be in the same proportion, Hence, since /L is pro- 
portional to the eleetrieal work done during the displacement, 

PL: EM ss BE BES 

Combining these proportions, we find that the ratio of the 
resultant foree on any body of the first system to that on the 
corresponding body of the second system is 

Med POR EAR 
i | eee Ma 
or esi k Pt et preps’ 
The first of these proportions shews that in similar systems the 
force is proportional to the square of the clectromotive force and 
to the inductive capacity of the dielectric, but is independent of the 
actual dimensions of the system. 

Hence two conductors placed in a liquid whose inductive capacity 
is greater than that of air, and electrified to given potentials, will 
attract each other more than if they had been electrified to the 
same potentials in air, 

The second proportion shews that if the quantity of electricity 
on each body is given, the forces are proportional to the squares 
of the electrifications and inversely to the squares of the distances, 
and also inverscly to the inductive capacities of the media. 

ITenee, if two conductors with given charges are placed in a 
liquid whose inductive capacity is greater than that of air, they 
will attract cach other less than if they had been surrounded with 
air and electrified with the same charges of eleetricity. 
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CHAPTER, IV. 


GENERAL THEOREMS. 


95.] In the preceding chapter we have calculated the potential 
function and investigated its properties on the hypothesis that 
there is a direct action at a distance between electrified bodies, 
which is the resultant of the direct actions between the various 
electrified parts of the bodies. 

If we call this the direct method of investigation, the inverse 
method will consist in assuming that the potential is a function 
characterised by properties the same as those which we have already 
established, and investigating the form of the function, 

In the direct method the potential is calculated from the dis- 
tribution of electricity by a process of integration, and is found 
to satisfy certain partial differential equations. In the inverse 
method the partial differential equations are supposed given, and 
we have to find the potential and the distribution of electricity. 

It is only in problems in which the distribution of electricity 
is given that the direct method can be used. When we have to 
find the distribution on a conductor we must make use of the 
inverse method. 

We have now to shew that the inverse method leads in every 
case to a determinate result, and to establish certain general 
theorems deduced from Poisson’s partial differential equation 

ae PY ey 
aa ay? + dee +47 = 0. 

The mathematical ideas expressed by this equation are of a 

different kind from those expressed by the equation 


+o Pt+m fta p 
Ve= / f { oe dy dz’, 


In the differential equation we express that the values of the 
second derivatives of V in the neighbourhood of any point, and 
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the density at that point are related to cach other in a certain 
manner, and no relation is expressed between the value of V at 
that point and the value of p at any point at a sensible distance 
from it. 

In the second expression, on the other hand, the distance between 
the point (2, ¥/, 2’) at which p exists from the point (a, y, 2) at 
which 7” exists is denoted by 7, and is distinetly recognised iu the 
expression to he integrated. 

The integral, therefore, is the appropriate mathematical expression 
for a theory of action between particles at a distance, whereas the 
differential equation is the appropriate expression for a theory of 
action exerted between contiguous parts of a medium. 

We have seen that the result of the integration satisfies the 
differential equation. We have now to shew that it is the only 
solution of that equation fulfilling certain conditions, 

We shall in this way not only establish the mathematical equi- 
valence of the two expressions, hut prepare our minds to pass from 
the theory of direct action at a distance to that of action between 
contiguous parts of a medium. 


Characteristics of the Potential Function. 


96,] The potential function /, considered as derived by integration 
from a known distribution of electricity cither in the substance of 
bodies with the volume-density p or on certain surfaces with the 
surface-density «, p and a being everywhere finite, has been shewn 
to have the following’ characteristics :— 

(1) Vis finite and continuous throughout all space. 

(2) ¥ vanishes at an infinite distance from the electrified system. 

(3) The first derivatives of / are finite throughout all space, and 
continuous except at the electrified surfrecs. 

(4) At every point of space, except on the electrified surfaces, the 
equation of Poisson 

id 

ae + get ge time = 0 
is satisfied. We shall refer to this equation as the General 
Characteristic equation. 

At every point where there is no electrification this eyuation 
hecomes the equation of Laplace, 

ar PF PF 


H 2 
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(5) At any point of an electrified surface at which the surface- 
density is o, the first derivative of’ V, taken with respeet to the 
normal to the surface, changes its value abruptly at the surface, 
so that ape ay” 

ae 4- ie ting=0, 
where » and vp’ are the normals on cither side of the surface, and 
Fand J” are the corresponding potentials. We shall refer to this 
equation as the Superficial Characteristic equation, 

(6) If 7 denote the potential at a point whose distanee from 
any lixed point in a finite electrical system is 7, then the product 
Vr, when + increases indefinitely, is ultimately equal to Z; the total 
charge in the finite system. 

97,] Lemma. Let I” be any continuous function of' z, ¥ 2, and 
let w, ¢, » be functions of 2, J) =, subject to the general solenoidal 


condition da dv dw 
-, +f + = 0, (1) 
da dy * ds 


where these functions are continuous, and to the superficial sole~ 
noidal condition 
L(g — a+ m(ey—e,)tn (4, —w,) = 0, (2) 
at any surface at which these functions become discontinuons, 
4, m, » being the direction-cosines of the normal to the surface, 
and 7,0, 7%, and w,, 1,, 7, the values of the functions on opposite 
sides of the surface, then the triple integral 
M =/f/ (x if +0 if +o -) da dy dz (3) 
vanishes when the integration is extended over a space bounded by 
surfaces at. which either J” is constant, or 
lu+meu+tnw = 0, (4) 
é,m, 1, being the direction-cosines of the surface. 

Before proceeding to prove this theorem anulytically we may 
observe, that if’, 7, w be taken to represent the components of the 
velocity of a homogeneous incompressible fluid of density unity, 
and if F be taken to represent the potential at any point of space 
of forces acting: on the fluid, then the general and superficial equa- 
tions of continuity (1) and (2)) indicate that every part of the 
space is, and continues to be, full of the fluid, and equation (4) 
is the condition to be fulfilled at a surface through which the fluid 
does not pass, 

The integral Jf represents the work done by the fluid against 
the forces acting on it in unit of time. 
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Now, since the forces which act on the fluid are derived from 
the potential function 7, the work which they do is subject to the 
law of conservation of energy, and the work done on the whole 
fluid within a certain space may be found if we know the potential 
at the points where cach line of flow enters the space and where 
it issues from it. The excess of the second of these potentials over 
the first, multiplied by the quantity of fluid which is transmitted 
along cach line of flow, will give the work done by that portion 
of the fluid, and the sum of all such produets will give the whole 
work. 

Now, if the space be bounded by a surface for which T=C, a 
constant quantity, the potential will be the same at the place 
where any line of flow enters the space and where it issues from 
it, so that in this case no work will be done by the forecs on the 
fluid within the space, and Af = 0. 

Secondly, if the space be bounded im whole or in part by a 
surface satisfying equation (4), no fluid will enter or leave the space 
throwzh this surfiee, so that no part of the value of AZ can depend 
on this part of the surfiuce. 

‘The quantity J/ is therefore zero for a space bounded externally 
hy the closed surface /“=C, and it remains zero though any part 
of this space be cut off from the rest ly surfaces fulfilling the 
condition (4). 

The analytieal expression of the process hy which we deduce the 
work done in the interior of the space from that which takes plaec 
at the bounding surface is contained in the following method of 
integration by parts. 

Taking the first term of the integral J/, 


[ff “5 dhe dy ds = [ [ser dy a— ff{fr i dy dy ds, 


where SWS) = alma tally + &e. ; 
and where 2,75, 1.7%, &e. are the values of « and v at the pomts 
whose coordinates are (@, /, 2). (ys Jy 2), Key M1, V,, &e. being the 
values of 2 where the ordinate ents the bounding surface or surfaces, 
arranged in descending order of magnitude. 

Adding the two other terms of the integral JZ, we find 


N= [fs uF) dy def [3 (edz de + ff S(wI") dndy 


| en Ce 0 . 
- fff EG dy * a 


en | 
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If'¢, m, 2 are the direction-cosines of the normal drawn inwards 
from the bounding surface at any point, and ¢§ an clement of that 
surface, then we may write 


M=— [[r usm +2) dS — [f]r es + = - da dy des ; 


the integration of the first term being extended over the bounding 
surface, and that of the second throughout the entire space. 

For all spaces within which x, v, are continuous, the seeond 
term vanishes in virtue of equation (1), If for any surface within 
the space w, v, w are discontinuous but subject to equation (2), we 
find for the part of Jf depending on this surface, 


di, =— | By (dy my + omey ty +i, ey) dS, , 


M, =~ [| Fy (ly ty + my %, + ny 0,) AS, 5 . 


where the suffixes , and ,, applied to any symbol, indicate to which 
of the two spaces separated Lv the surface the symbol belongs. 

Now, since /” is continuous, we have at every point of the surface, 

Ky =/ a = Fr; 
we have also dS, = d8,= dS; 
but since the normals are drawn in opposite directions, we have 
A, =-4= 2, My) = My = Mm, = —N, =n; 

so that the total value of JZ, so far as it depends on the surface of 
discontinuity, is 


M,+41, = — [fF Gim=ay + (VY, = 0) + 2 (W, ~ w,)) dS, 


The quantity under the integral sign vanishes at every point in 
virtue of the superficial solenoidal condition or characteristic (2). 

Hence, in determining the value of J7, we have only to consider 
the surface-integral over the actual bounding surface of the space 
considered, or 


7 a [[v + me+nw) 8, 
Cuse 1. If F’is constant over the whole surface and equal to C, 
M=— of fic + mv + nw) dS, 


The part of this expression under the sign of double integration 
represents the surface-integral of the flux whose components are 
m, v, , and by Art, 21 this surface-integral is zero for the closed 
surface in virtue of the general and superficial solenoidal conditions 


(1) and (2). 
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Hence MZ = 0 for a space bounded by a single equipotential 
surface, 

If the space is bounded externally by the surface 7 = C, and 
internally by the surfaces ¥ = C,, = C,, &e., then the total value 
of JZ for the space so bounded will be 

M—IM1,—M, &e., 
where JM is the value of the integral for the whole space within the 
surface V = C, and Jf,, ML, ave the values of the integral for the 
spaces within the internal surfaces. But we have seen that J, 
M,, A,, &e. are each of them zero, so that the integral is zero also 
for the periphractic region between the surfaces. 

Case 2. If lutmv+nw is zero over any part of the bounding 
surface, that part of the surface can contribute nothing {o the value 
of JZ, because the quantity under the integral sign is everywhere 
zero. Hence Af will remain zero if a surface fulfilling this con- 
dition is substituted for any part of the bounding surface, provided 
that the remainder of the surface is all at the same potential. 

98.] We are now prepared to prove a theorem which we owe to 
Sir William Thomson *, 

As we shall require this theorem in various parts of our subject, 
I shall put it in a form capable of the necessary modifications. 

Let a, 4, ¢ be any functions of 2, y, 2 (we may call them the 
components of a flux) subject only to the condition 


Tet Got Gt tee = 0, (5) 
where p has given values within a certain space. This is the general 
characteristic of a, 4, e. 

Let us also suppose that at certain surfaces (8) a, 4, and c are 
disgontinuous, but satisfy the condition 

L (a,—a,) +m (b,—6,) +2 (4 —e) +477 = 0; (6) 

where Z, m, x are the direction-cosines of the normal to the surface, 
a, 2, ¢, the values of a,d,¢ on the positive side of the surface, and 
ay, by, Cy. those on the negative side, and o a quantity given for 
every point of the surface. This condition is the superficial charac- 
teristic of a, d, c. 

Next, let us suppose that V is a continuous function of sg, y, 2, 
which cither vanishes at infinity or whose value at a certain point 
is given, and let V satisfy the general characteristic equation 


* Cambridge and Dublin Mathematical Journal, February, 18-48. 
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d dV a@ oaP d adv 
paca Agepeecien ae nee tae Ma hay ‘ = : 7 
da the T dy” dy * a: - dz iat ea ) 


and the superficial characteristic at the surfaces (5), 


, dP, sl bs gaF gel F, 
L(K, he —k, ae )ra Ki —A, re) 


+0(K, 2K 3 +4no0=0, (8) 


€ 


K being a quantity which may be positive or zero but not negative, 
given at every point of space. 
Finally, let 87 Q represent the triple integral 


anQ = [[f jet eee) dedy de, (9) 


extended over a space bounded by surfaces, for each of which either 
F = constant, 
,, dV - OF lv 
or latmd+ne = Mg ee i= (10) 


where the value of g is given at every point of the surface; then, if 
a, 6, ¢ be supposed to vary in any manner, subject to the above 
conditions, the value of Q will be a unique minimum, when 


“Vv dV dV : 
= eee. = “sy -= K--- | 
a= kK j b= K AF e=K oP (11) 
Proof: 
If we put for the general values of @, 4, ¢, 


= 


a= KO +2, G= Ke + ¢= ee +H; (12) 
then, by substituting these values in equations (5) and (7), we find 
that x, v, w satisty the general solenoidal condition 

du du do 
OD eae = 

We also find, by equations (6) and (8), that at the surfaces of 
discontinuity the values of a, r,, w, and wy, ty, Wy satisfy the 
superficial solenoidal condition 

(2) €( —w,) +m (e,—0,) +2 (w,—,) = 0. 

The quantities », ", #, therefore, satisfy at every point the sole- 

noival conditions as stated in the preceding lemma, 
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We may now express Q in terms of w, v, w and V, 


Q= [ff ie a + OP) )aedyds + [l¢ (u? +20? + w*) dady dz 


wie be if Y. 
+ aC - +0 ” + Ode dy de, (13) 

Tho last term of Q may he written 2.1/, where AZ is the quantity 
considered in the lemma, and which we proved to be zero when the 
space is bounded by surfaces, each of which is either equipotential 
or sittisfies the condition of equation (10), which may be written 

(4) de+tme+nuio = 0, 

Q is therefore reduced to the sum of the first and second terms. 

In each of these terms the quantity under the sign of integration 
consists of the sum of three squares, and is therefore essentially 
positive or zero, Hence the result of integration ean only he 
positive or zero. 

Let us suppose the function 7 known, and let us find what values 
of u,v, 2 will make Q a minimum, 

If we assume that at every point * = 0, v = 0, and w = 0, these 
values fulfil the solenoidal conditions, and the second term of Q 
is zero, and @ is then a minimum as regards the variation of 
2, 0, 1, 

For if any of these quantities had at any point values differing 
from zero, the second term of Q would have a positive value, and 
Q would be greater than in the case which we have assumed, 

But if « = 0, v = 0, and w = 0, then 
dV dV 


vests 


dy uz 


f 
& 
9 
: 
j 


(11) oak, b=Kk 


Hence these values of «, 4, e make Q a minimum. 

But the values of a, 6, ¢, as expressed in equations (12), are 
perfectly general, and include all values of these quantities con- 
sistent with the conditions of the theorem. Hence, no other values 
of a, 4, ¢ can make Qa minimum. 

Again, Q is « quantity essentially positive, and therefore Q is 
always capable of a minimum value by the variation of a, 4, ¢. 
Hence the values of a, 4,¢ which make Q a minimum must have 
areal existence. It does not follow that our mathematical methods 
are sufliciently powerful to determine them, 

Corollary I. Ifa, 4,¢ and A are given at every point of space, 
and if we write 
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OF aE AV 
(12) a= h-- + %, ae aa aaa + 20, 
with the condition (1) 
du dp dw 
dz dy + lz 


then 7,2, v, w can be found without ambiguity from these four 
equations, 
Corollary Lf. The general characteristic equation 
Coty th A i lV 


=- —- 5c A H~- =- fA -- +4 = 0 

nr ag dy dy + ie dz +17? : 

where /"is a finite quantity of single value whose first derivatives 
are finite and continuous except at the surface 8, and at that surfuce 
fulfil the superficial characteristic 


-aF, ,, a¥, » OF, ttle 
“(K, oT —K, ae + m (Ki; Age —K, re 
aT, - aF, 
+ (Ky 7 —K, “ye 470 = 0, 


can be satisfied by one value of , and by one only, in the following 
cases. 

Case 1, When the equations apply to the space within any closed 
surface at every point of which J = C. 

For we have proved that in this case a, 6, ¢ have real and unique 
values which determine the first derivatives of V’, and hence, if 
different values of V exist, they can only differ by a constant. But. 
at the surface J” is given equal to CG, and therefore V is determinate 
throughout the space. 

As a particular case, let us suppose a space within which p = 0 
bounded hy a closed surface at which }’=€. The characteristic 
equations are satisfied by making V'= C for every point within the 
space, and therefore 7"=C is the only solution of the equations, 

Case 2. When the equations apply to the space within any closed 
surfuce at every point of which 7 is given. 

For if in this case the characteristic equations could he satisfied 
by two different values of 7; say Vand /’, put V=V—P}’, then 
subtracting the characteristic equation in F’ from that in Fi we 
find a characteristic equation in UV. At the closed surface U = 0 
because at the surface J” =/”, and within the surface the density 
is zero because p = p’. Hence, by Case 1, V = 0 throughout the 
enclosed space, and therefore / = J” throughout this space. 


Biren 
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Cuse 3. When the equations apply to a space bounded by a 
closed surface consisting of tivo parts, in one of which Fis given at 
every point, and in the other 


ar 
dx t 


r r 
Kae +Kn ue =4, 


Ke 
where ¢ is given at every point. 

For if there are two values of /, let U’ represent, as before, their 
difference, then we shall have the equation fulfilled within a closed 
surface consisting of two parts, in one of which U’= 0, and in the 
other dl’ dl’ ay’ 


Cas dy asia dz: mae 


and since U’= 0 satisfies the equation it is the only solution, and 
therefore there is but one value of 1” possible. 

Note.—The function 7 in this theorem is restricted to one value 
at cach point of space. If multiple values are admitted, then, 
if the space considered is a cyclic space, the equations may be 
satisfied by values of FV containing terms with multiple values. 
Examples of this will occur in Electromagnetism. 

99.] To apply this theorem to determine the distribution of 
electricity in an electrified system, we must make A = 1 throughout 
the space occupied by air, and A= throughout the space oecupied 
by conductors. If any part of the space is oceupied by dielectrics 
whose inductive capacity differs from that of air, we must make 1 
in that part of the space equal to the specific inductive capacity. 

The value of 7, determined so as to fulfil these conditions, will 
be the only possible value of the potential in the given system. 

Green’s Theorem shews that the quantity Q@, when it has its 
minimum value corresponding to a given distribution of electricity, 
represents the potential energy of that distribution of electricity. 
Sce Art. 100, equation (11). 

In the form in which Q is expressed as the result of integration 
over every part of the ficld, it indicates that the energy due to the 
electrification of the bodies in the field may be considered as the 
result of the summation of a certain quantity which exists in every 
part of the field where electrical force is in action, whether elce- 
trification be present or not in that part of the field. 

The mathematical method, therefore, in which Q, the symbol 
of electrical energy, is made an olject of study, instead of p, the 
symhol of electricity itself, corresponds to the method of physical 
speculation, in which we look for the scat of electrical action in 


+m 
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every part of the ficld, instend of confining our attention to the 
electrified bodies, 

The fact that Q attains a minimum value when the components 
of the electric force are expressed in terms of the first derivat ives 
of a potential, shows that, if it were possible for the clectrie force 
to be distributed in any other manner, a mechanical force would 
be brought into play tending to bring the distribution of force 
into its actual state. The actual state of the electric field is 
therefore a state of stable equilibrium, considered with reference 
to all variations of that state consistent with the actual distribution 


of free electricity. 
Greens Theorem, 

100.] The following remarkable theorem was given by George 
Geen in his essay ‘On the Application of Mathematics to Mlectrivity 
and Magnetism,’ 

T have made use of the coefficient. X, introduecd by Thomson, to 
give greater generality to the statement, and we shall find as we 
procecd that the theorem may be modified so as to apply to the 
most general constitution of crystallized media, 

We shall suppose that / and J” are two functions of x,y, 2, 
which, with their first derivatives, are finite and continuous within 
the space bounded by the closed surface S, 

We shall also put for conciseness 


aodg ad K duy K ay i 

de” dy * dy dy o do gle OES (1) 
sl a K av od K dyed at 
dy de "ly ly 
where A’ is a real quantity, given for each point. of space, which 
may be positive or zero but not negative. The quantities p and 
p’ correspond to volume-densities in the theory of potentials, but 
in this investigation they are to be considered simply as ab- 
breviations for the functions of UY and J” to which they are here 


equated, 
In the same way we may put 
db) dt ~dte 
/k as tmh i + ak ds =tro, (3) 
a er ar 
and ae aia pe asiieatt 
lk de TA toe a lao’, (4) 


where /, w, w are the direvtion-cosines of the normal drawn inwards 


i 
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from the surface §. The quantities ¢ and o’ correspond to super- 
ficial densities, hut at present we must consider them as defined by 
the above equations. 

Green’s Theorem is obtained by integrating by parts the ex- 
pression 


aval | dUdv | dvar _ 
Aaa =/| i SG ea, ie te ere (6) 


throughout the space within the surface 8, 
i : “Vv Recieitso coe 
If we Copia -,- asa component of a force whose potential is /, 


da 
and ae Ae as a component of a flux, the expression will give the 


work ce by the force on the flux. 
If we apply the method of integration by parts, we find 


hs [fr KOT 4m ie lh ls 


Uz 
[floats Brits Leas 
or 47M = iI ‘dno’ FS + f [ { amp’ F de dy ds. (7) 
In preeisely the same manner by exchanging U and /, we should 
lin tad = + ffs notdS+ [| [ amp O de dy ds. (8) 


The statement of Green’s Theorem is that these three expressions 
for Ware identical, or that 


M= [fer VdS+ [[[vre: dyd: = [fovas+ [ff Uda dy dz 
qudl dvdr dv dP , 
ee We 4) 
= AI[* oe de T dy dy Te ds se ) 
Correction of Greews Thearem for Cyelosis, 


There are cases in which the resultant force at any point of a 
certain repion fulfils the ordinary condition of having a potential, 
while the potential itself is a many-valued function of the coor- 
dinates. For instance, if 

: J i x 
NE es VY=-———; 4=9, 
ray" vg y* 
Ps y : 
we find J’ = tan-'”, a many-valued function of w and y, the 
wv 


values of J” forming an arithmetical series whose common difference 
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is 2m, and in order to define which of these is to be taken in 
any particular case we must make some restriction as to the line 
tong which we are to integrate the force from the point where 
= 0 to the required point. 

In this case the region in which the condition of having a 
potential is fulfilled is the cyclic region surrounding the axis of 2, 
this axis being a line in which the forces are infinite and therefore 
not itself included in the region. 

The part of the infinite plane of #z for which x is positive may 
be taken as a diaphragm of this cyclic region. If wo begin at 
a point close to the positive side of this diaphragm, and integrate 
along a line which is restricted from passing through the diaphragm, 
the line-integral will be restricted to that value of 77 which is 
positive but less than 2 7. 

Let us now suppose that the region bounded by the closed surface 
Sin Green’s Theorem is a cyclic region of any number of cycles, 
and that the function 7” is a many-valued function having any 
number of cyclic constants. 

te - e 
The quantities ie as > and i will have definite values at all 
de dy dz 
points within S, so that the volume-integral 


I[f« ( ave avdV aU al 
: de de * dy idly + ie ze) 


has a definite value, o and p have also definite values, so that if (7 
is a single valued function, the expression 


[frvass [f{[ovarayac 


has also a definite value, 

The expression involving ?° has no definite value as it stands, 
for is a many-valued function, and any expression containing: it. 
is many-valued unless some rule be given whereby we are directed 
to select one of the many values of 7” at each point of the region. 

To make the value of 7 definite in a region of n cycles, we must 
conceive » diaphragms or surfaces, cach of which completely shuts 
one of the channels of communication between the parts of the 
eyclie region. Each of these diaphragms reduces the number of 
eycles by unity, and when x of them are drawn the region is still 
a connected region but acyclic, so that we can pass from any one 
point to any other without cutting a surface, but only by recon- 
cileable paths. 


a 
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Let §, be the first of these diaphragms, and let the line-integral 
of the force for a line drawn in the acyclic space from a point 
on the positive side of this surface to the contiguous point on 
the negative side be x,, then x, is the first cyclic constant. 

Let the other diaphragms, and their corresponding cyclic con- 
stants, be distinguished by suffixes from 1 to x, then, since the 
region is rendered acyclic by these diaphragms, we may apply to 
it the theorem in its original form. 

We thus obtain for the complete expression for the first member 
of the equation 


f{l[e Vi dadydz + [fe rds + [fin ds, + ffore, 08, + &e. + |o.in, as, 


The addition of these terms to the expression of Green’s Theorem, 
in the case of many-valued functions, was first shewn to be necessary 
by Helmholtz *, and was first applied to the theorem by Thomson. 


Physical Interpretation of Green’s Theorem. 


The expressions od and pdxdydz denote the quantities of 
electricity existing on an element of the surface S and in an 
element of volume respectively. We may therefore write for either 
of these quantities the symbol ¢, denoting a quantity of electricity. 
We shall then express Green’s Theorem as follows— 

M = = (Fe) = =(V"e)3 
where we have two systems of electrified bodies, ¢ standing in 
succession for ¢,, ¢,, &c., any portions of the electrification of the 
first system, and FP denoting the potential at any point due to all 
these portions, while ¢ stands in succession for ¢,’, ¢,', &c., portions 
of the second system, and 7” donotes the potential at any point 
due to the second system. 

Hence Fe’ denotes the product of a quantity of clectricity at a 
point belonging to the second system into the potential at that 
point due to the first system, and 3(Ve’) denotes the sum of all 
such quantities, or in other words, 3 (Ve’) represents that part of 
the energy of the whole electrified system which is due to the 
action of the second system on the first. 

In the same way 3(/’’e) represents that part of the energy of 


* ‘Ueber Integrale der Hydradynamischen Gleichungen welche den Wirbelbe- 
wegungen entsprechen,’ Crelle, 1858. Tranalated by Tait in Phil, Mag., 1867, (i). 
+ ‘On Vortex Motion,’ Trans. RS. Edin., xxv. part i, p. 241 (1868). 
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the whole system which is duc to the action of the first system on 
the second. 


If we define Vas s(£), where 7 is the distanec of the quantity ¢ 


of electricity from the given point, then the equality between these 
two values of JZ may be obtained as follows, without Green’s 
Theorem— 


¥ (Ve) = (sje) = 33 oO = S (x6) c) = SF). 


This mode of regarding the question belongs to what we have 
called the direct method, in which we begin by considering certain 
portions of electricity, placed at certain points of space, and acting 
on one another in a way depending on the distances between these 
points, no account being taken of any intervening medium, or of 
any action supposed to take place in the intervening space, 

Green’s Theorem, on the other hand, belongs essentially to what 
we have called the inverse method. The potential is not supposed 
to arise from the electrification by a process of summation, but 
the electrification is supposed to be deduced from a perfectly 
arbitrary function called the potential by a process of differen- 
tiation. 

In the direct method, the equation is a simple extension of the 
law that when any force acts dircetly between two bodies, action 
and reaction are equal and opposite. 

In the inverse method the two quantities are not proved directly 
to be equal, but each is proved equal to a third quantity, a triple 
integral which we must endeayour to interpret. 

If we write # for the resultant electromotive forec due to the 
potential /, and ¢, », for the direction-cosines of 2, then, by 
Art. 71, te 7 . 

OF _ i =m, — ie = Pa. 

Tf we also write #” fur the force due to the second system, and 

U, mw’, n' for its direction-cosines, 


Poe oe e dl ae 
Eee ey ey, 
de ly c 


and the quantity J7 may be written 


aas 


Ma) [f[(KRR cos 6) dedyds, (10) 


dal. 
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where cose = Cl! + amin’ +22’, 


e being the angle between the directions of A and J’. 

Now if X is what we have called the coefficient of electric 
inductive capacity, then A will be the electric displacement due 
to the electromotive forea &, and the product A2 HR’ cose will 
represent. the work done by the force 2’ on account of the dis- 
placement caused by the foree #2, or in other words, the amount 
of intrinsic energy in that part of the field due to the mutual 
action of & and J’. 

We therefore conclude that the physical interpretation of Green’s 
theorem is as follows: 

If the energy which is known to exist in an electrified system 
is due to actions which take place in all parts of the field, and 
not to direct action at a distance between the electrified bodies, 
then that part of the intrinsic energy of any part of the ficld 
upon which the mutual action of two electrified systems depends 
is K/L’ cose per unit of volume. 

The energy of an electrified system due to its action on itself is, 
by Art. 85, 43 (el), 
which is by Green’s theorem, putting U = F, 


1 rf, he art. arp 
and this is the unique minimum value of the integral considered 
in Thomson’s theorem. 


Green’s Punction. 


101,] Let a closed surface S be maintained at potential zero, 
Let P and Q be two points on the positive side of the surface § 
(we may suppose either the inside or the outside positive), and 
let a small body charged with unit of electricity be placed at P; 
the potential at the point @ will consist of two parts, of which one 
is due to the direct action of the clectricity on P, while the other 
is due to the action of the electricity induced on S by P, The 
latter part of the potential is called Green’s Function, and is 
denoted by G,,,. 

This quantity is a function of the positions of the two points 
P and Q, the form of which depends on that of the surface S. It 
has been determined in the case in which S§ is a sphere, and in 
a very few other cases. It denotes the potential at @ due to the 
electricity induced on & by unit of electricity at P. 

VOL. L. 1 
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The actual potential at any point Q due to the electricity at P 


and on S is l 
ae oe Gnas 

"pq 

where r,, denotes the distance between P and Q. 

At the surface §,, and at all points on the negative side of 8, the 

potential is zero, therefore : l a) 
a a 

Where the suffix , indieates that a poiat 4 on the surface § is taken 

instead of Q. 

Let o,,¢ denote the surface-density induecd by P at a point A’ 
of the surface S, then, sinee G,. is the potential at Q due to the 
superficial distribution, 

Ge / f Su a8", (2) 
where dS” is an clement of the surface S at 4’, and the integration 
is to he extended over the whole surface S. 

But if unit of clectricity had been placed at Q, we should have 


had by equation (1), . (3) 


Taal + 
C 
=— | —7%, ds; (4) 
Tua! 


where a,,, is the density induced by @ on an element 78S at A, and 
7.¢ 18 the distance between 4 and 1’. Substituting this value of 


pa 


t. ‘ 
re the expression for G,,,, we find 
ad 


1 : Toa Cpa! . 
G,,= if | i iE: wSae aS dS" (5) 


Since this expression is not altered by changing ,, into , and 
, to ,, wo find that Gy, = Bay’ (s) 


a result which we have already shewn to be necessary in Art. 88, 
but which we now see to be deducible from the mathematical process 
by which Green’s function may be calculated. 

Tf we assume any distribution of electricity whatever, and place 
in the field a point charged with unit of electricity, and if the 
surface of potential zero completely separates the point from the 
assumed distribution, then if we take this surface for the surface S, 
and the point for 2, Green’s function, for any point on the same 
side of the surface as P, will be the potential of the assumed dis- 
tribution on the other side of the surface. In this way we may 
construct any number of cases in which Green’s function can be 
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found for a particular position of P. To find the form of the 
function when the form of the surface is given and the position 
of P is arbitrary, is a problem of far greater difficulty, though, 
as we have proved, it is mathematically possible. 

Let us suppose the problem solved, and that the point P is 
taken within the surface. Then for all external points the potential 
of the superficial distribution is equal and opposite to that of 2. 
The superficial distribution is therefore centrobaric*, and its action 
on all external points is the same as that of a unit of negative 
electricity placed at P. : 


Melhod of Approximating to the Fulues of Coefficients of Capacity, Sc. 
102,] Let a region be completely bounded by a number of 
surfaces S,, S,, S,, &c., and let K be a quantity, positive or zero 
but not negative; given at every point of this region. Let 
be a function subject to the conditions that its values at the 
surfaces 8;, S,, &c. are the constant quantities O,, C,, &c., and that 
at the surface 8, v 
. dF = 0. (1) 
dp 
where pv is a normal to the surface S,. Then the integral 


(ge nae av? 
rams fa) a A ) de dy de, @) 


taken over the sehole region, has a unique minimum when F satisfies 
the equation ¢@ dV d dV ad ,dV 
— K--. + ee ee a (3) 
de” dx dy” dy * dz” dz 
throughout the region, as well as the original conditions. 

We have already shewn that a function V exists which fulfils the 
conditions (1) and (3), and that it is determinate in value. We 
have next to shew that of all functions fulfilling the surface-con- 
ditions it makes Q a minimum. 

Let J, be the function which satisfies (1) and (3), and let 

Fa lhjt+vU (4) 
be a function which satisfies (1). 
It follows from this that at the surfaces S,, S,, &. U= 0. 
The value of Q becomes 


a t fffix (a a + &e.) 


at &e. ) dz dy dz. (5) 


* Thomson and Tait’s Natural Philosophy, § 526. 
12 
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Let us confine our attention to the last of these three groups 
of terms, merely observing that the other groups are essentially 
positive, By Green’s theorem 


yaad al, dU av al ee ee ary 
I KE ta + ay t ag oe = |/KU Seas 


Lidl. d ,,ay, ad idl 
ze T( Opa BC ge pe ON Dade 
iff : Crs da dy fy dy te ee )dady des (6) 


the first integral of the second member being extended over the 
surface of the region and the second throughout the enclosed space, 
But on the surfaces §,, 8, &c. (= 0, so that these contribute 
nothing to the surface-integral, 


Again, on the surface S,, ve = 0, so that this surface contributes 
dy 


nothing to the integral, Hence the surface-integral is zero, 

The quantity within brackets in the volume-integral also dis- 
appears by equation (3), so that the volume-integral is also zero. 
Hence Q is reduced to 


LY (Ta Lif (al 
a=, ffl K (a + &e.) dedyds + Pale: (*;- 


Both these quantities are essentially positive, and therefore the 
minimum value of Q is when 
dau du at 
sj SS 8 
de dy ~ de , (8) 
or when U isa constant. But at the surfaces 8, &. U=0. Hence 
U = 0 everywhere, and 7, gives the unique minimum value of Q, 


2 
+ &e.) da dy dz, (7) 


Calculation of a Superior Limit of the Coefficients of Capacity. 
The quantity Q in its minimum form can be expressed by means 
‘of Green’s theorem in terms of 7, F,, &c., the potentials of S,, S,, 
and fy, #,, &c., the charges of these surfaces, . 
Q= 4 y+ Vy Byt 80); (9) 
or, making use of the coefficients of capacity and induction as defined 
in Article 87, 
QB ant FY? qn, + &e.) +P, Ps y+ &e. (10) 
The accurate determination of the coefficients q is im general 
difficult, involving the solution of the general equation of statical 
electricity, but we make use of the theorem we have proved to 
determine a superior limit to the value of any of these coefficients. 
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To determine a superior limit to the coofficient of capacity g,,, 
make V, = 1, and /,, Fy, &e. each equal to zero, and then take 
any function V which shall lave the value 1 at S,, and the value 0 
at the other surfaces. 

From this trial valne of V’ caleulate Q by direct integration, 
and let the value thus found be Q’. We know that Q’ is not: less 
than the absolute minimum value Q, which in this case is 49). 

Hence gx, is not greater than 2Q’. (11) 

If we happen to have chosen the right value of the function 
TV, then gy = 2Q’,; but if the function we have chosen differs 
slightly from the true form, then, since Q is a minimum, Q’ will 
still be a close approximation to the true value. 


Superior Limit of the Coefficients of Potential. 

We may also determine a superior limit to the coefficients of 
potential defined in Article 86 by means of the minimum value 
of the quantity Q in Article 98, expressed in terms of «, 4, c. 

By Thomson’s theorem, if within a certain region bounded by the 
surfaces Sj, 8,, &c. the quantities a, J, ¢ are subject to the condition 
da db | de fs 

tet ay ae (2) 
and if la +imb+ne = q (13) 


he given all over the surface, where /, , 1 are the direction-cosincs 
of the normal, then the integral 


1 1 24524 62 
Q= 4 (a? 4+ b? +c") de dy dz (14) 
is an absolute and unique minimum when 
ay dV dV 


When the minimum is attained Q is evidently the same quantity 
which we had before. 

Tf therefore we can find any form for a, 4, ¢ which satisfies the 
condition (12) and at the same time makes 


[foes = hh, ffaas, = Lf, &e. ; (16) 


and if Q” be the value of Q calculated by (14) from these values of 
a, 6, ce, then Q” is not less than 


(By? ry + BP py) + Ly Ey pryp. (17) 
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If we take tho ease in which one of the surfaces, say S,, sur- 
rounds the rest at an infinite distanec, we have the ordinary case 
of conductors in an infinite region ; and if we make ii, = —£,, and 
= 0 for all the other surfaces, we have T', = 0 at infinity, and 


F ) Q” 

Ay 1s not greater than —S-. 
“41 

In the very important case in which the clectrical action is 

entirely between two conducting surfaces §, and §,, of which &, 

completely surrounds S, and is kept at potential zero, we have 
LE, = —F, and q, py, = 1. 


Hence in this case we have 


Qu not less than ae ; (18) 
and we had before gy not greater than 2 Q ; (19) 


so that we conclude that the true value of Yu» the capacity of the 
internal conductor, lies between these values. 

This method of finding superior and inferior limits to the values 
of these coefficients was suggested by a memoir ‘On the Theor 


¥ 
of Resonance,’ by the Hon. J. W. Strutt, PAil. Trans., 1871. See 
Art. 308. 
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CHAPTER V. 


MECHANICAL ACTION BETWEEN ELECTRIFIED BODIES, 


103.] Let = C be any closed equipotential surface, C being 
a particular value of a function 7’, the form of which we suppose 
known at every point of space. Let the value of / on the outside 
of this surface be 7,, and on the inside 7. Then, by Poisson’s 
equation 

eV GF Ge 

Tee We dae ee Q, (1) 
we can determine the density p, at every point on the outside, and 
the density p, at every point on the inside of the surface. We shall 
call the whole electrified system thus explored on the outside /,, 
and that on the inside Z,. The actual value of 7” arises from the 
combined action of both these systems. 

Let 2 be the total resultant force at any point arising from 
the action of #, and 2, R is everywhere normal to the equi- 
potential surface passing through the point. 

Now let us suppose that on the equipotential surface = 0 
electricity is distributed so that at any point of the surface at 
which the resultant force due to L, and #, reckoned outwards 
is P, the surface-density is c, with the condition 

R=o470; (2) 
and let us eall this superficial distribution the electrified surface 5, 
then we can prove the following theorem relating to the action of 
this eleetrified surface. 

If any equipotential surface belonging to a given electrified 
system be coated with electricity, so that at each point the surface- 


density o = = where 2 is the resultant force, due to the original 
T 


electrical system, acting outwards from that point of the surface, 
then the potential due to the clectrificd surface at any point on 
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the outside of that surface will be equal to the potential at the 
same point due to that part of the original system which was on 
the inside of the surface, and the potential due to the electrified 
surface at any point on the inside added to that due to the part of 
the original sysiem on the outside will be equal to G, the potential 
of the surface. 

For let us alter the original system as follows: 

Let us leave everything the same on the outside of the surface, 
but on the inside let us make /', everywhere equal to C, and let us 
do away with the clectrificd system 7, on the inside of the surface, 
and substitute for it a surface-density o at every point of the 
surface §, such that Rad ee, (3) 


Then this new arrangement will satisfy the characteristies of F’ at 
every point. 

Yor on the outside of the surface both the distribution of elec- 
tricity and the value of J’ are unaltered, therefore, since J’ originally 
satisfied Laplace’s equation, it will still satisfy it. 

On the inside / is constant and p zero. These valucs of V and p 
also satisfy the characteristic equations. 

At the surface itself, if 7 is the potential at any point on the 
outside and J’, that on the inside, then, if Z, #, a are the direction- 
cosines of the normal to the surface reckoned outwards, 


dF, aVy, ay, 

—+ —=+t+a—t=-Ro=- : 4 
i, baa 7 +9 7 R 44a} (4) 
and on the inside the derivatives of 7 vanish, so that the superficial 
characteristic 


aF, dP, (" Wy aF, 


if 


av, dP, 
aod )taa— gA)+4ro=0 (5) 
is satisfied at every point of the surface. 

Hence the new distribution of potential, in which it has the 
old value on the outside of the surface and a constant value on 
the inside, is consistent with the new distribution of electricity, 
in which the electricity in the space within the surface is removed 
and a distribution of electricity on the surface is substituted for 
it. Also, since the original value of 7, vanishes at infinity, the 
new value, which is the same outside the surface, also fulfils this 
condition, and therefore the new value of I’ is the sole and only 
value of F belonging to the new arrangement of electricity. 


dz da 


eS. rte 
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On the Mechanical Action and Reaction of the Systems i, and EF, 


104.] If we now suppose the equipotential surface V =C to 
become rigid and capable of sustaining the action of forces, we 
may prove the following theorem, 

If on every element dS of an equipotential surface a force 


1 . é 2 
oe R? dS be made to act in the direction of the normal reckoned 
T 


outwards, where f¢ is the ‘electrical resultant force’ along the 
normal, then the total statical effect of these forces on the 
surface considered as a rigid shell will be the same as the total 
statical effect of the electrical action of the electrified system 1 
outside the shell on the electrified system /, inside the shell, the 
parts of the interior system /, being supposed rigidly connected 
together. 

We have sven that the action of the clectrified surface in the last 
theorem on any external point was equal to that of the internal 
system #,, and, since action and reaction are equal and opposite, 
the action of any external electrified body on the electrified surfuce, 
considered as a rigid system, is equal to that on the internal system 
#,. Hence the statical action of the external system /, on the 
electrified surface ts equal in all respeets to the action of’ £, on the 
internal system /,. 

But at any point just outside the electrified surface the resultant 
force is # in a direction normal to the surface, and reckoned positive 
when it acts outwards, The resultant inside the surface is zero, 
therefore, by Art. 79, the resultant force acting on the element 
dS of the electrified surface is 44od8, where o is the surface- 
density. 

Substituting the value of « in terms of # from equation (2), and 
denoting by p@S the resultant force on the electricity spread over 
the clement @&S, we find 

1 


pas = ro 2? ds, 


ns 
This force always acts along the normal and outwards, whether 
& be positive or negative, and may be considered as equal to a 
pressure y= 5 i? acting on the surface from within, or to a tension 
n 
of the same numerical value acting from without. 


* See Sir W. Thomson ‘ On the Attractions of Conducting and Non-conducting 
Electrified Bodies, Cambridge Maihematécal Journal, May 1843, and Reprint, 
Art. WIT, § 147. 
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Now # is the resultant due to the combined action of the 
external system #, and the eleetrification of the surface S. Hence 
the effect of the pressure » on cach element of the inside of the surface 
considered as a rigid body is equivalent to this combined action. 

But the actions of the different, parts of the surface on each other 
form a system in equilibrium, therefore the effect of the pressure pon 
the rigid shell is equivalent in all respects to the electric attraction 
of £, on the shell, and this, as we have before shewn, is equivalent 
to the electric attraction of 4, on Z, considered as a rigid system, 

If we had supposed the pressure p to act on the outside of the 
shell, the resultant effect would have been equal and opposite, that 
is, it would have been statically equivalent to the action of the 
internal system #, on the external system 2}. 

Let us now take the case of two clectrified systems #7, and 
#,, such that: two equipotential surfaces 7 = C, and V =C,, which 
~ we shall call S, and 8, respectively, can be described so that LE, is 
exterior to $,, and S, surrounds S,, and , lies within §,. 

Then if #, and #?, represent the resultant force at any point of 
S, and S, respectively, and if we make 


1 pe 
P= age and p, = a hy?, 


the mechanical action between #, and F, is equivalent to that 
between the shells S, and S,, supposing every point of S, pressed 
inwards, that is, towards S, with a pressure p,, and every point of 
8, pressed outwards, that is, towards S, with a pressure Pr. 

105.] According to the theory of action at a distance the action 
between 2, and LZ, is really made up of a system of forces acting in 
straight lines between the electricity in #, and that in #,, and the 
actual mechanical effect is in complete accordance with this theory. 

There is, however, another point of view from which we may 
examine the action between #, and #,. When we see one body 
acting on another at a distance, before we assume that the one 
acts directly on the other we generally inquire whether there is 
any material connexion between the two bodies, and if we find 
strings, or rods, or framework of any kind, capable of accounting 
for the observed action between the bodies, we prefer to explain 
the action by means of the intermediate connexions, rather than 
admit the notion of direct action at a distance. 

Thus when two particles are connected by a straight or eurved 
rod, the action between the particles is always along the line joining 
them, but we account for this action by means of a system of 
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internal forces in the substance of the rod. The existence of these 
internal forces is deduced entirely from observation of the effect 
of external forces on the rod, and the internal forces themselves 
are generally assumed to be the resultants of forces which act 
between particles of the rod. Thus the observed action between 
two distant particles is, in this instance, removed from the class 
of direct actions at a distance by referring it to the intervention 
of the rod; the action of the rod is explained by the existence 
of internal forces in its substance; and the internal forces are 
explamed by means of forces assumed to act between the particles 
of which the rod is composed, that is, between bodies at distances 
which though small must be finite, 

The observed action at a considerable distance is therefore ex- 
plained by means of a great number of forces acting between 
bodies at very small distances, for which we are as little able to 
account as for the action at any distance however great. 

Nevertheless, the consideration of the phenomenon, as explained 
in this way, leads us to investigate the properties of the rod, and 
to form a theory of elasticity which we should have overlooked 
if we had heen satisfied with the explanation by action at a distance, 

106.] Let us now examine the consequence of assuming that the 
action between electrified bodies can be explained by the inter- 
mediate action of the medium between them, and let us ascertain 
what properties of the medium will account for the observed action. 

We have first to determine the internal forces in the medium, 
and afterwards to account for them if possible. 

In order to determine the internal forces in any case we proceed 
as follows : 

Tuct the system Jf be in equilibrium under the action of the 
system of external forces /. Divide Af by an imaginary surface 
into two parts, MZ, and M,, and let the systems of external forces 
acting on these parts respectively be F, and Fi. Also Ict the 
internal forces acting on M, in consequence of its connexion with 
Al, be called the system J. 

Then, since AZ, is in equilibrium under the action of Ff, and J, 
it follows that Z is statically equivalent to /, reversed. 

In the case of the electrical action between two electrified systems 
#, and 2, we described two closed equipotential surfaces entirely 
surrounding H, and cutting it off from #,, and we found that the 
application of a certain normal pressure at every point of the inner 
side of the inner surfacc, and on the outer side of the outer surface, 


a 


124 ELECTRIC ATTRACTION. [ 106. 


would, if these surfaces were each rigid, act on the outer surface 
with a resultant equal to that of the electrical forces on the outer 
system /,, and on the inner surface with a resultant equal to that 
of the electrical forces on the inner system. 

Let us now consider the space between the surfaces, and let us 
suppose that at every point of this space there is a tension in the 


. , 1 4 . . 
direction of # and equal to ae #? per unit of area, This tension 


will act on the two surfaces in the same way as ihe pressures on 
the other side of the surfaces, and will therefore account for the 
action between F, and #,, so far as it depends on the interna] force 
in the space between S$, and 8. 

Let us next investigate the equilibrium of a portion of the shell 
bounded by these surfaces and separated from the rest by a surface 
everywhere perpendicular to the equipotential surfaces. We may 
suppose this surface generated by describing any closed curve on 
S,, and drawing from every point of this curve lines of force till 
they meet S,. 

The figure we have to consider is therefore bounded by the two 
equipotential surfaces S, and S,, and by a surface through which 
there is no induction, which we may call S,. 

Let us first suppose that the area of the closed curve on S, is very 
small, call it ¢2S,, and that C, = G+ dV. 

The portion of space thus bounded may be regarded as an element 
of volume. If vy is the normal to the equipotential surface, and 
dS the element of that surface, then the volume of this element 
is ultimately 7S dp. 

The induction through dS, is R ¢S,, and since there is no in- 
duction through 5,, and no free electricity within the space con- 
sidered, the induction through the opposite surface dS, will be 
equal and opposite, considered with reference to the space within 
the closed surface. 

There will therefore be a quantity of electricity 


1 
A= re R, as, 
on the first equipotential surface, and a quantity 
] 
é = inthe as, 


on the second equipotential surface, with the condition 
ty 4- ey oO, 
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Let us next consider the resultant force due to the action of the 
electrified systems on these small electrified surfaces. 

The potential within the surface 8, is constant and equal to C,, 
and without the surface S, it is constant and equal to C,. In the 
shell between these surfaces it is continuous from C, to C,. 

Hence the resultant force is zero exeept within the shell. 

The electrified surface of the shell itself will be acted on by forces 
which are the arithmetical means of the forees just. within and just 
without the surface, that is, in this case, since the resultant force 
outside is zero, the force acting on the superficial electrification is 
one-half of the resultant force just within the surface. 

Hence, if XdSdv be the total moving force resolved parallel 
tov, due to the electrical action on both the electrified surfaces of 
the element d8 dv, 


eee pos », te, 


% dy 
where the suffixes denote that the derivatives of p are to be taken 


at dS, and dS, respectively. 
Let 2, m,n be the direction-cosines of /’, the normal to the 


equipotential surface, then making 


dz =ldv, dy=mdy, and dz = ndp, 


dV, _ (av ay OF "d27 
7 ee FA ) + +¢ dae" Te dy $4 i) ia 
and since ¢,=—¢,, we ee write the value of X 
iam mee 
XdSdv = $e 5. nes mg PY a, 

dy me aV , 

But ¢=t— -- a dS and C4 —- 9 ri +2 Es =—f; 
ie 

therefore XAS dy =35 ~ Ro Pa dv; 


or, if we write _ om. 
or ae are dV? d¥? Ms 


oe adel * yi + el 
th fio weg! geae 
en A= Fed = aye fi § de? 


or the force in any direction on the element arising from the action 
of the electrified system on the two electrified surfaces of the 
element is equal to half the rate of increase of p in that direction 
multiplied by the volume of the element. 
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This result is the same if we substitute for the forees acting on 
the electrified surfaces an imaginary force whose potential is —47, 
acting on the whole volume of the element and soliciting it to 
move so as to inercase $ )). 

If we now return to the case of a figure of finite size, bounded 
by the equipotential surfaces S, and S, and by the surface of no 
induction S,, we may divide the whole space into elements by a 
series of equipotential surfaces and two series of surfaces of no 
induction. ‘The charges of electricity on those faces of the elements 
which are in contact will be equal and opposite, so that the total 
elfect will be that due to the electrical forees acting on the charges 
on the surfaces 5, and S,, and by what we have proved this will be 
the same as the action on the whole volume of the figure due to a 
system of forecs whose potential is — 3). 

But we have already shewn that these electrical forces are 
equivalent to a tension p» applied at all points of the surfaces 4, 
and S,. Hence the effect of this tension is to pull the figure in 
the direction in whieh p increases. The figure therefore cannot be 
in equilibrium unless some other forees act on it, 

Now we know that if a hydrostatic pressure » is applied at every 
point of the surface of any closed figure, the effect is equal to 
that of a system of forces acting on the whole volume of the figure 
and having a potential », In this case the figure is pushed in 
the direction in which p diminishes. 

We can now arrange matters so that the figure shall ‘be in 
equilibrium. 

At every point of the two equipotential surfaces S, and S,, let 
n tension == p be applied, and at every point of the surface of no 
induction S, let a pressure = p he applied. These forces will keep 
the figure in equilibrium, 

For the tension p may be considered as a pressure p combined 
with a tension 2p. We have then a hydrostatic pressure p acting 
at every point of the surface, and a tension 2p acting on S, and 8, 
only. 

The effect of the tension 2p at every point of S, and 8, is double 
of that which we have just calculated, that is, it is equal to that 
of forces whose potential is —p acting on the whole volume of the 
figure, The effect of the pressure p acting on the whole surface 
is by hydrostatics equal and opposite to that of this system of 
forces, and will keep the figure in equilibrium. 

107.] We have now determined a system of internal forces in 
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the medium which is consistent with the phenomena so far as 
we have examined them. We have found that in order to account 
for the electric attraction between distant bodies without admitting 
direct action, we must assume the existence of a dension pat every 
point of the medium in the direction of the resultant force 2 at 
that point. In order to account for the equilibrium of the medium 
itself we must further suppose that in every direction perpendicular 
to # there is a pressure p *, 

By establishing the necessity of assuming these internal forces 
in the theory of an electrie medium, we have advanced a step in 
that theory which will not be lost though we should fail in 
accounting for these internal forees, or in explaining the mechanism 
by which they can be maintained in air, glass, and other dielectric 
media. 

We have scen that the internal stresses in solid bodies can be 
ascertained with precision, though the theories which account for 
these stresses hy means of molecular forces may still be doubtful. 
In the same way we may estimate these internal electrical forces 
before we are able to account for them. 

In order, however, that it may not appear as if we had no 
explanation of these internal forces, we shall shew that on the 
ordinary theory they must exist in a shell bounded by tivo equipo- 
tential surfaces, and that the attractions and repulsions of the clec- 
tricity on the surfaces of the shell are sufficient to account for them. 

Let the first surface $, be electrified so that the surface-density is 
~My, 
and the second surface 8, sa that the surface-density is 
o, = ae P,; 

a gee 
then, if we suppose that the value of I is C, at every point within 
S,, and C, at every point outside of §,, the value of /* between these 
surfaces remaining as before, the characteristic equation of 7 will 
be satisfied everywhere, and F is therefore the true value of the 
potential. 

We have already shewn that the outer and inner surfaces of the 
shell will be pulled towards cach other with a force the value of 
which referred to unit of surface is ~, or in other words, there is a 
tension » in the substance of the shell in the direction of the lines 
of foree, 


Y1= 


* Seo Faraday, Zxp. Rea, (1224) and (1297). 
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If we now conceive the shell divided into two segments by a 
surface of no induetion, the two parts will experience electrical 
forees the resultants of which will tend to separate the parts with 
a foree equivalent to the resultant foree due to a pressure p acting 
on every part of the surface of no induction which divides them. 

This illustration is to be taken merely as an explanation of what 
is meant by the tension and pressure, not as a physical theory to 
account for them. 

108.] We have next to consider whether these internal forces 
are capable of accounting for the observed electrical forces in every 
ease, as well as in the ease where a closed equipotential surface can 
be drawn surrounding one of the electrified systems, 

The statical theory of internal forces has been investigated by 
writers on the theory of clasticity, At present we shall require only 
to investigate the effect of an oblique tension or pressure on an 
element of surface. 

Let p be the value of a tension referred to unit of a surface to 
which it is normal, and let there be no tension or pressure in any 
direction normal to ». Let the direction-cosines of py be 2, m, n. 
Let dy dz be an clement of surface normal to the axis of x, and let 
the effect. of the internal foree be to urge the parts on the positive 
side of this clement with a force whose components are 

Paz dy dz in the direction of 2, 
Paylyde . 2 4 ee sy, and 
DE MVUE 0 be Rh eg Bs 

Krom every point of the boundary of the element dy dz let lines 
be drawn parallel to the direction of the tension p, forming a prism 
whose axis is in the line of tension, and let this prism be cut by a 
plane normal to its axis. 

The area of this section will be ¢dydx, and the whole tension 
upon it will be pZdydz, and since there is no action on the sides 
of the prism, which are normal to », the force on the base dy dz 
must be equivalent to the force p/dy dz actinz in the direction 
(2, m, x). Henee the component in the direction of 2, 

Prly dz = pl*dydz; or 


Peg == pe? 
Similarly Pxy = plm, (1) 
Per = pln. 


If we now combine with this tension two tensions 7’ and p” in 
directions (¢’, 22”, 2’) and (2”, mm”, n’’) respectively, we shall have 
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Pry = pe + Vv v2 -- yw te. 
Pry = plat WE al + WL an", (2) 
Por = plat WU 4 Wl nv” 

Tn the case of the electrical tension and pressure the pressures 
are numerically equal to the tension at every point, and are in 
directions at right angles to the tension and to each other. Hence, 

too) b 


putting p= pa—p, (3) 
Pla = 1, Im lin +n! = 0, Ingle ln’ = 0, (4) 

we find Pee = (27 ~1)p, 
Pry = 2lmp, (5) 


Dez, = 2lup, 


lor the action of the combined tension and pressures. 
; bas 
Also, since p= . f?, where # denotes the resultant foree, and 
1 


since Rl =X, Rn = VY, Ra=Z, 


Puy = (AP V2 22), 


1 eae ‘ 
Pay = en 2XV= ps, (6) 


Pas = i QNZ = pir 
where X, ¥, Z are the components of 2, the resultant electromotive 
force, 
The expressions for the component internal forees on surfaces 
normal to y and 2 may be written down from symmetry. 


Lo determine the conditions of equilibrinm of the element dadyds. 


This element is bounded hy the six planes perpendicular to the 
axes of coordinates passing through the points («, 7, 2) and (e+dz, 
ytdy, 24+dz). 

The force in the direction of x which acts on the first face dy dz 
is —p,,dydz, tending to draw the clement towards the negative 
side. On the second face dydz, for which 2 has the value x +2, 
the tension p,, has the value 


Pry dy di+ CG Pax) du ly 2, 


and this tension tends to draw the element in the positive direction. 
If we next consider the two faces dz de with respect to the 
VOU, I. K 
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tangential forces urging them in the direction of 2, we find the 
force on the first face — p,, dz dv, and that on the second 


Pys de de + G Due) dz de ly, 


Similarly for the faces da dy, we find that a force — Pex Ue dy acts 
on the first face, and 


Daz Ox dy + (. Pra) Ox dy dz 


on the second in the direction of 2. 
If Ede dydz denotes the total effect of all these internal forces 
acting parallel to the axis of x on the six faces of the clement, we find 


a ad d 
Ededydz = oe Pax t iy Py: | i‘ Pur) ibe dy dz ; 


or, denoting by & the internal force, referred to unit of volume, and 
resolved parallel to the axis of a, 


d d d 
e — dy Oe + dy? + ae” (7) 
with similar expressions for and ¢ the component forces in the 
other directions *. 


Differentiating the values of Pexs Pyxy and p,, given in equations 
(6), we find 


dY dé 
f= XC + Gy +e) (8) 
But by Art. 77 He die RP 
a Tad 4ap. (9) 
Hence E=pX. 
Similarly n= pl, (10) 
C= pZ. 


Thus, the resultant of the tensions and pressures which we have 
supposed to act upon the surface of the element is a force whose 
components are the same as those of the force, which, in the 
ordinary theory, is ascribed to the action of electrified bodies on the 
electricity within the element. 

If, therefore, we admit that there is a medium in which there 
is maintained at every point a tension p in the direction of the 


* Thig investigation may Le compared with that of the ‘equation of continuity 
in hydrodynamics,’ and with others in which the effect on an element of volume 
is deduced from the valuea of certain quantities at ita bounding surface. 
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resultant electromotive force 2, and such that 77? = 8ap, combined 
with an equal pressure p in every direction at right angles to the 
resultant £, then the mechanical effect of these tensions and 
pressures on any portion of the medium, however bounded, will be 
identical with the mechanical effect of the electrical forces according 
to the ordinary theory of direct action at a distance. 

109.] ‘This distribution of stress is precisely that to which Fara- 
day was led in his investigation of induction through dielectrics. 
He sums up in the following words :— 

‘(1297) The direct inductive force, which may be conceived to 
he exerted in lines between the two limiting and charged con- 
ducting surfaces, is accompanied by a lateral or transverse force 
equivalent to a dilatation or repulsion of these representative lines 
(1224.); or the attracting force which exists amongst the par- 
ticles of the dielectric in the direction of the induction is ac- 
companied by a repulsive or a diverging foree in the transverse 
direction. 

(1298) Induction appears to consist in a certain polarized state 
of the particles, into which they are thrown by the electrified body 
sustaining the action, the particles assuming positive and negative 
points or parts, which are symmetrically arranged with respect 
to each other and the inducting surfices or particles. The state 
must be a forced one, for it is originated and sustained only by 
force, and sinks to the normal or quiescent state when that force 
is removed. It can be cowfinued only in insulators by the same 
portion of electricity, because they only can retain this state of the 
particles.’ 

This is an exact account of the conclusions to which we have 
been conducted by our mathematical investigation. At every point 
of the medium there is a state of stress such that there is tension 
along the lines of force and pressure in all directions at right angles 
to these lines, the numerical magnitude of the pressure being equal 
to that of the tension, and both varying as the square of the 
resultant force at the point. 

The expression ‘electric tension’ has been used in various senses 
hy different writers. I shall always use it to denote the tension 
along the lines of force, which, ag we have seen, varies from point 
to point, and is always proportional to the square of the resultant 
force at the point. 

110.] The hypothesis that a state of stress of this kind exists 
in a fluid dielectric, such as air or turpentine, may at first sight 

Ko 
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appear at variance with the established principle that at any point 
ina fluid the pressures in all directions are equal, But in the 
deduction of this principle from a consideration of the mobility 
and equilibrium of the parts of the fluid it is taken for granted 
that no action such as that which we here suppose to take place 
along the lines of force exists in the fluid. The state of stress 
which we have been studying is perfectly consistent with the 
mobility and equilibrium of the fluid, for we have seen that, if 
any portion of the fluid is devoid of electric charge, it experi- 
ences no resultant foree from the stresses on its surface, however 
intense these may be. It is only when a portion of the fluid 
becomes charged, that its equilibrium is disturbed by the stresses 
on ifs surface, and we know that in this case it actually tends to 
move. Hence the supposed state of stress is not inconsistent with 
the equilibrium of a fluid dielectric. 

The quantity Q, which was investigated in Thomson’s theorem, 
Art. 98, may he interpreted as the energy in the medium due to 
the distribution of stress. Tt appears from that theorem that the 
distribution of stress which satisfies the ordinary conditions also 
makes Q an absolute minimum. Now when the energy Is a 
minimum for any configuration, that configuration is one of equi- 
librium, and the equilibrium is stable. Uenee the dielectric, 
When subjected to the inductive aetion of electrified bodies, will 
of itself take up a state of stress distributed in the way we have 
described, 

Tt must be carefully borne in mind that we have made only one 
step in the theory of the action of the medium. We have supposed 
it to be in a state of stress, but we have not in any way accounted 
for this stress, or explained how it is maintained. This step, 
however, seems to me to be an important one, as it explains, by 
the action of the consecutive parts of the medium, phenomena which 
were formerly supposed to be explicable only by direct action at 
a distance, 

111.} I have not beer able to make the next step, namely, to 
account by mechanical considerations for these stresses in the 
dielectric. I therefore leave the theory at this point, merely 
stating what are the other parts of the phenomenon of induction 
in dielectrics. 

I. Electric Displacement. When induction takes place in a 
diclectric a phenomenon takes place which is equivalent to a 
displacement of electricity in the direction of the induction. For 


x 
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instance, in a Leyden jar, of whieh the inner coating is charged 
positively and the outer coating negatively, the displacement. in 
the substance of the glass is from within outwards. 

Any increase of this displacement is equivalent, during the time 
of increase, to a current of positive electricity from within outwards, 
and any diminution of the displacement is equivalent to a current 
in the opposite direction. 

The whole quantity of clectricity displaced through any area 
ofa surface fixed in the dielectric is measured by the quantity which 
we have already investigated (Art. 75) as the surface-integral of 


: : er 1 2 pa 
induction through that area, multiplied by in where A’ is the 


specific induetive capacity of the dielvetric, 

II, Superficial Electrification of the Particles of the Dieleetric. 
Conceive any portion of the dielectric, large or small, to be separated 
(in imagination) from the rest by a closed surface, then we must 
suppose that on every elementary portion of this surface there is 
an elvetrification measured by the total displacement of elvetricity 
through that element of surface reckoned iuwards. 

In the case of the Leyden jar of which the inner coating is 
charged positively, any portion of the glass will have its inner 
sile charged positively and its outer side negatively. If this 
portion be entirely in the interior of the glass, its superficial elec- 
trification will be neutralized by the opposite electrification of the 
parts in contact with it, but if it be in contact with a conducting 
ody which is incapable of maintaining in itself the inductive state, 
the superficial electrification will not be neutralized, but will eon- 
stitute that apparent elvetrification which is commonly called the 
Kleetritication of the Conductor. 

The electrification therefore at the bounding surface of a con- 
ductor and the surrounding dielectric, which on the old theory 
was called the clectrification of the conductor, must be called in the 
theory of induction the superficial electrification of the surrounding 
diclectric. 

According to this theory, all clectrification is the residual effect 
of the polarization of the dielectric. This polarization exists 
throughout the interior of the substance, but it is there neutralized 
by the juxtaposition of oppositely electrified parts, so that it is only 
at the surface of the diclectrie that the ellects of the elcetrification 
beeome apparent. 

The theory completely accounts for the theorem of Art. 77, that 
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the total induction through a closed surface is equal to the total 
quantity of electricity within the surface multiplied by 4%. For 
what we have called the induction through the surface is simply 
the electric displacemont multiplied by 4%, and the total displaee- 
ment outwards is necessarily equal to the total clectrification within 
the surface, 

The theory also accounts for the impossibility of communicating 
an absolute charge to matter. For every particle of the dielectric 
is electrified with equal and opposite charges on its opposite sides, 
if it would not be more correct to say that these clectrifications are 
only the manifestations of a single phenomenon, which we may call 
Electric Polarization. 

A dielectric medium, when thus polarized, is the seat, of' electrical 
energy, and the energy in unit of volume of the medium is nu- 
merically equal to the electric tension on unit of area, both quan- 
tities being equal to half the product of the displacement and the 
resultant electromotive foree, or 


y=40E = | Ke =?" m2 
87 K 


where 7 is the electric tension, D the displacement, & the electro- 
motive force, and K the specific inductive capacity. 

If the medium is not a perfect insulator, the state of constraint, 
which we call electric polarization, is continually giving way. The 
medium yields to the electromotive force, the electric stress is 
relaxed, and the potential energy of the state of constraint is con- 
verted into heat. The rate at which this decay of the state of 
polarization takes place depends on the nature of the medium. 
In some kinds of glass, days or years may elapse before the polar- 
ization sinks to half its original value. Ip copper, this change 
may occupy less than the billionth of a second, 

We have supposed the medium after being polarized to be simply 
left to itself. In the phenomenon called the electrie current the 
constant passage of clectricity through the medium tends to restore 
the state of polarization as fast as the conductivity of the medium 
allows it to decay. Thus the external ageney which maintains the 
current is always doing work in restoring the polarization of the 
inedium, which is continually becoming relaxed, and the potential 
energy of this polarization is continually becoming transformed 
into heat, so that the final result of the energy expended in main- 
taining the current is to raise the Lemperature of the conductor. 


CHAPTER VI. 


ON POINTS AND LINES OF EQUILIBRIUM. 


112.) Ir at any point of the electric field the resultant. force is 
zero, the point is called a Point of equilibrium. 

If every point on a certain line is a point of equilibrium, the line 
is called a Line of equilibrium. 

The conditions that a point shall be a point of equilibrium are 
that at that point 

a = 0, ae = 0, ue 
dee dy dz 

At such a point, therefore, the value of V is a maximum, or 
& minimum, or is stationary, with respect to variations of the 
coordinates. The potential, however, can have a maximum or a 
minimum value only at a point charged with positive or with 
negative electricity, or throughout a finite space bounded by a 
surface electrified positively or negatively. If, therefore, a point 
of equilibrium occurs in an unelectrified part of the field it must 
he a stationary point, and not a maximum or a minimum, 

In fact, the first condition of a maximum or minimum is that 

CEP wr ey 
75? a? and ETS 
da? dy? de" 
must be all negative or all positive, if they have finite values, 

Now, by Laplace’s equation, at a point where there is no clec- 
trification, the sum of these three quantities is zero, and therefore 
this condition cannot be fulfilled. 

Instead of investigating the analytical conditions for the cases 
in which the components of the force simultaneously vanish, we 
shall give a general proof by means of the equipotential surfaces. 

If at any point, P, there is a true maximum value of 7, then, at 
all other points in the immediate neighbourhood of P, the value of 
J is less than at 2. Henee ? will he surrounded by a series of 


= 0, 
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closed equipotential surfaces, each outside the one before it, and at 
all points of any one of’ these surfaces the electrical force will be 
directed outwards. But we have proved, in Art. 76, that the surface- 
integral of the clectrical force taken over any closed surface gives 
the total electrification within that surface multiplied by 47. New, 
in this case the force is everywhere outwards, so that the surface- 
integral is necessarily positive, and therefore there 18 positive clec- 
trification within the surface, and, since we may take the surtace as 
near to P as we please, there is positive electrification at the point 2. 

In the same way we may prove that if J’ is a minimum at 7, 
then P is negatively electrified. 

Next, let P be a point of equilibrium in a region devoid of elee- 
trifieation, and let us deseribe a very small closed surface round 
P, then, as we have seen, the potential at this surface eannot. be 
everywhere greater or everywhere less than at. 2. It must there. 
fore be greater at some parts of the surface and less at others, 
These portions of the surface are bounded by lines in whieh the 
potential is equal {to that at 2. Along lines drawn from ? to 
points at which the potential is less than that at the electrical 
force is from P, and along lines drawn to points of greater po- 
tential the force is towards ?. Hence the point P is a point of 
stable equilibrium for some displacements, and of wistable equil- 
briam for other displacements, 

113.] To determine the number of the points and lines of equi- 
libriuin, let us consider the surface or surfaces for whieh the 
potential is equal to C, a given quantity, Let. us call the regions 
in which the potential is less than ( the negative regions, and 
those in which it is greater than © the positive regions. Let 
7, be the lowest, and I, the highest. potential existing in the 
electric field, I we make C= I, the negative tegion will in- 
clude only the electrified point or conductor af lowest potential, 
and this is necessarily electrified negatively, The positive region 
consists of the rest of space, and since it surrounds the hewative 
region it is periphractic. See Art. 18, 

Jf we now increase the value of ( the negative region will 
expand, and new negative regions will be fermed round negatively 
electrified bodies. For every negative region thus formed the 
surrounding positive region acquires one degree of periphraxy, 

As the diflerent negative regions expand, two or more of them 
may meet ina point ora line. If v4] negative regions meet, 
the positive region loses x degrees of periphraxy, and the point 
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or the line in which they meet is a point or line of equilibrium 
of the zth degree, 

When € beeomes equal to 7) the positive region is reduced to 
the electrified point or conduetor of highest potential, and has 
therefore lost all its periphraxy. Hence, if each point or line of 
equilibrium counts for one, two, or » according to its degree, the 
number so made up by the points or lines now considered will 
he one less than the number of negatively electrified bodies. 

There are other points or lines of equilibrium which occur where 
the positive regions become separated from each other, and the 
negative region acquires periphraxy. The number of these, reck- 
oned according to their degrees, is one less than the number of 
positively electrified bodies, 

If we call a point or line of equilibrium positive when it is the 
mecting-place of two or more positive regions, and negative when 
the regions which unite there are negative, then, if there are p 


bodies positively and #2 bodies negatively electrified, the sum of 


the degrees of the positive points and lines of equilibrium will be 
pol, and that of the negative ones 2—1. 

But, besides this definite number of points and lines of equi- 
librium arising from the junction of different regions, there may 
be others, of which we can only affirm that their number must be 
even. Tor if, as the negative region expands, it meets itself, it 
becomes a cyclic region, and it may acquire, by repeatedly meeting 
itself, any number of degrees of cyclosis, each of which corresponds 
to the point or line of equilibrium at which the cyclosis was 
established, As the negative region eontinnes to expand till it 
fills all space, it loses every degree of cyclosis it has acquired, and 
beeomes at last acyclic. Hence there is a sct of points or lines 
of equilibrium at which cyclosis is lost, and these are equal in 
number of degrees to those at which it is aequired, 

If the form of the electrified bodies or conductors is arbitrary, 
we can only assert that the number of these additional points or 
lines is even, but if they are clectrified points or spherical con- 
ductors, the number arising in this way cannot exceed (wv ~1)(u— 2), 
where ~ is the number of bodies, 

114.] The potential close to any point P may be expanded in 
the serics 

P= ly+l/, + [h,4&e.; 
where //,, //,, &e. are homogeneous functions of v7, y, 2, whose 
dimensions are 1, 2, Sc. respectively. 


ee 
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Since the first derivatives of / vanish at a point of equilibrium, 
H, = 0, if P be a point of equilibrium. 

Let 7; be the first funetion which does not vanish, then elose to 
the point P we may neglect all functions of higher degrees as 
compared with J. 

Now die 0 


is the equation of a cone of the degree 7, and this cone is the cone 
of closest contact with the equipotential surface at P. 

It appears, therefore, that the equipotential surface passing 
through P has, at that point, a conical point touched by a cone 
of the second or of a higher degree, 

If the point P is not on a line of equilibrium this cone 
does not intersect itself, but consists of 7 sheets or some smaller 
number. 

If the nodal line intersects itself, then the point P is on a line 
of equilibrium, and the equipotential surface through P cuts itself 
in that line. 

If there are intersections of the nodal line not on opposite points 
of the sphere, then P is at the intersection of three or more lines 
of equilibrium. For the equipotential surface through P must cut 
itself in each line of equilibrium. 

115.] If two sheets of the same equipotential surface intersect, 
they must intersect at right angles. 

For let the tangent to the line of intersection be taken as the 


yr 


Py . 
axis of z, then <r =0. Also let the axis of x be a tangent to . 


ey 
one of the sheets, then at = 0. It follows from this, hy Laplace’s 
: q? : : 
equation, that er = 0, or the axis of y is a tangent to the other 
sheet. 
This investigation assumes that Jf, is finite. If JI, vanishes, let 
the tangent to the line of intersection be taken as the axis of z, and 
let. # = 7 cos 6, and y = rsin @, then, since 


op ap gaye 
Be Fafa 
dz? du? dy? : 


lr ydtF 1 eK 


or eee Reese ee 
dr* r dr ee y* ho? 


=O; 


the solution of whieh equation in ascending: powers of 7 is 


P= T+ cos (0 +0)+4 7% cos (26-+a,) + &e, +4, 1 cos (70 -+.,). 
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At a point of equilibrium a, is zero. If the first term that does 
not vanish is that in 7, then 
P—!) = A,r cos (i6-+a;)+terms in higher powers of 7. 
This gives i sheets of the equipotential surface /= 7"), intersecting 


tT , ’ 
at angles each equal to =. This theorem was given by Rankine *., 


2 
It is only under certain conditions that a line of equilibrium can 
exist in free space, but there must be a line of equilibrium on the 
surface of a conductor whenever the eleetrification of the conductor 
is positive in one portion and negative in another. 


In order that a conductor may be oppositely electrified in different 


portions of its surface, there must be in the field some places where 
the potential is higher than that of the body and others where it is 
lower, We must remember that at an infinite distance the potential 
is 200. 

Let us begin with two conductors electrified positively to the 
same potential, There will be a point of equilibrium between the 
two bodies. Let the potential of the first body be gradually raised. 
The point of equilibrium will approach the other body, and as the 
process goes on it will coincide with a point on its surface. If the 
potential of the first body be now increased, the equipotential 
surface round the first body which has the same potential as the 
second body will eut the surface of the second body at right angles 
in a closed curve, which is a line of equilibrium, 


Karushaw’s Theoren, 

116.] An electrified body placed in a field of electric force camot 
be in stable equilibrium. 

First, let us suppose the electricity of the moveable body (1), and 
also that of the system of surrounding bodies (2), to be fixed in 
those bodies. 

Let V be the potential at any point of the moveable body due to 
the action of the surrounding bodies (8), and let ¢ be the electricity 
onasmall portion of the moveable body 4 surrounding this point. 
Then the potential energy of 4 with respect to 6 will be 

M = S(fe), 
where the summation is to be extended to every electrified portion 
of a. 


* «Summary of the Properties of certain Stream Lines,’ Pil, Afay,, Oct, 1864. 
See also, Thomson and Tait’s Natural Philosophy, § 780; and Rankine and Stokes, 
in the Proc. A, S., 1867, p. 468; also W. Re Sinith, Proe, RON, din, 1869-70, p79. 


140 POINTS AND LINES OF EQUILIBRIUM. [116. 


Let a, 6, he the coordinates of any clectrified part of A with 
respect to axes fixed in 4, and parallel to those of 2, y, z. Let the 
coordinates of the point fixed in the body through which these axes 
pass be £ 7, ¢ 

Let, us suppose for the present that the body / is constrained to 
move, parallel to itself, then the absolute coordinates of the point 
a, 8, ¢ will be 

a= F+a, y= nt, z= C+e, 

The potential of the body 4 with respect to B may now he 
expressed as the sum of a number of terms, in each of which ¥ 
is expressed in terms of a, d,¢ and & ”, G and the sum of these 
terms is a function of the quantities «@, 4, c, which are constant for 
each point of the body, and of én, ¢ which vary when the body is 
moved. 

Since Laplace’s equation is satisfied by each of these terms it is 
satisfied by their sum, or 

OM dM aM 7 
dé dy? dc? ~ 
Now let a small displacement be given to A, so that, 
d& = bdr, dn = mdr, dg = nar; 


then Me dr will be the increment of the potential of with respect 


to the surrounding system ZB, 
If this be positive, work will have to be done to increase r, and 


(M : nee 
there will be a foree a tending to diminish 7 and to restore A to 


its former position, and for this displacement therefore the equi- 
librium will be stable. If, on the other hand, this quantity is 
negative, the force will tend to inerease 7, and the equilibrium will 
be unstable. 

Now consider a sphere whose centre is the origin and whose 
radius is + and so small that when the point fixed in the hody 
lies within this sphere no part of the moveable hody -f can coincide 
with any part of the external system 2B. Then, sinee within the 
sphere V2. = 0, the surface-integral 


“AM 
—— dS = ( 
[ ap a ’s 
taken over the surface of the sphere. 
i ia a 
Hence, if at any part of the surfice of the sphere ‘ i Is positive, 
dy 


there mast be some other part of the surface where it is negative, 


| 
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and if the body -f be displaced in a direction in which as is 
negative, it will tend to move from its original position, and its 
equilibrium is therefore necessarily unstable. 

The body therefore is unstable even when constrained to move 
parallel to itself, @ /ortiort it is unstable when altogether free. 

Now let us supposethat the body 4 is a conductor. We might 
treat this as a case of equilibrium of a system of bodies, the move- 
able electricity being considered as part of that system, and we 
might argue that as the system is unstable when deprived of so 
many degrees of freedom by the fixture of its electricity, it must 
wv fortiort be unstable when this freedom is restored to it. 

But we may consider this case in a more particular way, thus— 

First, let. the electricity be fixed in A, and let it move through 
the small distance dr, The increment of the potential of 4 due to 


this cause is a dr. 
dr 


Next, let the electricity be allowed to move within 4 into its 
position of equilibrium, which is always stable. During this motion 
the potential will necessarily be diminished by a quantity which we 
may call Cdr. 

Hence the total increment of the potential when the cleetricity 
is free to move will be 


cM 
CR = C)d of 
and the force tending to bring 4 back towards its original position 
will be al 
ea 
dr 


where Cis always positive. 


aM, : he iad 
Now we have shewn that “7, 18 negative for certain diree- 
ar 


tions of 7, hence when the electricity is {ree to move the instability 
in these directions will be increased. 


CHAPTER VIL. 


FORMS OF THE EQUIPOTENTIAL SURFACES AND LINES OF 


INDUCTION IN SIMPLE CASES. 


117.| We have seen that the determination of the distribution 
of electricity on the surface of conductors may be made to depend 
on the solution of Laplace’s equation 

Cer gr dr ‘j 
dee Tet at =” 
F’ being a function of 2, y, and z, which is always finite and con- 
tinuous, which vanishes at an infinite distance, and which has 
a given constant value at the surface of cach conductor. 

It is not in general possible by known mathematical methods 
to solve this equation so as to fulfil arbitrarily given conditions, 
but it is always possible to assign various forms to the function 
F which shall satisfy the equation, and to determine in each case 
the forms of the conducting surfaces, so that the function F shall 
be the true solution. 

It appears, therefore, that what we should naturally call the 
inverse problem of determining the forms of the conductors from 
the potential is more manageable than the direet problem of de- 
termining the potential when the form of the conductors is given. 

In fact, every electrical problem of which we know the solution 
has been constructed by an inverse process. It is therefore of 
great importance to the clectrician that he should know what 
results have been obtained in this way, since the only method by 
which he can expect to solve a new problem is by reducing it 
to one of the eases in which a similar problem has been con- 
structed by the inverse process, 

This historical knowledge of results can be turned to account in 
two ways. If we are required to devise an instrument for making 
electrical measurements with the greatest accuracy, we may select 
those forms for the electrified surfaces which correspond to cases 
of which we know the accurate solution. If, on the other hand, 
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we are required to estimate what will be the electrification of bodies 
whose forms are given, we may begin with some ease in which one 
of the equipotential surfaces takes a form somewhat resembling the 
given form, and then by a tentative method we may modify the pro- 
blem till it more nearly corresponds to the given case. This method 
is evidently very imperfect. considered from a mathematical point 
of view, but it is the only one we have, and if we are not allowed 
to choose our conditions, we can make only an approximate cal- 
culation of the clectrification, It appears, therefore, that what we 
want is a knowledge of the forms of equipotential surfaces und 
lines of induction in as many different cases as we ean collect 
together and remember. In certain classes of cases, such as those 
relating to spheres, we may proceed by mathematical methods. In 
other cases we cannot alford to despise the humbler method of 
actually drawing tentative figures on paper, and selecting that 
which appears least unlike the figure we require. 

This latter method T think may be of some use, even in cases in 
which the exact solution has been obtained, for I find that an eye- 
knowledge of the forms of the equipotential surfaces often leads to a 
right selection of a mathemutical method of solution. 

I have therefore drawn several diagrams of systems of equipotential 
surfaces and lines of force, so that the student may make himself 
familiar with the forms of the lines. The methods by which such 
diagrams may be drawn will be explained as we go on, as they 
belong to questions of different kinds. 

118.) In the first figure at the end of this volume we have the 
equipotential surfaces surrounding two points electrified with quan- 
tities of electricity of the same kind and in the ratio of 20 to 5. 

Here each point is surrounded by a system of equipotential 
surfaces which become more nearly spheres as they become smaller, 
but none of them are accurately spheres. If’ two of these surfaces, 
one surrounding each sphere, be taken to represent the surfaces 
of two conducting bodies, nearly but not quite spherical, and if 
these bodies be charged with the same kind of electricity, the 
charges being as 4 to 1, then the diagram will represent. the 
equipotential surfaces, provided we expunge all those which are 
drawn inside the two bodies. It appears from the diagram that 
the action between the bodies will be the same as that between 
two points having the same charges, these points being not exactly 
in the middle of the axis of each body, but somewhat more remote 
than the middle point from the other body. 
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The same diagram enables us to see what will be the distribution 
of eleetricity on one of the oyal figures, Targer at one end than 
the other, which surround both centres. Such a body, if eleetrified 
with a charge 25 and free from external influence, will have the 
surface-density greatest at the small end, less at the large end, 
and Ivast in a circle somewhat nearer the smaller than the larger end. 

There is one equipotential surface, indicated by a dotted line, 
which consists of two lobes mecting at the conical point 2. That 
point is a point of equilibrium, and the surface-density on a body 
of the form of this surface would be zero at this point. 

The lines of force in this case form two distinct systems, divided 
from one another by a surface of the sixth degree, indicated by a 
dotted line, passing through the point of equilibrium, and some- 
what resembling one sheet of the hyperboloid of two shects. 

This diagram may also be taken to represent the lines of force 
and equipotential surfaces belonging to two spheres of gravitating 
matter whose masses are as 1 to 1. 

119.] In the second figure we have again two points whose 
charges are as 4 to 1, but the one positive and the other negative. 
In this case one of the equipotential surfaces, that, namely, corre- 
sponding to potential zero, is a sphere. It is marked in the diagram 
by the dotted circle Q. The importance of this spherical surface 
will be seen when we come to the theory of Electrical Images. 

We may see from this diagram that if two round bodies are 
charged with opposite kinds of electricity they will attract cach other 
as much as two points having the same charges but placed some- 
what nearer together than the middle points of the round bodies. 

Here, again, one of the equipotential surfaces, indicated hy a 
dotted line, has two Jobes, an inner one surrounding the point whose 
charge is 5 and an outer one surrounding hoth bodies, the two 
lobes meeting in a conical point P which is a point of equilibrium, 

If the surface of'a conductor is of the form of the outer lobe, a 
roundish body having, like an apple, a conieal dimple at one end of 
its axis, then, if this eonduetor be electrified, we shall be able to 
determine the superficial density at any point. That at the bottom 
of the dimple will he zero. 

Surrounding this surface we have others having a rounded 
dimple which flattens and finally disappears in the equipotential 
surface passing through the point marked a7, 

The tines of force in this diagram form two systems divided by a 
surface which passes {hrough the point of equilibrium. 


° 
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If we consider points on the axis on the further side of the point: 
“, we find that the resultant foree diminishes to the double point P, 
where it vanishes. It then changes sign, and reaches 2 maximum 
al JZ, alter which it continually diminishes. 

This maximum, however, is only a maximum relatively to other 
points on the axis, for if we draw a surface perpendicular to the 
axis, A7Z is a point of minimum force relatively to neighbouring 
points on that surface. 

120.) Figure IIT represents the equipotential surfaces and lines 
of foree due to an electrified point whose charge is 10 placed at 
4, and surrounded by a field of foree, which, before the intro- 
duction of the electrified point, was uniform in direction and 
magnitnde at every part. In this case, those lines of force which 
belong to 4 are contained within a surface of revolution which 
has an asymptotic eylinder, having its axis parallel to the un- 
disturbed Hines of’ force. 

The equipotential surfaces have each of them an asymptotic 
plane, One of them, indicated by a dotted line, has a conical 
point and a lobe surrounding: the point 4. Those below this surface 
have one sheet with a depression near the axis. Those above have 
closed portion surrounding 4 and a separate sheet with a slight 
depression near the axis, 

If we take one of the surfaces below 1 as the surface of a con- 
ductor, and another a long way below fas the surface of another 
conductor ata different potential, the system of lines and surfaces 
between the two conductors will indicate the distribution of electric 
firee, If the lower conductor is very far from sl its surface will 
be very nearly pline, so that we have here the solution of the 
distribution of electricity on two surfaces, both of them nearly 
plane and parallel to each other, except that the upper one has 
a protuberance near its middle point, which is more or less pro- 
minent according to the particular equipotential line we choose for 
the surface. 

121.) Figure TV represents the equipotential surfaces and lines 
of foree due to three electrified points 4, 2 and C, the charge of 4 
heing 15 units of positive electricity, that of B12 units of negative 
electricity, and that of C 20 units of positive electricity. These 
points are placed in one straight line, so that. 

AR=z9, BO= 16, ACH 25. 

In this case, the surface for which the potential is unity consists 
of two spheres whose centres are -f and C and their radii 15 and 20. 

VOL. t 1. 
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These spheres intersect in the circle which cuts the plane of the 
paper in and D’, so that # is the centre of this circle and its 
radins is 12. This circle is an example of a line of equilibrium, for 
the resultant force vanishes at every point of this line. 

Jf we suppose the sphore whose centre is f to he a conduetor 
with a charge of 3 uniis of positive electricity, and placed under 
the influenee of 20 units of positive electricity at C, the state of 
the case will be represented by the diagram if we leave oat all the 
lines within the sphere 4. The part of this spherical surface within 
the small circle DL’ will he negatively electrified by the influence 
of C. All the rest of the sphere will be positively electrified, and 
the small circle M1 itself will he a line of no electrification, 

We may also consider the diagram to represent {he electrifieation 
of the sphere whose centre is © charged with 8 units of positive 
clectricity, and influenced hy 15 units of positive electricity placed 
at af 

The diagram may also be taken to represent the ease of a con- 
ductor whose surface consists of the larger segments of the two 
spheres meeting in DD’, charged with 23 units of positive elec- 
tricity. 

We shall return to the consideration of this diagram as an 
illustration of Thomson's Theary of Etvetrical Images. See Avt. 168. 

122.] Tam anxious that these diagrams should be studied as 
illustrations of the language of Varaday in speaking of ‘lines of 
foree,’ the “forces of an clectrified body,’ &e. 

In strict mathematical language the word Foree is used to signify 
the supposed cause of the tendency which a material body is found 
to have towards alteration in its state of rest or motion, If is 
indifferent whether we speak of this observed tendency or of its 
immediate eiuse, since the cause is simply inferred from the eflect, 
and has no other evidence to support it, 

Since, however, we are ourselves in the practice of directing the 
motion of our own bodies, and of moving other things in this way, 
we have acquired a eopious store of remembered sensations relating 
to these actions, and therefore our ideas of force are connected in 
our minds with ideas of’ conscious power, of exerfion, and af fiutivue, 
and of overcoming or yielding to pressure. These ideas, whieh prive 
a colouring and vividness to the purely abstract idea of foree, do 
not in mathematically trained minds lead to any practical error, 

But in the vulgar languaze of the time when dynamieal science 
was unknown, all the words relating to exertion, such as farce, 


it 
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energy, power, &c., were confounded with cach other, though some 
of the schoolmen endeavoured to introduce a greater precision into 
their language. 

The cultivation and popularization of correct: dynamical ideas 
since the time of Galileo and Newton has efleeted an immense 
change in the language and ideas of common life, but it is only 
within recent times, and in consequence of the increasing im- 
portance of machinery, that the ideas of force, energy, and power 
have become accurately distinguished from each other. Very few, 
however, even of seientifie men, are careful to observe these dis- 
tinetions ; hence we often hear of the force of a ennnon-ball when 
cither its energy or its momentum is meant, and of the force of an 
electrified body when the quantity of its electrification is meant. 

Now the quantity of electricity in a body is measured, according 
to Faraday’s ideas, hy the azder of lines of force, or rather of 
induction, which proceed from it. These lines of force must. all 
terminate somewhere, cither on bodies in the neighbourhood, or on 
the walls and roof of the room, or on the earth, or on the heavenly 
bodies, and wherever they terminate there is a quantity of elee- 
tricity exactly equal and opposite to that on the part of the body 
from which they proceeded. By examining the diagrams this will 
be seen to be the case. There is therefore no contradiction bet veen 
“araday’s views and the mathematical results of the old theory, 
but, on the contrary, the idea of lines of force throws great light 
on these results, and seems to afford the means of rising by a con- 
{intous process from tle somewhat rigid conceptions of the old 
theory to notions which may be capable of greater expansion, so 
as to provide room for the inerease of our knowledge by further 
researches, 

123.] These diagrams are constructed in the following manner :— 

First, take the case of a single centre of force, a small electrified 

I 


body with a charge # The potential at a distance # is = ="; 
‘i 


PA 


‘ , we shall find 7, the radius of the sphere 


for which the potential is 7. If we now give to 7” the values 
1, 2, 3, &e, and draw the corresponding spheres, we shall obtain 
a series of equipotential surfaces, the potentials corresponding: to 
which are measured by the natural numbers, The sections of these 
spheres by a plane passing through their common centre will be 
circles, which we may mark with the number denoting the potential 


feed 


hence, if we make r= - 
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of each, These are indicated by the dotted circles on the right 
hand of Vig. 6. 

Tf there be another centre of foree, we may in the same way draw 
the equipotential surfaces belonging to it, and if we now wish. to 
find the form of the equipotential surfaces due to both centres 
together, we must remember that if J) be the potential due to one 
centre, and J), that due to the other, the potential due to both will be 
M,4+/,=1, ene, since at every intersection of the equipotential 
surfaces bclonging to the two series we know both /, and J), we 
also know the value of J. If therefore we draw a surface which 
passes through all those intersections for which the value of J” is 
the same, this surface will coincide with a true cquipotential surface 
at all these intersections, and if the original systems of surfaces 
be drawn sufficiently close, the new surfaee may be drawn with 
any required devree of accuracy. The equipotential surfaces due to 
two points whose charges are equal and opposite are represented by 
the continuous lines on the right hand side of Fig. 6. 


This method may be applied to the drawing of any system of 


equipotential surfaces when the potential is the sum of two po- 
tentials, for which we have already drawn the equipotential surfaces. 

The lines of force due to a single centre of force are straight 
lines radiating from that. contre, Tf we wish to indicate by these 
lines the intensity as well as the direction of the foree at any point, 
we must draw them so that they mark out on the cquipotential 
surfaces portions over which the surface-integral of induction has 
definite values, The best) way of doing this is to suppose our 
plane figure to be the section of a figure in space formed by the 
revolution of the plane figure about an axis passing through the 
centre of force. Any straight line radiating from the centre and 
making an angle @ with the axis will then trace out a cone, 
and the surface-integral of the induction through that part of any 
surface which is cut off by this cone on the side next the positive 
direction of the axis, is 2a 4 (1—cos 0), 

If we farther suppose this surface to be bounded Dy its inter. 
section with two planes passing through the axis, and inclined at 
the angle whose are is equal to half the radius, then the induction 
through the surface so bounded is 

(1 —cosd) = 2%, say; 


and = @ = cog7! ¢ = .): 


Tf we now give to ¥ a series of values 1, 2, 3... /, we shall find 
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a corresponding series of values of 8, and if # be an integer, the 
number of corresponding lines of force, including the axis, will be 
equal to 7. 

We have therefore a method of drawing lines of foree so that 
the charge of any centre is indicated by the number of lines which 
convetge to it, and the induetion through any surface cut off in the 
way described is measured by the number of lines of foree which 
pass through it. The dotted straight lines on the left hand side 
of Fig. 6 represent the lines of force due to each of two electrified 
points whose charges are 10 and — 10 respectively. 

If there are two centres of foree on the axis of the figure we 
may draw the lines of foree for each axis corresponding to values 
of ¥, and ¥,, and then, by drawing lines through the consecutive 
intersections of these lines, for which the value of 4,+¥, is the 
same, we may find the lines of force due to both centres, and in 
the same way we may combine any two systems of lines of force 
which are symmetrically situated about the same axis. The con- 
tinuous curves on the left hand side of Fig. 6 represent the lines 
of foree due to the two electrified points acting at once. 

After the equipotential surfaces and lines of foree have been 
constructed by this method the accuracy of the drawing may be 
tested by observing whether the two systems of lines are every- 
where orthogonal, and whether the distance between consecutive 
equpotential surfaees is to the distance between consecutive lines 
of force as half the distance from the axis is to the assumed unit of 
length. 

In the case of any such system of finite dimensions the line of 
foree whose index number is # has an asymptote which passes 
through the centre of gravity of the system, and is inclined to the 
y nee 
me? where /' is the total 
electrification of the system, provided © is less than #. Lines of 
force whose index is greater than / are finite lines. 

The lines of force corresponding to a field of uniform force parallel 
to the axis are lines parallel to the axis, the distances from the 
axis being the square roots of an arithmetical series. 

The theory of equipotential surfaces and lines of foree in two 
dimensions will be given when we come to the theory of conjugate 
functions *, 


axis at an angle whose ensine is 1—2 


* See a paper ‘On the Flow of Electricity in Conducting Surfices,’ by Prof. W. R. 
Smith, Proc, AOS. Edin, W69-70, pr. 7. 


CHAPTER VILL. 
SIMPLE CASES OP ELECTRIFICATION, 


Two Parallel Planes. 


124.] We shall consider, in the first place, two parallel plane 
conducting surfaces of infinite extent, at a distance e from each 
other, maintained respectively at potentials af and 2B. 

It is manifest that in this case the potential /” will be a function 
of the distance z from the plane -f, and will be the same for all 
points of any parallel plane between 1 and #, except near the 
boundaries of the electrified surfaces, which by the supposition 
are at an infinitely great distance from the point considered, 

Henee, Laplace’s equation becomes reduecd to 

er oy 
dee 
the integral of which is 
= G+tG,:; 
and since when : = 0, J = -,and when - =c, / = &B, 


V = A+(BoA)~. 


For all points between the planes, the resultant. electrical force 

is normal to the planes, and its magnitude is 
h= A Be 
fog 

In the substance of the conductors themselves, A? = 0. Lenee 
the distribution of clectricity on the first plane has a surfuce- 
density o, where A-B 

Say > a ees) 

On the other surface, where the potential is 2, the surfaee- 
density o will be equal and opposite to a, and 
Boa 


“ 
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Let us next consider a portion of the first surface whose area 
is S, taken so that no part of § is near the boundary of the 
surface, 

The quantity of electricity on this surface is 4, = So, and, by 
Art. 79, the force acting on every unit of electricity is 4, so that 
the whole force acting on the area S, and attracting it towards 
the other plane, is 


x ] > oF 
F= 4 So = — LS = 
Sa 


Sa 
Here the attraction is expressed in terms of the area 5, the 

dillerence of potentials of the two surfaces (.f—), and the distance 

between them ¢. The attraction, expressed in terms of the charge 

#, on the area S) is Sts 

Le 

The electrical energy due to the distribution of electricity on the 
area S, and that ou an area §’ on the surface 2 delined by projecting 
Son the surface B by a system of lines of force, which in this case 
are normals to the planes, is 

Q = 4 HAt EB), 
mr a 
“NA Gt 
pz 
= te Se, 
si byte, 
a Le, 

The first of these expressions is the general expression of clec- 
trical energy. 

The second gives the energy in terms of the area, the distance, 
and the dillerence of potentials. 

The third gives it in terms of the resultant force /’, and the 
volume Se included between the areas S and 4S’, and shews that the 
energy in unit of volume is p where 8ap = A. 

The attraction between the planes is pS, or in other words, there 
is an electrical tension (or negutive pressure) equal to 7 on every 
unit of area. 

‘The fourth expression gives the energy in terms of the charge. 

The fifth shews that the electrical energy is equal to the work 
which would be done by the electric force if the two surfaces were 
to be brought together, moving purallel to themselves, with their 
electric charges constant. 


152 SIMPLE CASES, [125. 


To express the charge in terms of the difference of potentials, 
we have 1 8 


wT 


1 8 se 
The cocflicient a — = 4 represents the charge due to a differ- 
. Tt i . 


ence of potentials equal to unity. This coeflicient. is called the 
Capacity of the surface S, due to its position relatively to the 
opposite surfice. 

Let us now suppose that the medium betieen the two surfaces 
is no longer air but some other diclectrie substance whose specilic 
inductive capacity is A, then the charge due to a given difference 
of potentials will be A’ times as great as when the dicleetrie is air, 


or AS 


A= (Bf) 
dae 
The total energy will be 
AS 
Q= a= (BHM, 
27 
4 KS byte. 


The force hetween the surfaees will be 
AS (Bb —sN? 
Ae 5 


70 = ps —— Sa 7 
27 4. 
= KS hy . 


Hence the force between two surfaees kept at. piven potentials 
varies directly as A, the specific capacity of the dielectric, but the 
foree between two surfaces charged with given quantities of clec- 
tricity varies inversely as A. 


Lwo Concentric Spherical Surfaces, 

125.] Let two concentrie spherical surfaces of radii a and 4, of 
which @ is the greater, he maintained at potentials 4 and B 
respectively, then it is manifest that the potential /” is a fanetion 
of x the distance from the centre, In this case, Laplace’s equation 
becomes ey 2dF 

ris r dr 
The integral of’ this is 
F=O4C,r'; 
and the condition that #= A when y= a, and = B when v= 4, 
gives for the space between the spherical surfaces, 
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Aa— Bb _A-B en 
a—d a teag 7 
dy A-B , 


R=a—-—-=-: - f 
dy a7 thr) 


If o,, c, are the surface-densities on the opposed surfaces of a 
solid sphere of radius a, and a spherical hollow of radius 4, then 


1 A~B z 1 BHA 
y=), 2-1 2 ope TAP 7A 1 
1 nat a tab’ oO Ag acti} 
If #, and #, be the whole charges of electricity on these surfaces, 
A-—B 
YW = into, = - =—fh,, 
i Teo, Sy yd h, 


. : ¢ ah 
"Nhe capacity of the enclosed sphere is therefore ,-~ - 
a 


If the outer surface of the shell be also spherical and of radius ¢, 
then, if there are no other conductors in the neighbourhood, the 
charge on the outer surface is 

EB, = Be, 


Henee the whole charge on the inner sphere is 
5 ab ; 
y= (AB), 


and that of the outer 
ab 


K+ hy 5 - (B-A)+ Be. 
eT baa 

If we put 4=00, we have the case of a sphere in an infinite 
space. The electric capacity of such a sphere is a, or if is nu- 
merically equal to its radius. 

The electric tension on the inner sphere per unit of area is 

1 6? (d—By 
Ps et a Se 
4 87 a* (6—«a)? 

The resultant of this tension over a hemisphere is ta? yp = # 
normal to the base of the hemisphere, and if this is balaneed by a 
surface tension exerted across the circular boundary of the hemi- 
sphere, the tension on unit of length being 7, we have 


Pea aneT, 
“ | (AB) Be 
Hence = 3 (Gow = Bat’ 
(AB) 
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Tf a spherical soap bubble is electrified to a potential z/, then, if 
its radius is a, the charge will be fa, and the surface-density 
will be 1 4 
Oe a ae 

The resultant electrical foree just outside the surface will be 7, 
and inside the bubble it is zero, so that by Art. 79 the electrical 
force on unit of urea of the surface will be 270%, acting outwards. 
Hence the electrification will diminish the pressure of the air 
within the bubble by 220%, or 


But it may be shewn that if 7’ is the tension which the liquid 
film exerts across a line of unit length, then the pressure from 


m 


within required to keep the bubble from collapsing is 2 e Ifthe 
a 


electrical foree is just sufficient to keep the bubble in equilibrium 
when the air within and without is at the same pressure 


f= 1l6nral. 


Two Lnfinile Coacal Cylindrie Surfaces, 


126.] Let the radius of the outer surface of a conducting cylinder 
he a, and let the radius of the inner surface of a hollow cylinder, 
having the same axis with the first, be 4. Let their potentials 
be < and # respectively, Then, sinee the potential VY is in this 
ease a function of 7, the distance from the axis, Laplace’s equation 
becomes 


cee op dk ear 
ae t rao 
whence Y= C+ C, loge, 


Since / = when ¢ =a, and J’ = #B when + = 4, 


Z : 
log “48 lop is 
pe ys a 


log - 
- a 


If o,, o, are the surface-densities on the inner and outer 
surfiices, 


aA—d BA 


> ito, = 


b 
a lop - log — 
a bear 


Inc, — 
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If #, and #4, are the charges on a portion of the two cylinders of 
length ¢, measured along the axis 
8 ’ 5 ’ 


te 
fy, = 2aelo, = yoy =—t,. 
log - 


The capacity of a length ¢ of the interior cylinder is therefore 
é 
4 aaa “ 
log: ie 
(7 
If the space between the cylinders is occupied by a dielectric of 
specific capacity A instead of air, then the capacity of the inner 
cylinder is es 


The energy of the electrical distribution on the part of the infinite 
cylinder which we have considered is 


, EUR Be 


b 
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Fig. 5. 


127.) Let there be two hollow cylindric conductors 4 and B, 
Big. 5, of indefinite length, having the axis of 2 for their common 
axis, one on the positive and the other on the negative side of the 
origin, and separated by a short interval near the origin of co- 
ordinates, 

Let a hollow eylinder @ of length 2¢ be placed with its middle 
point at a distance w on the positive side of the origin, so as to 
extend into both the hollow cylinders. 

Let the potential of the positive hollow cylinder be uf, that of 
the negative one 2B, and that of the internal one C, and let us put 
a for the capacity per unit. of length of C with respect to a, and 
A for the same quantity with respect to 2, 

The capacities of the parts of the cylinders near the origin and 
near the ends of the inner cylinder will not be aflected by the 
yalue of w provided a considerable length of the inner cylinder 
enters each of the hollow cylinders. Near the cuds of the hollow 
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cylinders, and near the ends of the inner cylinder, there will be 
distributions of electricity which we are not yet able to calculate, 
but the distribution near the origin will not be altered by the 
motion of the inner eylinder provided neither of its ends comes 
near the origin, and the distributions at the ends of the inner 
cylinder will move with it, so that the only effeet of the motion 
will be to increase or diminish the length of those parts of the 
inner cylinder where the distribution is similar to that on an in- 
finite cylinder, 

Henee the whole energy of the system will be, so far as it depends 
On 2, 

Q= ha(/+a2)(C—A?2 +48 (¢—w) (C — B)* + quantities 

independent of x; 
and the resultant foree parallel to the axis of the eylinders will be 
Ve Me = ha(C— N38 (C— 1). 

Ifthe cylinders 4 and 2 are of equal seetion, a = 8, and 

V = a(B—-A) (C—4 (A+ 8)). 

It appears, therefore, that there is a constant force acting on 
the inner cylinder tending to draw it into that one of the outer 
eylinders from which its potential differs most. 

If € be numerically large and 44 8B comparatively small, then 
the force is approximately oy = (B~A)C; 
so that the difference of the potentials of the two cylinders ean be 
measured if we can measure X, and the delicacy of the measurement 
will be increased by raising C, the potential of the inner cylinder. 

This principle in a modified form is adopted in Thomson’s 
Quadrant Electrometer, Art. 219. 

The same arrangement of three cylinders may he used as a 
measure of capacily by connecting B and CG. If the potential of 
A is zero, and that of 2 and C is J, then the quantity of clectricity 
on A will be Ey = (qgt+a(l+a)) 7; 
so that by moving € to the right till 2 hecomes a+&the capacity of 
the cylinder C lecomes increased by the definite quantity ag where 

1 
as al , 
2108 
a and 4 being the radii of the opposed cylindric surfaces. 


CHAPTER IX. 
SPHERICAL HARMONICS. 


On Singular Points at which the Potential becomes Infinite, 


128,] We have already shewn that the potential due to a 
quantity of clectricity ¢, condensed at a point whose coordinates 
are (a, 6, ¢), is re y (1) 

7 
where 7 is the distance from the point: («, 4, ¢) to the point (u, y, =), 
and /° is the potential at the point (w, y, 2). 

At the point («, 4, e) the potential and all its derivatives become 
infinite, but at every other point they are finite and continuous, 
and the second derivatives of 7” satisfy Laplace's equation. 

Hence, the value of 7’) as given by equation (1), may he the 
actual value of the potential in the space outside a closed surface 
surrounding the point (a, 4, ¢), but we eannol, exeept. for purely 
mathematical purposes, suppose this form of the function to hold 
up to and at the point («, 4, ¢) itself. For the resultant foree close 
to the point would be infinite, a condition which would necessitate 
a discharge through the dielectric surrounding’ the point, and 
besides this it would require an infinite expenditure of work to 
charge a point with a finite quantity uf electricity. 

We shall call a point of this kind an infinite point of degree zero. 
The potential and all its derivatives at. such a point are infinite, 
but the product of the potential and the distance from the point 
is ultimately a finite quantity ¢ when the‘distance is diminished 
without limit. This quantity ¢ is called the chuzye of the infinite 
point. 

This may be shewn thus, If /’ be the potential due to other 
electrified bodies, then near the point J” is everywhere finite, and 
the whole potential is . e 


whence Ppa Vr te. 
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When + is indefinitely diminished 7°’ yemains finite, so that 
ultimately fai ai dh 

129.) There are other kinds of singular points, the properties of 
which we shall now investigate, but, before doing so, we must define 
some expressions which we shall find useful in emancipating our 
ideas from the thraldom of systems of coordinates. 

An avis is any definite direction in space. We may suppose 
it, defined in Cartesian coordinates by its three direetion-cosines 
/, m,n, or, better still, we may suppose a mark made on the surface 
of a sphere where the radius drawn /row the centre in the direction 
of the axis meets the surface. We may eall this point the Pole 
of the axis. An axis has therefore one pole only, not two. 

If through any point 2, y, 2a plane be drawn perpendicular to 
the axis, {he perpendicular from the origin on the plane is 


Pos fede my + ne. : (2) 
The operation — d d d 
> al >") : 
dh the: ave dy ay dy oo 


is called Differentiation with respect. to an axis 4 whose direction- 
cosines are (, m, x 

Different axes are distinguished by different suflixes, 

The cosine of the angle between the veetor 7 and any axis 4; 
is denoted by a,, and the veetor resolved in the direction of the 
axis by y;, where 


Apr Gutmy+u;s = p;. (1) 
The cosine of the angle between two axes 4; and 2, is denoted hy 
Hi; Where Mey = Cbs my my bn; (4) 


From these definitions it is evident, that 


dr Ai 

dh = My (6) 
Up; dp, - 
th = Bi iy? 7) 
@n, Misa a Ny 

dhy oP (8) 


Now let. us suppose that. the potential at the point (a, y, 2) due 
toa singular puint of any degree placed at the origin is 
ALP (a, Vs x). 
WH’ such a point be placed at the extremity of the axis 4, the 
potent tal at (r, y, 2) will be 
Ufi(e—lh), (y-wh), (r— wh)); 
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and if a point in all respects equal and of opposite sign be placed 
at the origin, the potential due to the pair of points will be 


P= Mf {(r—dh), (y—mbh), (2—nh)}-— Mf (7, y, 2), 


d gt eos ” 
=— Mh a I (a, y=) +terms containing 22. 


If we now diminish 2 and increase 7 without, limit, their product 
MA yemaining constant and equal to 3’, the ultimate value of the 
potential of the pair of points will be 


, nal 
Mal f(ny,2. (9) 


If /(r, y, 2) satisfies Laplace’s equation, then 7%, which is the 
difference of two functions, each of which separately satisfies the 
equation, must itself’ satisfy it. 

H' we begin with an infinite point of degree zero, for which 


r= Mgt) (10) 
we shall get for a point of the first degree 
: diy 
,=-] 1 dh, fe: 
=U, 2! = a, ae (11) 


A point of the first degree may be supposed to consist of tivo 
points of degree zero, having equal and opposite charges J/, and 
—AM,, and placed at the extremities of the axis 4, The length 
of the axis is then supposed to diminish and the magnitude of’ the 
charges to increase, so that their product 4/4 is always equal to 
M,. The ultimate result of this process when the two points 
coincide is a point of the first degree, whose moment is Af, and 
whose axis is 4;. A point of the first degree may therefore be 
ealled a Double point. 

By placing two equal and opposite points of the first degree at 
the extremities of the second axis 4,, and making J/,/, = Al,, we 
get by the same process a point of the second degree whose potential 


18 : di. 
Wer Ms cig) 
dy 


eae 


3A AL By ; 
oe ae ee (12) 


2 ay 
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We may call a point of the second degree a Quadruple point, 
hecause it is construeted by making four points approach each 
other It. has two axes, A, and 4,, aud a moment M,. The di- 
reetious of these two axes and the magnitude of the moment eom- 
pletely define the nature of the point. 

130.] Tet us now consider an infinite point of degree / having 
7 axes, cach of which is defined by a mark on a sphere or by two 
angular coordinates, and having also its moment Af,, so that it is 
defined by 2/41 independent quantities, Its potential is obtained 
by differentiating J, with respect to the / axes in succession, so 
that if may be written 


. ‘Gg 1 
a — \i ] E f - ew se 2 
Pea eae) ee r C18) 
The result. of the operation is of the form 
: : y. 
Le NE srs (1-4) 


where J, which is called the Surface Harmonic, is a fimetion of the 
F cosines, Ay... A, of the angles between and the i axes, and of the 
2/(/— 1) cosines, yy,, &e. of the angles between the different axes 
themselyes, In what follows we shall suppose the moment. J/; unity. 

Every term of J, consists of products of these cosines of the form 

Byer Bap ees Basten Agee Ags 

in which there are « cosines of angles betiveen two axes, and /—2s 
cosines of angles between the axes and the radius vector, As cach 
axis 1s introduced by one of the é processes of differentiation, the 
symbol of that axis must occur once and only onee among the 
suffixes of these cosines, 

Henee in every such product. of cosines all the Indices occur 
onee, and none is repeated. 

The number of different products of ¢ cosines with double suflixes, 
and /~ 28 cosines with single suffixes, is 

i 
5 ee . (15) 


é a . 
a4 oy i~2s 


For if we take any one of the V different terms we ean form 
from it 2* arrangements hy altering the order of the suffixes of the 
cosines with double suffixes. From any one of these, again, we 
can form s arrangements by altering the order of these cosines, 
and from any one of these we can form i—2s arrangements by 
altering the order of the cosines with single suflixes. Henee, with- 
ont altering the value of the term we may write it in 2.8 i-2s 


_—_—. 


TG CORE Te 


Gperernccnct Mbaitet 
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rexN 


x 
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different ways, and if we do so to all the terms, we shall obtain 
the whole permutations of 7 symbols, the number of which is !7. 

Let the sum of all terms of this kind be written in the ab- 
breviated form S (ai-2" p"), 

If we wish to express that. a particular symbol 7 ocenrs among 
the A’s only, or among the y’s only, we write it as a suffix to the A 
or the uw. Thus the equation 

> (Aim 28 yA) a >> Oi py+e (AF? 2) (16) 
expresses that the whole system of terms may be divided into two 
portions, in one of which the symbol 7 occurs among the direction- 
cosines of the radius vector, and in the other among the cosines 
of the angles between the axes. 

Let us now assume that up to a certain value of ¢ 

Fy = Ay S08) 4 Aig 3 (A? pl) + Be. 

+A, 5 (Amp) + &e. (17) 

This is evidently true when 7=1 and whenz=2. We shall shew 

that if it is trne for 7 it is true for 7+1. We may write the series 

p= S {A E (aH pd}, (18) 

where § indicates a summation in which all values of s not. greater 
than 42 are to be taken. 

Multiplying by ‘¢ r-@+)), and remembering that p; = 7A,, we 
obtain by (14), for the value of the solid harmonic of negative 
degree, and moment unity, 

R= it S{a,, geen ttl Y Cpe te aay} (19) 

Differentiating J; with respect to a new axis whose symbol is 
J, we should obtain /;,, with its sign reversed, 
ey Tires = | . S {A, (28—2i- 1) 722i by (p. poe at) 

+4; peecstol NS Nv (pret Ty ab Nh (20) 

Tf we wish to obtain the terms containing s cosines with double 
suflixes we must diminish s by unity in the second term, and we find 

Fey = ES {78-3 4, (29-27 —1) S (pit pw) 

Aj ay ETT a). 
Tf we now make 
A, (28—2i—-1) = Ay S41) Aig (22) 
then Lape EES ag gS ee, (23) 
and this value of //,, is the same as that obtained by changing ¢ 
VOL. 1. M 


2 ere cercrete onc sone = ema 
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into ¢-+1 in the assumed expression, equation (19), for fj. Wenee 
the assumed form of /;, in equation (19), if true for any value of ¢, 
is true for the next higher value, 

To find the value of ‘ley, pat s == 0 in equation (22), and we find 


21+] 


Aig} (24) 


al; tho = 


i+] 


and therefore, since «1, 1s unity, 


and from this we obtain, by equation (22), for the general value of 
the coelflicient 


iy = (=I ge (26) 


: [2i-~2¢ : 
H=S((—1) aT yates). (27) 


This is the most general expression for the spherical surface- 
harmonic of degree i. If 3 points on a sphere are given, then, if any 
other point 2 is taken on the sphere, the value of J’, for the point 
P isa function of the ¢ distances of P from the 7 points, and of the 
$¢(é—1) distances of the points from each other. ‘These ¢ puints 
may be called the Poles of the spherical harmonic. Each pole 
muy be defined by two angular coordinates, so that the spherical 
harmonic of degree i hag 2/ independent constants, exclusive of its 
moment, A/,, , 

131.] ‘The theory of spherical harmonics was first given hy 
Laplace in the third book of his Mécanique Celeste. The harmonies 
themselves are therefore often called Laplace's Cocfticionts, 

They have generally been expressed in terms of the ordinary ; 
spherical coordinates @ and p, and contain 2/41 arbitrary con- 
stants. Gauss appears* to have had the idea of the harmonic 
being determined by the position of its poles, but I have not met 
with any development of this idea. : 


In numerical investigations I have often been perplexed on ac- = 
count of the apparent want of definiteness of' the idea of a Laplace's “a 


Coefficient or spherical harmonic. By conceiving: it as derived by 
F ayo Saye a ; 

the successive differentiation of - with respect to i axes, and as 

expressed in terms of the positions of its 7 poles on a sphere, I 


* Gauss, Werke, bd.v. s. 361, 
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have made the conception of the general spherical harmonic of any 
integral degree perfectly definite to myself, and I hope also to those 
who may have felt the vagueness of some other forms of the ex- 
pression, 

When the poles are given, the value of the harmonic for a given 
point on the sphere is a perfectly definite numerical quantity. 
When the form of the funetion, however, is given, it is by no 
means so easy to find the poles except for harmonies of the first 
and second degrees and for particular cases of the higher degrees, 

Hence, for many purposes it is desirable to express the harmonie 
as the sum of a number of other ee each of which has its 
axes disposed in a symmetrical manner 


Symmetrical Systen. 

132.] The particular forms of harmonies to which it is usual to 
refer all others are deduced from the general harmonic by placing 
i—o of the poles at one point, which we shall call the Positive Pole 
of the sphere, and the remaining o poles at equal distances round 
one half of the equator. 

In this case Ay, Ag)... A;-¢ are each of them equal to cos 0, and 
Aisi + Ay are of the form sin 0 cos(—/3). We shall write » for 
cos 0 and v for sind. 

Also the value of yj is unity if jand 7’ are both less than i—o, 
aro When one is greater and the other less than this quantity, 


7 
und eos x — when both are greater. 
(om 


When all the poles are concentrated at the pole of the sphere, 
the harmonic becomes a zonal harmonic for which o = 0. As the 
zonal harmonic is of great importance we shall reserve for it the 
symbol Q,. 

We may obtain its value cither from the trigonometrical ex- 
pression (27), or more directly by pee thus 


Q@ =(-1) oe = (28) 
1.3.5...(27—1)f ,  #@—-1) ,, Sg ay eee ew vsute 
men oe ae as moran arya 
= ee ys ; oboe a wine tL (29) 
Nel. Qf nv ‘i—nii-2u ) 


It is often convenient to express Q; as a homogencous function of 
cos @ and sin @, which we shall write # and vy respectively, 
M2 
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— y t#i~1) slips *(¢—1)(/—2) (¢—8) oe ae 
ae ae B Mg 8 on eee a vp! —&e, 
ei Ma Lt dei 
= £, (—1) Ca ro (30) 


In this expansion the coefficient of B; is unity, and all the other 
terms involve ». Hence at the pole, where w=1 and y=0, Q,;=1. 

It, is shewn in treatises on Laplace’s Coefficients that. Q; is the 
coefficient of A in the expansion of (1 — 2h + he) 3, 

The other harmonies of the symmetrical system are most con- 
veniently obtained by the use of the imaginary coordinates given by 
Thomson and Tait, Naural Philosophy, vol. i. p. 148, 

fa ry J-1y, i /=Ty. (31) 

The operation of differentiating with respect to o axes in sue- 


F ee Te : 
ecssion, whose directions make angles — with each other in the 
fom 


plane of the equator, may then be written 
ae ade de 

hyd, ~ ae * Tye 

The surface harmonic of degree i and type a is found by 


(32) 


differentiating = with respect. to @ axes, o of which are at equal 
intervals in the plane of the equator, while the remaining i—« 
eoincide with that of <, multiplying the result by 2+? and dividing 
by |#. Hence 


; i+] fi-e ja d® 1 
7) ¢ yy sisi ce Sos ) CE 33 
J on G1) ,t sive Cr a5 ie (;): 2) 
i i2s . gi-e ] 
= (—])\i-a. asa or oO) at+1 i! 3. 
= ( 1) 2s i Pe (€ +17 )7 die pote (34) 
Now E+? = 27° v* cos (ag +8), (35) 
a | ioe te “ . 
and dba per F (—1) Soe re - ), (36) 


jtte x = 

Hence y? = 2 ghey i eee gy oo (rp+ 8), (37) 
where the factor 2 must he omitted when « = 0. 

The quantity oe is a function of 9, the value of which is given 


in Thomson and Tait’s Natural Philosophy, vol. i. py. 149. 
It may be derived from Q; by the equation 


(2) im-ojio de 
S he deere Te On ae 


where Q; is expressed as a function of 2 only. 


weed eZ Ll ARREST 
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Performing the dilferentiations on Q; as given in equation (29), 
we obtain 


No 


ae a ale le oki Oe ! - (39) 


yi-e lita, 2 i-aiimamln 
ieocecereeten, ES me, SF cones Nir, Se deine ete eb 


We may also express it as a homogeneous function of wand py, 


oc . 
$7) = v2} (—1)" Bare touees poriien (40) 
In this expression the coefficient of the first term is unity, and 
the others may be written down in order by the application of 
Laplace’s equation. 
The following relations will be found useful in Electrodynamics. 
They may be deduced at once from the expansion of Q,. 


do, 2 
1 O-Qinr = ee tgs, (41) 


ae =o 
1 ,¢Q; t+) 


Qi 1-H Q; = 7 v dja 


=i tl yd, (42) 


9 Wi 


On Sulid Harmonies of Positive Degree. 
133.] We have hitherto considered the spherical surface harmonic 
Yas derived from the solid harmonic 


2 


ne 
Nast Mio 


This solid harmonic is a homogeneous function of the coordinates 
of the negative degree —(¢4+1). Its values vanish at an infinite 
distance and lavcome infinite at the origin. 

We shall now shew that to every such function there corresponds 
another which vanishes at the origin and has infinite values at an 
infinite distance, and is the corresponding solid harmonic of positive 
degree ¢. 

A solid harmonic in general may be defined as a homogeneous 
function of «, y, and z, which satisfies Laplace’s equation 

CP APL AEF 
Gis ie 


Let //, be a homogenous function of the degree /, such that 


fe — eee) Pea fe al (43) 
; ; . dl; 
Then et = (204 Iriel + AUS, 
ae 
HAL, : é OR a eee wetrtllye y tet ale 
ae: =(26 41) (Qi Vat AY 224 Ire tt oe 
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Hence 
ii, atl, PTT, 
dat ye ds® 


th, gts 1A gig (lh A 
ry é 24. 4 1) 
(2 dy * Fly be )t? (ait ais jan) ( 


Now, sinee 7; is a homogeneous function of negative degree /+ 1, 
a: a, al; 
Cie lis ales 

The first. two terms therefore of the right hand member of 
equation (44) destroy each other, and, since J; satisfies Laplace’s 
equation, the third term is zero, so that //; also satisfies Laplace's 
equation, and is therefore a solid harmonic of degree é. 

We shall next shew that the value of //, thus derived from /; is 
of the most general form. 

A homogeneous function of a, ¥, ¢ of degree ¢ contains 


b+1) G42) 


age TT, ” aH, ze aH, 
, by dy? dz? 
is & homogencous function of degree /—2, and therefore contains 
$¢(¢—1) terms, and the condition y*H,; = 0 requires that cach of 
these must vanish. mee are therefore 42(/—1) equations between 
the coefficients of the 4¢4+1)(¢+2) terms of the homogencons 
function, leaving 2i+1 independent constants in the most general 
form of //;. 7 

But we have seen that J; has 2741 independent constants, 
therefore the value of J/, is of the most general form. 


AUB, (45) 


terms. But 


Application of Solid Harmonics tu the Theory of Electrified Spheres, 

134.] The funetion J; satisfies the condition of vanishing at. 
infinity, but docs not satisfy the condition of being everywhere 
finite, for it becomes infinite at the origin, 

The function //, satisfies the condition of being finite and con- 
tinuous at finite distances from the origin, but does not satisly the 
condition of vanishing at an infinite distance. 

But if we determine a closed surthee from the equation 


I; = TTI., (16) 


and make J/, the potential fanction within the closed surface and 
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T; the potential outside it, then by making the surface-density o 
satisfy the characteristic equation 

di, di, 

ae +i7to = 0, (47) 
we shall have a distribution of potential which satisfies all the 
conditions, 

It: is manifest that if /7, and J; are derived from the same value 
of ¥,, the surface //, = J; will be a spherical surface, and the 
surface-density will also be derived from the same value of J;, 

Let « be the radius of the sphere, and let 


oe Paes 2 
Hl, = Ar'd;, I= Boa o= CY,. (48) 
Then at the surface of the sphere, where 7 = @, 
3 
Ad = cae 
nd * a SL 4m 
5 dy dr oy 
; B oe : 
or (+1) +iatdA = an; 
whenee we find J/, and J; in terms of C, 
i ; C At 
i= Res aes ve i= ae _ i (49) 
dit). ai! ae 


We have now obtained an clectrified system in which the potential 
is everywhere finite and continuous. This system consists of a 
spherical surface of radius a, electrified so that the surface-density 
is everywhere C'Y;, where C is some constant density and J; is 
surface harmonic of degree i. The potential inside this sphere, 
arising from this electrification, is every where //;, and the potential 
outside the sphere is /;. 

These values of the potential within and without the sphere 
might have been obtained in any given case by direct integration, 
but the labour would have been great and the result applicable only 
to the particular case, 

135.] We shall next consider the action between a spherical 
surface, rigidly clectrified according to a spherical harmonic, and 
an external electrified system which we shall eall 7. 

Let I be the potential at any point due to the system FE, and 


VF, that due to the spherical surface whose surface-density Isc. 


tte ee rene 
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Then, by Green's theorem, the potential energy of & on the 
electrified surtace is equal to that of the electrified surface on 4, or 


[[ Fo US = ST dh (50) 


where the first integration is to be extended over every element. (2S 
of the surface of the sphere, and the summation ¥ is to be extended 
to every part ZH of which the electrified system # is composed, 

But the same potential function 7 


may he produced by means 
of a combination of 2° clectrifie 


d points in the manner already 
described. Let us therefore find the potential energy of # 
such a compound point, 


on 


If A, is the charge of a single point of degree zero, then J/, 4° 


is the potential energy of Fon that point, 
If there are two such puints, a positive and a hegative one, at 
the positive and negative ends of a line 4,, then the potential energy i 
of £ on the double point will be g 
- rae é 

oy ne 3 dh parece aett 4 

MT + MV td, Te A dh +e.) ; ; 

and when I/, increases and 4, diminishes indefinitely, but so that i 
MA, = JM,, if 

i 

the value of the potential energy will be fora point of the first degree 8 
ap ig 

pele R 

‘dh, ie 

Similarly fora point of degree ¢ the potential energy with respeet. : 
to / will be : 


dif 
hy dha... hy, 


er aed 


tt oan 
Be Ae 


This is the value of the potential energy of / upon the singular 
point of degree i, That of the singular point on # is S/d, and, 
by Green's theorem, these are equal. Hence, hy equation (50), 


. ap 
[ [reas = df, hy. th.” 


Ie = CV, where C js a const 


ant quantity, then, by equations 
(19) and (1-1), 


Vv _ an’ aite (51) 
ane aes | 
Henee, if 1 ig any potential function whatever which satisfies 


Liplace’s eqiation within the spherical surfaee of radius a, then the 
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integral of /Y,dS, extended over every element 8, of the surface 
of a sphere of radius 4, is given by the equation 


es In ait? ap 
PYdS = -- 00-04 meet ny 
IJ CE Ee eT yl ee) 
where the differentiations of /” are taken with respect to the axes 
of the harmonic F;, and the value of the differential coefficient is 
that at the eentre of the sphere. 
136.] Let us now suppose that / is a solid harmonic of positive 
degree 7 of the form one 
/ = quis (53) 
At the spherical surface, 7 = a, the value of J” is the surface har- 
monic 2%, und equation (52) beeomes 
re dm al-it? LP) Re 


[[%Xas = Le See Wh a 


where the value of the dillerential cocflicient is that at the centre 
of the sphere. 

When ¢ is numerically different from /, the surface-integral of 
the product VV; vanishes. For, when ¢ is less than /, the result 
of the differentiation in the second member of (54) is a homogeneous 
function of 2, y, and z, of degree j—i, the value of which at the 
centre of the sphere is zero, If ¢ is equal to / the result is a constant, 
the value of which will be determined in the next article. If the 
diflerentiation is carried further, the result is zero. Henee the 
surfaee-integral vanishes when é is greater than /, 

137.) The most important case is that in which the harmonic 
r/¥, ts differentiated with respect to é new axes in suceession, the 
numerical value of 7 being the same as that of ¢, but the directions 
of the axes being tn general different. The final result in this ease 
is a constant quantity, each term being the product of ¢ cosines of 
angles between the different axes taken in pairs. The general 
form of such a product may be written symbolically 


Haat Baa” Mag 
which indicates that there are s cosines of angles between pairs of 
axes of the first system and s between axes of the second system, 
the remaining /—2s cosines being between axes one of which 
belongs to the first and the other to the second system. 
In each product the suffix. of every one of the 2¢ axes occurs 


onee, and once only. 
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The number of different, products fora given yalue of » is 


(ip 

NV = \. . 3s) 

2" 8s )P i-2s (95) 

The final result js easily obtained hy the sneeessive differen- 


tiation of 


” I f a “= pe j--Ja oe 
7,V,= Re 5 {(—1) Bin gly? XY (pi-# uy}. 


Dillorentiating this / times im succession with respect. to the new 
ixes, so as to obtain any viven combination of the axes in pairs, 
we fnd that in differentiating »2* with respect to s of the new axes, 
Which are to he combined with other axes of the new system, we 
introduce the numerical factor 25 (26—2)...2, or 218. In con- 
linuing the differentiation the »'s become eonverted into ps, but. 
ho numerical factor is introduecd. Fence 


dt . 1 2i-2s s 


dh, dh, nips a s {(— De Qi 2a 


fc 

Substituting this result in equation (51) we find for the value of 

the surface-inteoral of the product of two surfice harmonies of the 
same degree, taken over the surfice of a sphere of radius a, 

“Petes Ame 2i—2Qs 

[adds ; ae 


Gi) (NOUS 


‘ 
4 


= (M,;" Bytes h “*)} (57 


ae 


This quantity differs from zero only when the two harmonics ure 
of the same degree, and even in this case, when the distribution of 
the axes of the one system bears a certain relation to the distribution 
of the axes of the other, this integral vanishes. In this case, the 
tivo harmonies are said to he conjugate to cach other. 


Ou Conjugate Harmonics, é 


138.) If one harmonie js given, the condition that a second 
harmonie of the same degree may be conjugate to it is expresse(l 
by equating the right hand side of equation (57) {0 zero, 

Ifa third harmonie is to he found conjugate to both of these 
there will he two equations which must he satisfied by its 23 
varmbles. 

If we go on constructing new harmonics, cach of which is ¢on- 
Jugate to all the former harmonics, the variables will be eontinnally 
more and more restricted, till at last the (27+ 1)th harmonie will 
have all its variables determined by the 2/ equations, which must 
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he satisfied in order that it may be conjugate to the 2/ preceding 
harmonics. 

Hence a system of 2/+1 harmonies of de@ree i may be eon- 
structed, cach of which is conjugate to all the rest. Any other 
harmonic of the same degree may be expressed as the sum of this 
system of conjugate harmonies cach multiplied by a cueflicient. 

Phe system deseribed in’ Art. 132, consisting of 27-41 har- 
monics symmetrical about a single axis, of which the first is zonal, 
the next /—1 pairs tesseral, and the last pair sectorial, is a par- 
ticular case of a system of 22741 harmonies, all of which are 
conjugate to each other. Sir W. Thomson has shewn how. to 
express the conditions that 2/41 perfectly general harmonics, 
cach of which, however, is expressed as a linear function of the 
2741 harmonies of this symmetrical system, may he conjugate 
to cach other, These conditions consist of / (274-1) linear elit 
tions couneeting the (27+ 1)? .coeflicients which enter into the 
expressions of the general harmonics in terms of’ the symmetrical 
harmonies, 

Professor Clifford has also shewn how to form a conjuzate systein 
of 2741 sectorial harmonics having different poles. 

Both these resul{s were communicated to the British Association 
in 1871, 

139.] Tf we take for J’; the zonal harmonic Q,, we obtain a 
remarkable form of equation (57). 

Tn this case all the axes of the second system coineide with each 
other. 

The cosines of the form j;; will assume the form A where A is the 
cosine of the angle between the common axis of Q, and an axis of 
the first system. 

The cosines of the form p,, will all become equal to unity. 

The number of combinations of ¢ symbols, cach of which is 
distinguished by two out of / suffixes, no suffix being repeated, is 

r i ~ 
N= ine pla? (58) 
and when each combination is equal to unity this number represents 
the sum of the products of the cosines yj; or X (y,,/"). 
The number of permutations of the remaining /—2s symbols of 


the second set of axes taken all to@ether is i-2s,  Henee 
Stef Sas SN (59) 


Hquation (57) therefore beeames, when J; is the zonal harmonic, 


Pae ee a 


aay 


RES Rs 
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ES pate dre pte PSOE Aho, 
tI VQ; d8 = (aig tyes SHOU ger Bare}, 
ima ., ; 
= 9741 Tags (G0) 


where J%,;, denotes the value of Y; in equation (27) at the common 
pole of all the axes of Q;. 

140.] ‘This result is a very important one in the theory of 
spherical harmonies, as it leads to the determination of the form 
ofa series of spherical harmonies, which expresses 2 function having 
any arbitrarily assigned value at each point of a spherical surface. 

For let # be the value of the function at any given point of the 
sphere, say at the centre of gravity of the clement of surface dS, 
and let Q, be the zonal harmonie of degree i whose pole is the point 
P on the sphere, then the surfuce-integral 


| fre, as 


extended over the spherical surface will be # spherical harmonic 
of degree é, because it is the sum of a number of zonal harmonies 
whose poles are the various elements 2, each being multiplied by 
FUS. Uenee, if we make 


vA 


Gg [/P Qa, (61) 


Amat f, 
we may expand /' in the form 


LS Ali +4, VYi+&e+ 4,0, (62) 
or 


f=, 1 |] #0 aS+ 3[ [Quis Se. (2/4 n/ va, sy - (63) 


This is the celebrated formula of Laplace for the expansion in 
a series of spherical harmonies of any quantity distributed over 
the surface of a sphere. In making use of it we are supposed to 
take a certain pot P on the sphere as the pole of the zonal 
harmonic Q,, and to find the surface-integral 


[[ #Q.as 


aver the whole surface of the sphere. ‘The result of this vperation 
When multiplied by 2/41 gives the value of AY, at the point /, 
and by making P travel over the surface of the sphere the value of 
AV; at any other point may be found, 
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But 4,¥;, is a general surface harmonic of degree 7, and we wish 
to break it up into the sum of a series of multiples of the 2/+ 1 
conjugate harmonies of that degree. 

Let 2? be one of these conjugate harmonies of a partienlar type, 
and let B; PB be the part of 4,V, belonging to this type. 

We must first. find pp 

M= {| PRA, (64) 
which may be done by means of equation (57), making the second 
act of poles the same, each to each, as the first set. 

We may then find the coellicient 2B, from the equation 


af 


ie 57 | PRAS. (G5) 


Yor suppose /’ expanded in terms of spherical harmonies, and let 
B, 7; be any term of this expansion. Then, if the degree of 7? is 
different from that of 2, or if, the degree being the same, 2 is 
conjugate to /?, the result of the surface-integration is zero. Hence 
the result of the surface-integration is to select. the coefficient of the 
harmonic of the same type as 1? 

The most remarkable example of the actual development of a 
function in a series of spherical harmonics ts the ealeulation by 
Gauss of the harmonics of the first four degrees in the expansion 
of the magnetie potential of the earth, as deduced from observations 
in various parts of the world. 

He has determined the twenty-four coefficients of the three 
conjugate harmonies of the first degree, the five of the second, 
seven of the third, and nine of the fourth, all of the symmetrical 
‘system. The method of calculation is given in his Generud Theory 
of Terrestrial Magnetism. 

141.] When the harmonic P, belongs to the symmetrical system 
we may determine the surlace-integral of its square extended over 
the sphere by the following method. 

The value of 7 J(2 is, by equations (31) and (36), 
jit 


Fe a ee 
‘ 27 i 


i—a}(?—a—-1) , oa q 
(ere) (srt CONES atest be.) 
and by equations (33) and (54), 
ra 4n at fie , dt dt ' 
7 (a)\2 ee I cerita ed PNeeee Ry Renee + pay 
[fos = ,2@ 2e+1 dzi-? (ag y 2) (7, ): 


Performing the differentiations, we find that the only terms 
which do not disappear are those which contain --¢. Hence 
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i ; Brat jira i-o¢ ht 
A cea | 66 
II Teds = oe a (G6) 
except when o = 0, in which case we have, hy equation (60), 
Py tama? 
Ove 67) 
Lf ei) Yes] ( 


These expressions give the value of the surface-integral of the 
square of any surface harmonic of the syminetrical system, 

We inay deduce from this the value of the integral of the square 
of the function § co, given in Art, 132, 


Ngai 2 Bie ina (ja 
| , (Pp se ee ET (68) 


This value is identical with that given by Thomson and Tait, and is 
true without exception for the ease in which o = 0, 

142.) The spherical harmonies which T have described are those 
of integral degrees. To enter on the consideration of harmonics 
of fractional, irrational, 
Which is to give as clear an idea as T can of what these harmonics 
are. IT have done go hy referring the harmonic, not to a system 
of polar coordinates of lititude and longitude, or to Cartesian 
courdinates, but to a number of points on the sphere, which I 
have ealled the Poles of the harmonic. Whatever be the type 
of a harmonie of the degree /, it is always mathematically possible 
fo find ¢ points on the sphere which are its poles, ‘The actual 
tleulation of the position of these poles would in general involve 
the solution of a system of 2/ equations of the degree i. The 
conception of the gencral harmonic, with its poles placed in any 
manner on the sphere, is useful rather in fixing our ideas than in 
making caleulations. For the latter purpose it is more convenient, 
to consider the harmonic as the sum of 2741 conjugate harmonics 
of selected types, and the ordinary symmetrical system, in which 
polar coordinates are used, is the most convenient. In this system 
the first type is the zonal harmonie Q;, in which all the axes 
coincide with the axis of’ polar coordinates. The scvond type is 
that in whieh /—1 of the poles of the harmonic coincide at the pole 
of the sphere, and the remaining one is on the equator at the origin 
of longitude. In the third type the remaining: pole is at 90° of 
longitude. 

In the same Way the type in which i—¢ poles coincide at the 
pole of the sphere, and the remianing o are plaeed with their axes 


or impossible degrees is beyond my purpose, 
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at equal intervals ™ round the equator, is the type 2c, if one of the 
rT 


poles is at the origin of longitude, or the type 2o+41 if it is at 
longitude x 

143.] It appears from cquation (60) that it is always possible 
to express a harmonie as the sum of a system of zonal harmonics 
of the same degree, having their poles distributed over the surface 
of the sphere. The simplification of this system, however, does not 
appear easy. I have however, for the suke of exhibiting to the 
eye some of the features of spherical harmonics, calculated the zonal 
harmonies of the third and fourth degrees, and drawn, by the 
method already described for the addition of functions, the equi- 
potential lines on the sphere for harmonics which are the sums of 
two zonal harmonics. See Figures VI to IX at the end of this 
volume, 

Tig. VI represents the sum of two zonal harmonies of the third 
degree whose axes are inclined 120° in the plane of the paper, and 
the sum is the harmonic of the second type in which o = 1, the axis 
being perpendicular to the paper. 

In Hig, VII the harmonic is also of the third degree, but the 
axes of the zonal harmonies of which it is the sum are inclined 
gu’,and the result is not of any type of the symmetrical system. 
One of the nodal lines is a great cirele, but the other two which are 
intersected by it are not circles. 

ig. VIIT represents the difference of two zonal harmonics of 
the fourth degree whose axes are at right angles. The result is a 
tesseral harmonic for which ¢ == 4,0 = 2. 

iy. IX represents the sum of the same zonal harmonies. The 
resulf gives some notion of ong type of the more general har- 
monic of the fourth degree. In this type the nodal line on the 
sphere consists of six ovals not intersecting each other, Within 
these ovals the harmonic is positive, and in the sextuply connected 
part of the spherical surface which lies outside the ovals, the har- 
monic is negative, 

All these figures are orthogonal projections of the spherical 
surface. 

IT have also drawn in Fig. V a plane section through the axis 
of a sphere, to shew the equipotential surfaces and lines of force 
due to a spherical surface electrified according to the values of 2 
spherical harmonie of the first degree. 
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Within the sphere the equipotential surfaces are equidistant 
planes, and the lines of foree are straight. lines parallel to the axis, 
their distances from the axis being as the square roots of the 
natural numbers. The lines outside the sphere may be taken as a 
representation of those which would be due to the earth’s magnetism 
if it. were distributed according to the most simple type. 

144.) It appears from equation (52), by making ¢= 0, that. if 
J’ satisfies Laplace’s equation throughout the space occupied by a 
sphere of radius a, then the integral 


aot 


/| PdS= Anal, (69) 


where the integral is taken over the surface of the sphere, @S being 
an element of that surface, and /|, is the value of /’ at the centre 
of the sphere. This theorem may be thus expressed. 

The value of the potential at the centre of a sphere is the mean 
value of the potential for all points of its surface, provided the 
potential be due to an electrified system, no part of which is within 
the sphere. : 

Tt follows from this that if J” satisfies Laplace’s equation throngh- 
out a certain continuous region of space, and if, thronghout a 
finite portion, however small, of that space, 7°is constant, it will 
be constant. throughout the whole continuous region. 

If not, let the space throughout which the potential has a 
constant value C be separated by a surface § from the rest of 
the region in which its values differ from C, then it will always 
be possible to find a finite portion of space touching § and out- 
side of it in which /"is cither everywhere greater or everywhere 
less than C. 

Now describe a sphere with its centre within $, and with part 
of its surface outside S, but in a region throughout which the value 
of J’ is everywhere vreater or everywhere less than C. 

Then the mean value of the potential over the surface of the 
sphere will be greater than its value at the centre in the first case 
and Jess in the second, and therefore Laplaece’s equation cannot 
he satisfied throughout the space occupied by the sphere, contrary 
to our hypothesis. It follows from this that if 7=C throughout 
any portion of a connected region, /=C' throughout the whole 
of the region which can be reached in any way by a hody ot 
finite size without passing through electrified matter. (We sup- 
pose the hody to be of finite size because a region in which 7” is 
constant may he separated from another region im whieh it is 
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variable by an electrified surface, certain points or lines of which 
are not electrified, so that a mere point might pass out of the 
region through one of these points or lines without passing 
through electrified matter.) This remarkable theorem is due to 
Gauss, See Thomson and Tait’s Nudural Philosaphy, § 197. 

It may be shewn in the same way that if throughout any finite 
portion of spuce the potential has a value which can be expressed 
hy a continuous mathematical formula satisfying Laplace’s equation, 
the potential will be expressed by the same formula throughout 
every part of space which can Le reached without passing through 
electrified matter. 

Vor if in any part of this space the value of the function is 7”, 
different from 7’, that given by the mathematical formula, then, 
since both /” and ?”’ satisfy Laplace’s equation, U = V’—J" does. 
But within a finite portion of the space UV = 0, therefore by what 
we have proved U = 0 throughout the whole space, or /'’= 7. 

145.] Let ¥; be a spherical harmonic of i degrees and of any 
type. Let any line be taken as the axis of the sphere, and let the 
harmonic be turned into x positions round the axis, the angular 
distance between consecutive positions being a 

Jf we iake the sum of the » harmonics thus formed the result 
will be a harmonie of 7 degrees, which is a function of @ and of the 
sines and cosines of 2p, 

ifm is less than 7 the result will be compounded of harmonies for 
which s is zero or a multiple of » less than i, but if 1 is greater 
than ¢ the result is a zonal harmonic. Hence the following theorem : 

Let any point be taken on the general harmonie 1, and let a 
small eirele be described with this point for centre and radius 0, 
and let.” points be taken at equal distances round this circle, then 
if Q, is the value of the zonal harmonic for an angle @, and if 277 is 
the value of Y; at the ecntre of the cirele, then the mean of the 
n values of J; round the circle is cqual to Q; V7 provided 2 is greater 
than 2. 

If 7 is greater than 7+ <8, and if the value of the harmonie at 
ach point of the circle be multiplied by sins@ or cos sp where 
sis less than 7, and the arithmetical mean of these products be 
A,, then if 37 is the value of ©, for the angle 0, the coefficient 
of sins or cos sp in the expansion of Y; will be 
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In this way we may analyse Y; into its component conjugate 
harmonies by means of a finite number of ascertained values at 
selected points on the sphere. 


Application of Spherical Harmonic Analysis to the Determination 
of the Distribution of Electricity on Spherical and nearly Sphericat 
Conductors under the Action of known Hxternal Electrical Forces, 

146.] We shall suppose that every part of the electrified system 
which acts on the conductor is at a greater distance from the 
centre of the conductor than the most distant part of the conductor 
itself, or, if the conduetor is spherical, than the radius of the 
sphere. 

Then the potential of the external system, at points within this 
distance, may be expanded in a series of solid harmonies of positive 
degree Vix A+ Ayrl, 4 &e4 A ¥,r. (70) 

The potential due to the conductor at points outside it may be 
expanded in a series of solid harmonics of the same type, but of 
negative degree 

eo ere See _ 1 
Y= By + By Nay + et BN (71) 

At the surface of the conductor the potential is constant and 
equal, say, toC. Let us first suppose the conductor spherical and 
of radius «. Then putting + = a, we have V+ V=C, or, equating 
the coeflicients of the different degrees, 

B, = a(C—A,), 
By =-aA, (72) 


B, 


;= girl 4,. 
The total charge of electricity on the conductor is B,. 
The surface-density at any point of the sphere may be found 
from the equation 
avo au 


dy ar 


— Po ga dye FB (25 4 Na, Y, (73) 


y 


4no= 


Distribution of Electricity on a nearly Spherical Conductor. 


Let the equation of the surface of the conductor be 
y= a(l+/), (74) 
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where J’ is a function of the direction of 7, and is a numerical 
quantity the square of which may be neglected. 

Let the potential due to the external electrified system be ex- 
pressed, as before, in a series of solid harmonics of positive degree, 
and let the potential U be a series of solid harmonics of negative 
degree. Then the potential at the surface of the conductor is 
obtained by substituting the value of + from equation (74) in these 
series, 

Hence, if @ is the value of the potential of the conductor and 
B, the charge upon it, 

C= A +A4,0Y,4...44,07,, 
+4, aFY,+...41A4,0 PY, 


1 1 re .; 
+ By= + Bray Yt. ¢ Bea OY 4. $B IY 


1 F ; : r 
— By P-2B,, FY, +... = (+1) Bae) BY, +... 
ee GHW Bya-U FY, (75) 
Since F is very small compared with unity, we have first a set 
of equations of the form (72), with the additional equation 


o=—B, - P494,0PY, 4&4 (i4 1) da PY, 
$3 (Bje-UOE AS (P+ 1) Bae FY). (76) 
To solve this equation we must expand /, 2... /Y; in terms of 
spherical harmonics. If / can be expanded in terms of spherical 
harmonics of degrees lower than f, then /°Y; can be expanded in 
spherical harmonics of degrees lower than ¢+ 4. 
Let therefore 


Bye VBA PY, -(2i+1) Apa PYg= 8 (Bye 0Y), (77) 


then the coefficients B, will each of them be small compared with 
the coefficients B,....B; on account of the smallness of Z) and 
therefore the last term of equation (76), consisting of terms in BJ", 
may be neglected. 

Hence the coeflicients of the form B,; may be found by expanding 
equation (76) in spherical harmonics. 

For example, let the body have a charge &,, and be acted on by 
no external force. 

Let J’ be expanded in a series of the form 

He= § Fi +&e.+8,¥,. (78) 


Then By” 0,480. + By SM, = 3 (Ba UY), (79) 


N 2 
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or the potential at any point outside the body is 


2 k+1 
U=7B (24+ 581+ +587); (80) 
and if is the surface-density at any point 
4a0 = — ole 
er 
or dnac = By(1+8,¥,4...4 (A—1)8,¥,). (81) 


Hence, if the surface differs from that of a sphere by a thin 
stratum whose depth varies according to the values of a spherical 
harmonic of degree 4, the ratio of the difference of the superficial 
densities at any two poinis to their sum will be 4—1 times the 
ratio of the difference of the radii of the same two points to their 


sun. 


CHAPTER X. 


CONFOCAL QUADRIC SURFACES™. 


147.] Let the general equation of a confocal system be 


2 


av? y" rks 
viet poet poem” ” 


where A is a variable parameter, which we shall distinguish by the 
suffix A, for the hyperboloids of two sheets, A, for the hyperboloids 
of one sheet, and Ag for the ellipsoids. The quantities 
dy Aqs By Ags Cy Ag 

are in ascending order of magnitude. The quantity @ is introduced 
for the sake of symmetry, but in our results we shall always suppose 
a= 0, 

If we consider the three surfaces whose parameters are Aj, Ag, Ag; 
wo find, by climination between their equations, that the value of 
2? at their point of intersection satisfies the equation 


we? (B® —a*) (c? —a*) = (Ay? —@?) (Ay? — a?) (Ay? —@?). (2) 
The values of 7? and z* may be found by transposing 4, 4, ¢ 
symmetrically. 


Differentiating this equation with respect to A,, we find 


da AL 
bl ORR 3 
da, A? —@? ‘ (3) 

If ds, is the length of the intercept of the curve of intersection of 
d, and A, cut off between the surfaces A, and Ay+A,, then 


ds, | 2a, A OE Os ED ke Hy) 
hry 


2 STP 
dz 


ary 


dh, 


_ ar 
~ day 


(42 — a) (Ay? 2?) (Ay? —c*) 


* "Thig investigation is chiefly borrowed from a very interesting work,—ZLegene sur 
lea Fonctiona Inverace des Transcendantes et les Surfaces Iaothermes. Par G, Lamé. 
Paris, 1857. 
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The denominator of this fraction is the product of the squares of 
the semi-axes of the surface A,. 
Tf we put 
D? = Av—A,”, DP = AyP—A\?, and D,? = Ayr—A,?, (5) 


and if we make a = 0, then 


ee ir pe (6) 


It is casy to see that D, and D, are the semi-axes of the eentral 
section of A, which is conjugate to the diameter passing through 
the given point, and that D, is parallel to ds,, and D, to ds,. 

If we also substitute for the three parameters hy, Ay, Ay their 
values in terms of three functions a, 8, y, defined by the equations 


da ¢ 

SoS + se ee A, =0 whena= 0 

Ay VBR AP 0? A? 1 } 

dp c 

we sy ee = b when 8 = 0 (7) 
Oh Reale OM ee 


dy ¢ 


er Ay see when y= 0; 
ah, Vary 62 Vide — ec? 3 ; 


then ds, = Dy Dida, ds. = ~ Ds D,dpB, dsy= ‘D, Ditly. (8) 


148.] Now let /’ be the potential at any point a, 3, y, then the 
resultant foree in the direction of ds, is 


gc: ay aVda dene | (9) 
ee ds, da ds, da xD], D, ; 
Since ds,, ds,, and ds, are at right angles to each other, the 
surfuce-integral over the clement of area ds, ds, is 
dV oc DD, DD, 
(Dey gg eed 


_ arn? 
da 


PB, ds 03, = 


= eBay. (10) 
Now consider the clement of volume intercepted between the 
surfaces a, 8, y, and a+da, A+d8, y+dy. There will be eight 
such cloments, one in each oetant of space. 
We have found the surface-integral for the clement of surface 
intercepted from the surface a by the surfaces @ and 8 +df, y and 


y+dy. 
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The surface-integral for the corresponding element of the surface 
a+da will be 


dF D,? @Y Di? 
“ty on (BEY + ie da dB iy 


since D, is independent of a. The surfacc-integral for the two 
opposite faces of the clement of volume, taken with respect to the 
interior of that volume, will be the difference of these quantities, or 


PPD? 
ee dadBdy. 
Similarly the surface-integrals for the other two pairs of forces 


will be 
PV DP GV De 
ee dadpdy and ies dadpdy. 


These six faces enclose an element whose volume is 

DEdZ De? , a2, 

iit des ee DS Teed), 

and if p is the volume-density within that element, we find by 

Art. 77 that the total surface-integral of the element, together with 

the quantity of electricity within it, multiplied by 4a is zero, or, 
dividing by da @@ dy, 


aye @V,, Wo, D? DD? 
tae Dit gga Pe’ + Bi De+Anp= j= =0, (11) 


which is the form of Poisson's extension of Laplacc’s equation re- 
ferred to ellipsoidal coordinates. 

If p = 0 the fourth term vanishes, and the equation is equivalent 
to that of Laplace. 

For the general discussion of this equation the reader is referred 
to the work of Lamé already mentioned. 

149.] To determine the quantitics a, 8, y, We may put them in 
the form of ordinary elliptic functions by introducing the auxiliary 
angles 0, p, and y, where 


A, = bsind, (12) 

a, = Seen b UE coe, (18) 
e 

= ye 14 

Ms sin y a 


If we put b = Ze, and f° +}! = 1, we may call 4 and k’ the two 
complementary moduli of the confocal system, and we find 


0 
Pe neck ee (15) 
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an clliptie integral of the first kind, which we may write according 
to the usual notation 7°(£0), 
In the same way we find 


“p dg yep TD : 
sf pee ee = (Fp), (16) 
? | J/1—k? cog? d oe 


. - ’ Ka 
where /#' is the eomplete function for modulus /, 


ee dip = FRY). (17) 
° = Jif sink y oa 

Here a is represented as a function of the angle 6, which is a 
function of the parameter A,, 8 as a finetion of # and thence of Ay, 
and y asa function of and thenee of Aye 

But: these angles and parameters may be considered as functions 
of a, B, y. The properties of such inverse functions, and of those 
connected with them, are explained in the treatise of M. Lamé on 
that subject, 

It is easy to seo that sinee the parameters are periodic functions 
of the auxiliary angles, they will be periodie functions of the 
quantities a, 8, y: the periods of A, and A, are 4 /’(4) and that of A, 
is 2 /'(k%, 


Particular Solutions. 

150.] If Tis wx linear function of a, B, or y, the equation is 
ratisfied. Tflence we may deduce from the equation the distribution 
vf cleetricity on any two confocal surfaces of the same family 
maintained at given potentials, and the potential at any point 
between them. 


The Myperboloids of Two Sheets. 

When a is constant the corresponding surface is a hyperboloid 
of two sheets. Let. us make the sign of a the same as that of w in 
the sheet under consideration. We shall thus be able to study one 
of these sheets at a time. 

Let a,, a, be the values of a corresponding to two single shects, 
whether of different hyperboloids or of the same one, and let Fi? 
be the potentials at which they are maintained. hen, if we make 

ae Ware h+e(—Fy), (18) 

ay Oy 
the conditions will be satisfied at the two surfaces and throughout 
the space between them. If we make 7’ constant and equal to /) 
in the space beyond the surface a,, and constant and equal to /, 
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in the space heyond the surface a,, we shall have obtained the 
complete solution of this particular case. 
The resultant foree at any point of either shect is 


ad V a da 


a anon, 19 
HL ds, la ds, ~ 
i 7 
¥ ae eee 20 
” ‘ a,—a, D, D, oe 


If p, be the perpendicular from the centre on the tangent plane 
at any point, and 7, the product of the semi-axes of the surface, 
then 7, D, DP, = Py. 

Hence we find Rs R-!, oP (21) 
a—a, Py 
or the foree at any point of the surface is proportional to the per- 
pendicular from the centre on the tangent plane. 

The surface-density ¢ may be found from the equation 

4noaz hy, (22) 

The total quantity of electricity on a sea@ment cut off by a plane 

whose cquation is r = a from one sheet of the hyperboloid is 


Gao es a) (23) 


2 ama, ‘Ay 


The quantity on the whole infinite sheet is therefore infinite. 

The limiting forms of the surface are ;— 

(1) When a = KF, the surface is the part of the plane of «z on 
the positive side of the positive branch of the hyperbola whose 


equation is eo = 
po aa ee) 
(2) When a = 0 the surface is the plane of yz. 
(3) When a = —/(, the surface is the part of the plane of az on 


the negative side of the negative branch of the same hyperbola, 


The Hyperboloids of One Sheet. 


By making 8 constant we obtain the equation of the hyperboloid 
of one sheet. The two surfaces which form the boundaries of the 
electric field must therefore belong to two different hyperboloids. 
ne investigation will in other respeets be the same as for the 
hyperboloids of two sheets, and when the difference of potentials 
is given the density at any point of the surface will be proportional 
to the perpendicular from the centre on the tangent plane, and the 
whole quantity on the infinite sheet will be infinite. 


SOT NE Re (a a a 
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Limiting Forms. 

(1) When B= 0 the surface is the part of the plane of rz 
between the two branches of the hyperbola whose equation is 
written above, (24). ; 

(2) When 6 = /'(K’) the surface is the part, of the plane of ay 
which is on the outside of the focal ellipse whose equation is 

ag? - 
ol + 272 = 1. (25) 
The Ellipsoids, 

For any given ellipsoid y is constant. If two ellipsoids, y, and y., 
he maintained at potentials 7, and F,, then, for any point y in the 
space between them, we have 


re MrnhtyA-T) (26) 
NY 
The surface-density at any point is 
pee, Viel os, (27) 
int yy, 2; 


where p, is the perpendicular from the eentre on the tangent plane, 
and P, is the product of the semi-axes, 
The whole charge of electricity on either surface is 
i; is Ky 
Gag Sheng: (28) 
4 ; ; ny: : 
a finite quantity, 


When y = (4) the surface of the ellipsoid is at an infinite 
distance in all directions, 

If we make 7, = 0 and y, = F(A), we find for the quantity of 
electricity on an ellipsoid maintained at potential J” in an infinitely 
extended field, 

Q = RMA (29) 

The limiting form of the ellipsoids occurs when y = 9, in whieh 
case the surface is the part of the plane of my within the focal 
cllipsc, whose equation is written above, (25). 

The surface-density on the elliptic plate whose equation is (25), and 
whose eccentricity is 4, is 


— V 


1 1 
OR pert reel " 
a 
«2 ct — 4? 
iM 


and its charge is 


’ (30) 


C= ¢ ni’ ( 


Se, 
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Particular Cases. 

151.] If & is diminished till it becomes ultimately zero, the 
system of surfaces becomes transformed in the following manner :— 

The real axis and one of the imaginary axes of cach of the 
hyperboloids of two shects are indefinitely diminished, and the 
surface ultimately coincides with two planes intersecting in the 
axis of z, 

The quantity a becomes identical with 0, and the equation of the 
system of meridional planes to which the firet system is reduced is 


a ‘ 
ve x 


ee Sey 32 
(sina)? (cos a)* Ps oe 
The quantity @ is reduced to 

dp ri) ae 

phe a age ® 33 
B [xs log tan (33) 

whence we find 
: 2 ef — eh 

sing = eek cos = eee (34) 


If we call the exponential quantity 4(e?+e-*) the hyperbolic 
cosine of 8, or more concisely the hypocosine of A, or cos 2 , and if 
we call $(e®—e-*) the hyposine of 8, or sind A, and if by the same 
analogy we call 

1 

cosh B 

nEB the hypocosecant of , or cosec 4 8, 
178 the hypotangent of r tan & B 
coal B yI gent of 8, or tan 4 f, 
cos # /3 
sink B 
then A, = esec h B, and the equation of the system of hyperboloids 
of one sheet is 


the hyposecant of £, or see 2 , 


and the hypocotangent of 8, or cot/ B; 


icon ae aa (35) 

(sce 4p)? (tan/f) 

The quantity y is reduced to y, so that A, = ecosee y, and the 
equation of the system of ellipsoids is 


= 
“ 


en ae aes ee 36 
(sec y)? © (tany)? ~ p 26) 
Ellipsoids of this kind, which are figures of revolution about their 
conjugate axes, are called Planetary ellipsoids. 


Sh poe pt SE ot = 3 oe do Mba ee es 
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The quantity of clectricity on a planetary ellipsoid maintained at 
potential /’ in an infinite field, is 


Q=c~ 


2 
where ¢ see y is the equatorial radius, and ¢ tan y is the polar radius. 
If y = 0, the figure is a circular disk of radius e, and 


és ’ (37) 


eee (38) 


Q=c—- (39) 


152.] Second Case. Let b =e, then = 1 and #’ = 0, 

a = log tan a=, whence A, = ctanka, (40) 
and the cquation of the hyperboloids of revolution of two sheets 
becomes Pe ye 

Gita)? ~ (sce hay? 
The quantity A becomes reduced to #, and each of the hyper- 


boloids of one sheet is reduced to a pair of planes intersecting in 
the axis of x whose equation is 


ee (41) 


y? 22 
Sr oe = 0” 42 
(sin)? (cos B)* : (12) 
This is a system of meridional planes in which @ is the longitude, 
7 — 2 
The quantity y becomes log tan oY whence A, = ¢ cot Ay, 
and the equation of the family of ellipsoids is 
a y +22 


pone fp pe 43 
(cot Ay)? + (coseehy)? — © oe 

These ellipsoids, in which the transverse axis is the axis of revo- 
lution, are called Ovary ellipsoids. 


The quantity of clectricity on an ovary ellipsoid maintained ata 
potential /” in an infinite field is 
V 
Q =C¢-.-. (44) 
aA 
Ifthe polar radius is 4 = ¢ cot #y, and the equatorial radius is 
B=cecosech y, 


A + J A? — RR? 


y = log NS (45) 


rn a” AMA add fo Laon a LP fo AOS re 
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If the equatorial radius is very small compared to the polar radius, 
as in a wire with rounded ends, 
AV 


fe 46 
log A—log B ae 


y= log“, and Q= 

When both & and ¢ become zero, their ratio remaining finite, 
the system of surfaces becomes tivo systems of confocal cones, and 
a system of spherical surfaces of which the radius is inversely 
proportional to . 

If the ratio of % to ¢ is zero or unity, the system of surfaces 
becomes one system of meridian planes, one system of right cones 
having a common axis, and a system of concentric spherical surfaces 
of which the radius is inversely proportional to y. This is the 
ordinary system of spherical polar coordinates. 


Cylindrie Surfaces, 
153.] When eis infinite the surfaces are cylindric, the gencrating 


lines being parallel to z, One system of eylinders is elliptic, with 


the equation 
2 y" . <2 
Paarl aioe —_~—— — f%, 4 
(cos ha)* a (sin 4 a)? Oy) 
The other is hyperbolic, with the equation 
x y* é 
eee een 48 
(cos 8)? (sin 8)* : as 


This system is represented in Fig. X, at the end of this volume. 


Confocal Paraboloids, 


154.] If in the general equations we transfer the origin of co- 


ordinates to a point on the axis of 2 distant ¢ from the centre of 


the system, and if we substitute for z, A, ,andc, t+r,¢+A, +4, 
and ¢+e respectively, and then make ¢ increase indefinitely, we 
obtain, in the limit, the equation of a system of paraboloids whose 
foci are at the points 7 = banda =e, 
ae ce eer a 4 
4 (x Ni (49) 
If the variable parameter is A for the first system of elliptic 
paraboloids, » for the hyperbolic paraboloids, and py for the second 
system of elliptic paraboloids, we have A, 4, u, ¢, v in ascending 
order of magnitude, and 


seen 


Sa CS 
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®=A+p+v—c—b, 
2 g(a) (4—8) (v4) 


I cmb (50) 
st a g OTN (ew) (V0), 
ew eb mi 
A= 3 (6+¢)—4 (c—Z) cos ha, 
B= 4(U+c)—}(c—4) cusp, | (51) 
y= tb+e)+}(c—d)coshy; | 


3 
@ = $(b+4+0c)4+4(c—B) (cos hy—cos B~ cos ha), 
2 


¥Y = 2(c—4) sink sin Boos AY, 


2 (52) 
ws 2 A eas 8 i Y. 
2 (c—b) cosh 9 COS 5 sin ke 
When & = ¢ we have the case of paraboloids of revolution about 
the axis of' 2, and x = a (¢2*e2), 
¥y = 2ce**Y eos f, (53) 


2 = Que*ty sin B. 

The surfaces for which f is constant are planes through the axis, 
B being the angle whieh such a plane makes with a fixed plane 
through the axis. 

The surfaces for which a is constant are confocal paraboloids, 
When a=0 the paraboloid is reduced to a straight line terminating 
at the origin. 

We may also find the values of a, B, y in terms of r, 8, and q, 
the spherical polar coordinates referred to the focus as origin, and 
the axis of the parabolas as axis of the sphere, 

a = log (r4 cos 4 0), 
B = 4, (54) 
y = log (r} sin $0), 

We may compare the ease in which the potential is equal to a, 
with the zonal solid harmonic 7; Q,. Both satisfy Laplace’s equa- 
tion, and are homogencous functions of z, y, z, but in the case 
derived from the paraboloid there is a discontinuity at the axis, and 
2 has a value wot differing by any finite quantity from zero. 

The surface-density on an electrified paraboloid in an infinite 
field (including the case of a straight line infinite in one direction) 
is inversely as the distance from the focus, or, in the case of 
the line, from the extremity of the line. 


CHAPTER XI. 
THEORY OF ELECTRIC IMAGES AND ELECTRIC INVERSION, 


155.] We have already shewn that when a conducting sphere 
is under the influence of a known distribution of electricity, the 
distribution of electricity on the surface of the sphere can be 
determined by the method of spherical harmonics. 

For this purpose we require to expand the potential of the in- 
fluencing system in a series of solid harmonies of positive degree, 
having the centre of the sphere as origin, and we then find a 
corresponding series of solid harmonies of negative degree, which 
express the potential due to the electrification of the sphere. 

By the use of this very powerful method of analysis, Poisson 
determined the electrification of a sphere under the influence of 
a given electrical system, and he also solved the more difficult 
problem to determine the distribution of electricity on two con- 
ducting spheres in presenee of cach other. These investigations 
have been pursued at great length by Plana and others, who have 
confirmed the accuracy of' Poisson. 

In applying this method to the most elementary case of a sphere 
under the influence of a single electrified point, we require to expand 
the potential due to the clectrified point in a series of solid har- 
monies, and to determine a second series of solid harmonics which 
express the potential, due to the electrification of the sphere, 1 the 
space outside. 

It does not appear that any of these mathematicians observed 
that this second scries expresses the potential due to an imaginary 
electrified point, which has no physical existence as an electrified 
point, but which may be called an electrical image, because the 
action of the surface on external points is the same as that which 
would be produced by the imaginary electrified point if the spherical 
surface were removed. 
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This discovery scems to have been reserved for Sir W. Thomson, 
who has developed it into a method of great power for the solution 
of electrical problems, and at the same time eapable of being pre- 
sented in an elementary geometrical form. 

His original investigations, which are contained in the Cambridge 
and Dublin Mathematical Journal, 1848, are expressed in terms of 
the ordinary theory of attraction at a distance, and make no use of 
the method of potentials and of the general theorems of Chapter TV, 
though they were probably discovered by these methods. Instead, 
however, of following the method of the author, I shall make free 
use of the idea of the potential and of equipotential surfaces, when- 
ever the investigation can be rendered more intelligible by such 
means, 

Theory of Electric Images, 
156.) Let 4 and B, Figure 7, represent two points in a uniform 
dieleetrie medium of infinite extent, 
y Let the charges of dA and B be e, 
and ¢, respectively. Let 2 be any 
ae a point in space whose distances from 
A D Aand Bare ry, and », respectively, 
Then the value of the potential at P 
will be me £1. 4 fe, (1) 

ry Ny 
The equipotential surfaces duc to 
this distribution of electricity are represented in Fig. I (at the end 
of this volume) when e, and ¢, are of the same sign, and in Fig, 1] 
when they are of opposite signs. We have now to consider that 
surface for which /' = 0, which is the only spherical surface in 
the system, When e, and e, are of the same sign, this surface is 
entirely at an infinite distance, but when they are of opposite signs 
there is a plane or spherical surface at a finite distance for which 
the potential is zero, 
The equation of this surface is 


Fig. 7. 


ee 
Its centre is at a point C in AB produced, such that 
AC? BOs: ey? of, 
and the radius of the sphere is 


ey? —e,2 
The two points and B are inverse points with respect to this 
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sphere, that is to say, they lie in the same radins, and the radius is 
& mean proportional between their distances from the centre. 

Since this spherical surface is at potential zero, if we suppose 
it constructed of thin metal and connected with the earth, there 
will be no alteration of the potential at any point either outside or 
inside, hut the electrical action everywhere will remain that: due to 
the two electrified points A and B. 

If we now keep the metallie shell in connexion with the earth 
and remove the point B, the potential within the sphere will become 
everywhere zero, but outside it will remain the same as. before. 
For the surfaee of the sphere still remains at the same potential, 
and no change has been made in the exterior electrification, 

Hence, if an clectrified point A be placed outside a spherical 
conduetor which is at potential zero, the electrical action at all 
points outside the sphere will be that due to the point 1 together 
with another point #2 within the sphere, which we may call the 
elvetrical image of /. 

In the same way we may shew that if Bisa point placed inside 
the spherical shell, the electrical action within the sphere is that 
due to B, together with its image A. 

157.] Definition of an Klectrical Image. An electrical image is 
an electrified point or system of points on one side of a surface 
which would produce on the other side of that surface the game 
electrical action which the actual electrification of that surface 
really does produce. 

In Optics a point or system of points on one side of a mirror 
or lens which if it existed would emit the system of rays which 
actually exists on the other side of the mirror or lens, is called a 
virtual image. 

Electrical images correspond to virtual images in optics in being 
related to the space on the other side of the surface, They do not 
correspond to them in actual position, or in the merely approximate 
character of optical foci. 

There are no real electrical images, that is, imaginary electrified 
points which would produce, in the region on the same side of the 
electrified surface, an effect equivalent to that of the electrified surface. 

For if the potential in any region of space is equal to that due 
to a certain electrification in the same region it inust be actually 
produced by that electrification, In fact, the electrification at. any 
point may be found from the potential near that point by the 
application of Poisson’s equation. 

VOL. 1. 0 
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Let « be the radius of the sphere. 

Let,/‘be the distance of the electrified point ./ from the centre C, 
Let ¢ be the charge of this point. 

Then the image of the point is at 4, on the same radius of the 


u 
. an . ¢ : Za 
sphere at a distance r? and the charge of the image Is —~e ca 


We have shewn that this image 
will produce the same effect: on the 
opposite side of the surface as the 
actual electrification of the surface 
docs. We shall next determine the 
surface-density of this clectrifica- 
tion at any point P of the spherical 
surface, and for this purpose we shall 
make use of the theorem of Coulomb, 
Art. 80, that if 4 is the resultant force at the surface of a conductor, 
and o the superficial density, 


Fig. 7. 


KR = 470, 
f being measured away from the surface, 
We may consider /# as the resultant of two forees, a repulsion 
J 
¢ : , a ‘ ; 
yp acting along 4/, and an attraction e pep vecting along PB, 
abi 7 


Resolving these forces in the directions of C and CP, we find 
5 y 

that the components of the repulsion are 

eu 


Tp along CP, 


ih along AC, and 


Those of the attraction are 


~e 7 7 BC along AC, and — 6 ap along CP, 


Now BP = : AP, and BO = ve so that the components of 


the attraetion may be written 
ot) 


a 1 U J? 1 ! 
—ef wi along AC, and —e a IPR along CP. 


The components of the attraction and the repulsion in the 
direction of AC are equal and opposite, and therefore the resultant 
foree is entirely in the direction of the radius CP, This only 
conlirms what we have already proved, that the sphere is an equi- 
potential surface, and therefore a surface to which the resultant 
force is everywhere perpendieular, 
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The resultant force measured along CP, the normal to the surfice 
in the direction towards the side on which -f is placed, is 
;/?- ~~ 1] 
Rae (3) 
a AP 
If + is taken inside the sphere / is less than a, and we must 
measure 7? inwards, For this ease therefore 


ef | 
Bag e te., (4) 
a APS 
Tn all cases we may write 
AD, Ad . 
Rh =-—e op” pk (5) 


where 4), Ad are the segments of any line through a cutting the 
sphere, and their product is to be taken positive in all cases. 
158.] From this it follows, by Coulomb’s theorem, Art. 80, 
that the surface-density at P is 
AD AME 1 : 
"in OP AT8 6) 
The density of the electricity at any point of the sphere varies 
inversely as the cube of its distance from the point 
The effect of this superficial distribution, together with that of 
the point 1, is to produee on the same side of the surface as the 
point a potential equivalent to that due to e at A, and its image 


- oF at B, and on the other side of the surface the potential is 


everywhere zero. Henee the effect of the superficial distribution 
by itself is to produce a potential on the side of uf equivalent to 


that due to the image =e; at B, and on the opposite side a 


potential equal and opposite to that of ¢ at 4. 


The whole charge on the surface of the sphere is evidently —e* 
since it is equivalent to the image at B, é J 

We have therefore arrived at the following theorems on the 
action of a distribution of electricity on a spherical surface, the 
surface-density being inversely as the eube of the distance from 
a point 4 cither without or within the sphere. 

Let the density be given by the equation 

C 


1 AP® ’ (7) 
where C' is some constant quantity, then by equation (6) 
: AD. Ad 
C=—e on 
tna 


O 2 


(8) 
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The action of this superficial distribution on any point separated 
from 4 by the surface is equal to that of a quantity of electricity 
—F,or drat 
concentrated at of. 

Tts action on any point on the same side of the surface with A is 
equal to that of u quantity of electricity 

4nCa* 
SAD. Ad 
concentrated at B the image of a, 

The whole quantity of electricity on the sphere is equal to the 
first of these quantities if 4 is within the sphere, and to the second 
if 4 is without the sphere. 

These propositions were established by Sir W. Thomson in his 
original geometrical investigations with reference to the distribution 
of electricity on spherical conductors, to which the student ought 
to refer, 

159.) If a system in which the distribution of electricity is 
known is placed in the neighbourhood of a conducting sphere of 
radius a, which is maintained at potential zero by connexion with 
the earth, then the clectrifications due to the several parts of the 
system wil] be superposed, 

Let 4,, 4,, &e. be the electrified points of the system, AisSa5 &e. 
their distances from the centre of' the sphere, ¢,, ¢,, &c. their 
charges, then the images B,, B,, &e. of these points will be in the 
same radii as the points themselves, and at distances Ge, 


JI 2 
from the centre of the sphere, and their charges will he 


a a 
°F 5 my, &e. 

The potential on the outside of the sphere due to the superficial 
electrification will be the same as that which would be produced by 
the system of images 2, , B,, &o. This system is therefore called 
the electrical image of the system ,, 4,, &e. 

If the sphere instead of being at potential zero is at potential 7; 
we must superpose a distribution of electricity on its outer surface 
having the uniform surface-density 


a 
c= —. 
dra 


The effect of this at all points outside the sphere will he equal to 
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that of a quantity Ma of electricity placed at its centre, and at 
all points inside the sphere the potential will be simply increased 
by F. 

The whole charge on the sphere due to an external system of 
influencing points /,, 4,, &c. is 


7 i 
B= Fa—e, , —¢,-~ —&e,, (9) 
i Ban 


from which either the charge £ or the potential P’ may be eal- 
culated when the other is given. 

When the electrified system is within the spherical surface the 
induced charge on the surface is equal and of’ opposite sign to the 
inducing charge, as we have before proved it to be for every closed 
surface, with respect to points within it, 

160.] The energy due to the mutual action between an elec- 
trified point e, at a distance / from the centre of the sphere greater 
than @ the radius, and the electrification of the spherical surface 
due to the influence of the electrified point and the charge of the 
sphere, is 

Va eu Cry eas 
M=e( jn arg (& FU? at)” (10) 
where } is the potential, and # the charge of the sphere. 

The repulsion between tho electrified point and the sphere is 
therefore, by Art. 92, 


oo he é 
bh = éa Ce = (f2— ays) 


age rae) 

~y (A italy ) ey) 

TIence the force between the point and the sphere is always an 
attraction in the following: cases— 

(1) When the sphere is uninsulated. 
(2) When the sphere has no charge. 
(3) When the clectrified point is very near the surface. 
In order thut the force may be repulsive, the potential of the 


sphere must be positive and greater than e --., 3, and the 


3 
Pr) 
charge of the sphere must be of the same sign as ¢ and greater 

(2 ft? 
than e Cer) 
/(f?-@)* 


At the point of equilibrium the equilibrium is unstable, the force 
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being an attraction when the bodies are nearer and a repulsion 
when they are farther off. ; 

When the electrified point is within the spherical surface the 
force on the electrified point is always away from the centre of 
the sphere, and is equal to 

e af 
(ue? — /)? 

The surface-density at the point of the sphere nearest. to the 

cleetrified point where it lies outside the sphere is 


a(S +e) 


_ oe 
as dna? eae (f~a) § 
Ue a (3f—a) | 5 
ana LP—* py ay? § os 


The surface-density at the point of the sphere farthest from the 
electrified point is 


a a re a(f—~«) ! 
72 gat 8 oy a | 
— 1 4 " CBS + ay 
= Tae LEH py ays § oy 


When #;, the charge of the sphere, lies between 
(2 f—~—a) a (3f/+ a) 
é SF and me T+ ae 
the cleetrilication will be negative next. the electrified point and 
positive on the opposite side. There will be a circular line of division 
between the positively and the negatively electrified parts of the 
surface, and this line will he a line of equilibrium, 
oe 4 
SAO rae re (14) 
the equipotential surface which ents the sphere in the line of equi- 
librium is a sphere whose centre is the electrified point and whose 
radius is 7/7? —a?, 
The lines of force and cequipotential surfaces belonging to a case 
of this kind are given in Figure LV at the end of this volume. 


If = 


Lnages in an Tufinite Plane Condueting Surfiwe, 

161.] If the two electrified points A and B in Art. 156 are 
electrified with equal charges of electricity of opposite signs, the 
surface of’ zero potential will be the plane, every point of which is 
equidistant from .f and BR, 
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Hence, if 4 be an electrified point whose charge is e, and 4D 
a perpendicular on the plane, produce .D 
to B so that DB = AB, and place at B 
a charge equal to —e, then this charge v 
at B will be the image of A, and will 
produce at all points on the same side of  ¢ 
the plane as 4, an effect equal to that 
of the actual electrification of the plane. 

For the potential on the side of 4 due 
to -L and # fulfils the conditions that 
v?F=0 everywhere except at 2f, and 
that / = 0 at the plane, and there is only Fig. 8, 

one form of F’ which can fulfil these conditions. 

To determine the resultant force at the point P of the plane, we 
observe that it is compounded of two forces each equal to Fred 
one acting along AP and the other along PA. Hence the resultant 
of these forces is in a direction parallel to 4B and equal to 

e AB 
AP? AP’ 
Henee £#, the resultant force measured from the surface towards the 
spave in which lies, is 


R =~ (15) 
and the density at the point P is 
= = (16) 


On Electrical Inversion. 


162.) The method of electrical images leads directly to a method 
of transformation by which we may derive from any electrical 
problem of which we know the solution any number of other 
problems with their solutions. 

We have seen that the image of a point at a distance from the 
centre ofa sphere of radius 7? is in the same radius and at a distance 
7 such that 77’=2?. Hence the image of a system of points, lines, 
or surfaces is obtained from the original system by the method 
known in pure geometry as the method of inversion, and described 
by Chasles, Salmon, and other mathematicians. 
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If -f and B are two points, ’ and BY their images, O being the 
a centre of inversion, and 2 the radius of the 
sphere of inversion ; 

O4.0M = Rh? = OB.OR'. 

Pa Hence the triangles OAB, OB’ are similar, 

6 ye Ml ABS AB ss O4: 08 2:04.08 : Re, 

Hig. 9. If'a quantity of electricity ¢ be placed at Al, 

its potential at B will be Z 
any a 

Ife’ be placed at ul’ its potential at 4’ will be 


v 


, 
é 


~ AB 

In the theory of elcetricu] images 

e:e::O4:R:: R: OW, 

Hence Pk s: BR: OB, (17) 
or the potential at B due to the electricity at 4 is to the potential 
at the image of 2 due to the electrical image of Las Ris to OB. 

Since this ratio depends only on OB and not on O.L, the potential 
at B due to any system of electrified bodies is to that at B’ due 
to the image of the system as # is to OR, 

If r be the distance of any point -f from the centre, and /’ that 
of its image ’, and if e be the electrification of 4, and ¢ that of a, 
also if Z, & K be linear, superticial, and solid elements at a, and 
LM’, SK’ their images at 4’, and Aso, p; A’, 0’, p’ the corresponding: 
line-surface and volume-densities of electricity at the two points, 
F the potential at -/ due to the original system, and /’’ the potential 
at ’ due to the inverse system, then 
yt BE ie iS 8’ Ret 7 yt K’ _ Re 776 | 


' ie 


eR? eX 0 = 


rs 
Ae aE 
Cok: ae 1 Re (18) 
o , he p ro es 
Ce me dS ee de | 
Fee Gt ce | 
a (a a P| 


Tf in the original system a certain surface is that of a condretor 
db 7 ? 


© See Thomson and Tait’s Natural Philosophy, § 815, 


ree a ee a es oe “ 
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and has therefore a constant potential P, then in the transformed 
: sq 
system the image of the surface will have a potential P ys But 


by placing at O, the centre of inversion, a quantity of clectricity 
equal to —P#, the potential of the transformed surface is reduced 
to zero. 

Hence, if we know the distribution of electricity on a conductor 
when insulated in open space and charged to the potential P, we 
ean find by inversion the distribution on a conductor whose form is 
the image of the tirst under the influence of an clectrified point with 
a charge —P/ placed at the centre of inversion, the conductor 
being in connexion with the earth. 

168.] The following geometrical theorems are useful in studying 
cases of inversion. 

Every sphere becomes, when inverted, another sphere, unless 
it passes through the centre of inversion, in which case it becomes 
a plane, 

Tf the distances of the centres of the spheres from the centre of 
inversion are a and a’, and if their radii are a and a’, and if we 
define the power of the sphere with respect to the centre of in- 
version to be the product of the segments cut off by the sphere 
from a line through the centre of inversion, then the power of the 
first sphere is a?—a%, and that of the second is a?—a’*. We 
have in this case 


qa @—a fe’ (19) 


or the ratio of the distances of the centres of the first and second 
spheres is equal to the ratio of their radii, and to the ratio of the 
power of the sphere of inversion to the power of the first sphere, 
or of the power of the second sphere to the power of the sphere 
of inversion. 

The centre of either sphere corresponds to the inverse point of 
the other with respect to the centre of inversion. 

In the case in which the inverse surfaces are a plane and a 
sphere, the perpendicular from the centre of inversion on the plane 
is to the radius of inversion as this radius is to the diameter of 
the sphere, and the sphere has its centre on this perpendicular and 
passes through the centre of inversion. 

Every circle is inverled into another circle unless it passes 
through the centre of inversion, in which case it becomes a straight 
line. 


natin ny eeptonnn astionaten Suede 
nad LAIN a tA Re ea EN IN Ct eth drawn ne een 
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The angle between two surfaces, or two lines at their intersection, 
is not. changed by inversion. 

Every circle which passes through a point, and the image of that 
point with respect: to a sphere, ents the sphere at right angles. 

Hence, any cirele which passes through a point and cuts the 
sphere at right angles passes through the image of the point. 

164.] We may apply the method of inversion to deduce the 
distribution «f electricity on an uninsulated sphere under the 
influence of an electrified point from the uniform distribution on 
an insulated sphere not influenced by any other body, 

If the electrified point be at 4, take it for the centre of inversion, 
and if 4 is ata distance /’ from the centre of the sphere whose 
radius is a, the inverted figure will be a sphere whose radius is a’ 
and whose centre is distant J’, where 


ee (20) 
a WA Tia 

The eentre of cither of these spheres corresponds to the inverse 
point of the other with respect to if, or if Cis the centre and B the 
inverse point of the first sphere, C’ will be the inverse point, and 22’ 
the centre of the second, 

Now let a quantity ¢ of electricity be communieated {o the 
second sphere, and let it be uninfluenced by external fores, It 
will become uniformly distributed over the sphere with a surface- 


density i! 
: ge (21) 
J dara’? 
Its action at any point outside the sphere will be the same as 
that of a charge e’ placed at # the centre of the sphere. 


At the spherical surface and within it the potential is 


i constant quantity. 
Now let us invert this system. The centre B’ hecomes in the 
inverted system the inverse point 4, and the charge ¢ at WY’ 
,AB 


becomes ¢ “pat B, and at any point separated from B hy the 
t 


surface the potential ix that due to this charge at 2. 
The potential at any point 2 on the spherical surface, or on the 
same side as 2, is in the inverted system 


“oR 
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If we now superpose on this system a charge e at 4, where 
eo=e oF R, (2 3) 


the potential on the spherical surface, and at all points on the same 

side as 2, will be reduced to zero, At all points on the same side 

as 4 the potential will be that due toa charge ¢ at d, and a charge 
R 


e id at A. 


R a tl 
But dm 6+, = eH (24) 
J Le 


as we found before for the charge of the image at #. 
To find the density at any point of the first sphere we have 


Substituting for the value of o in terms of the quantities be- 
longing to the lirst sphere, we find the same value as in Art. 158, 


et fa) (26) 


7 nA! 


On Finite Systems of Successive Images, 

165.] If two conducting planes intersect at an angle which is 
asubmultiple of two right angles, there will be a finite system of 
images which will completely determine the electrification. 

For let AOB be a section of the two conducting planes per- 
pendicular to their line of inter- 
section, and Tet the angle of 
intersection AOB = o Iet P 
be an electrified point, and let 
PO=7, and POB= 9. Then, 
if we draw a circle with centre 0 
and radius OP, and find points 
which are the successive images 
of P in the two planes beginning 
with OB, we shall find Q, for the Vig. 10. 
image of ? in OB, P, for the image of Q, in Ot, Q, for that of /, 
in OB, P, for that of Q, in O41, and Q, for that of P, in OB, 

If we had begun with the image of P in 0 we should have 
found the sume points in the reverse order Q,, Ps, Qs, Pa, Q 
provided JOB is a submultiple of two right angles. 
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For the alternate images P,, P,, P, are ranged round the cirele 
at angular intervals equal to 210K, and the intermediate images 
@1, @., Qs are at intervals of the same magnitude. Toence, if 
240B is a submultiple of 27, there will be a finite number of 
images, and none of these will fall within the angle AOB, If 
however, OB is not a submultiple of 7, it will be impossible to 
represent the actual electrification as the result of a finite series of 
electrified points. 


If JOB =, there will be x negative images @,, Q2, &e., each 


equal and of opposite sign to P, and n—1 positive images P,, 
P;, &e., each equal to P, and of the same sign, 
Bon ‘ . on 
The angle between successive Images of the same sign is a 
If we consider cither of the conducting: planes as a plane of sym- 
metry, we shall find the positive and negative images placed 
symmetrically with regard to that plane, so that for every positive 
image there is a negative image in the same normal, and at an 
equal distance on the opposite side of the plane. 
If we now invert this system with respect to any point, the two 
planes become two spheres, or a sphere and a plane intersecting 


at an angle — , the influencing point ? being within this angle. 
0 


The successive images lie on the circle which passes through 
and intersects both spheres at right angles, 

To find the position of the images we may cither make use of 
the principle that a point and its image are in the same radius 
of the sphere, and draw successive chords of the circle beginning 
at P and passing through the centres of the two spheres al. 
ternately. 

To find the charge which must be attributed to each image, take 
any point in the circle of intersection, then the charge of cach 
image is proportional to its distance from this point, and its sign 
is positive or negative according as it belongs to the first or the 
second system. 

166.] We have thus found the distribution of the images when 
uny space bounded by a conductor consisting of two spherical surfaces 


. us . ey 
meeting at an angle —, and kept at potential zero, is influenced by 
u 


an electrified point. 
We may by inversion deduce the case of a conductor consisting 
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1 ‘ . . Tv 
of two spherical segments meeting at a re-entering angle - , charged 
. un 


to potential unity and placed in free space. 

For this purpose we invert the system with respect to P. The 
circle on which the images formerly lay now becomes a straight 
line through the centres of the spheres. 

Tf the figure (11) represents 
a section through the line of 
centres -(B, and if D, D’ are the 
points where the circle of in- 
tersection cuts the plane of the 
paper, then, to find the sue- 
cessive images, draw Dd a 
radius of the first cirele, and 
draw DC, 1B, &e., making 


qT 20 ‘ ore 
angles : an &e. with Dl. Fig. 11. 
‘ 


The points C, £2, &e, at which they cut the line of centres will 
be the positions of the positive images, and the charge of each 
will be represented by its distances from J. ‘The last of these 
images will be at the centre of the second circle. 

To find the negative images draw DP, DQ, &ec., making angles 
wan = , &e, with the line of centres. The intersections of these 
ia with the line of centres will give the positions of the negative 
images, and the charge of each will be represented by its distance 
from D. 

The surface-density at any point of either sphere is the sum 
of the surface-densities due to the system of images. For instance, 
the surface-density at any point § of the sphere whose centre is 
A, is 


1 4 J)2 u DB a By + 


Fd 
where 4, B, C, &e. are the positive series of images. 

When Sis on the circle of intersection the density is zero, 

To find the total charge on each of the spherical segments, we 
may find the surface-integral of the induction through that segment 
due to each of the images, 

The total charge on the seement whose eet is sf due to the 
image at 4 whose charge is DA is 
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Dd - he = }(DA + O.), 
where 0 is the centre of the circle of intersection. 

Tn the same way the charge on the sume segment due to the 
image at Bis 4(0R4 2), and so on, lines such as OB measured 
from 0 to the left being reckoned negative. 

Hence the total charge on the segment whose centre is f is 

4(DA+DB+ DC+&e.)+4(OA40B4 0C + &c.), 
—3(DP+DQ+ &e.)—4(OP4 0Q+&c.). 

167.] The method of’ electrical images may be applied to any 
space bounded by plane or spherical surfaces all of which cut one 
another in angles which are submultiples of two right angles. 

Tn order that such a system of spherical surfaces may exist, every 
solid angle of the figure must be trihed ral, and two of its angles 
must he right angles, and the third either a right angle or a 
submultiple of two right angles. 

Hence the cases in which the numbor of images is finite are— 

(1) A single spherical surface or a plane. 

(2) Two planes, a sphere and a plane, or two spheres intersecting 
at an angle . 

(3) These two surfaces with a third, which may be either plane 
or spherical, cutting both orthogonally. 

(4) These three surfaces with a fourth cutting the first two 
orthogonally and the third at an angle - . Of these four surfaces 


one at least must be spherical, 

We have already examined the first and second cases. In the 
first case we have a single image. In the second case we have 
2x—1 images arranged in two series in a circle Which passes 
through the influencing point and is orthogonal to both surfaces. 
In the third case we have, besides these images, their images with 
respect to the third surface, that is, 4n—1 images in all besides the 
influencing point. 

In the fourth case we first. draw through the influencing point 
a circle orthogonal to the first two surfaces, and determine on it 
the positions and magnitudes of the » negative images and the 
w—T positive images. Then through cach of these 27 points, 
including the influencing point, we draw a cirele orthogonal to 
the third and fourth surfaces, and determine on it. two series of 
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images, 2” in cach series. We shall obtain in this way, besides the 
influencing point, 2%.2’—1 positive and 2a n/ negative images. 
‘These 4x points are the intersections of » circles with »’ other 
circles, and these circles belong to the two systems of lines of 
curvature of a cyelide. 

Tf cach of these points is charged with the proper quantity of 
electricity, the surface whose potential is zero will consist of n+ n’ 
spheres, forming two series of which the successive spheres of the 


. vv . 
first set intersect at angles ~, and those of the second set at angles 
“a 


T . . : 

~;, while every sphere of the first set is orthogonal to every sphere 
2 

of the second set, 


Cuse of Two Spheres cutting Orthogonally. See Fig. IV at the 

end of this volume. 

168.] Let .tand J, Vig. 12, be the centres of two spheres cutting 
each other orthogonally in D and 
/Y, and let the straight line DD’ cut 
the line of centres in CG) Then C 
is the image of A with respect to 
the sphere #, and also the image 
of B with respect to the sphere 
whose centre is 4. If AD =a, 
BD) = B, then AB = Sa? +, and 
if we place at 4, B,C quantities Vig. 12, 


Q 


of clectricity equal to a, 8, and ~ . jeep respectively, then both 
a" + 3? 
spheres will be equipotential surfaces anne potential is unity. 

We may therefore determine from this system the distribution of 
electricity in the following cases : 

(1) On the conductor PDQD formed of the larger segments of 
both spheres. Tts potential is 1, and its charge is 

SF _ = AD+BD~CD. 

Va + 3 

This quantity therefore measures the capacity of such a figure 
when free from the inductive action of other bodies, 

The density at any point 7? of the sphere whose centre is -f, and 
the density at any point @ of the sphere whose centre is 4, are 
respectively 

] 


dma (1 —(f)) and ma -(45)) | 


a+ B— 
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At the points of intersection, J), D’, the density is zero. 

If one of the spheres is very much larger than the other, the 
density at the vertex of the smaller sphere is ultimately three times 
that at the vertex of the larger sphere. 

(2) The lens 1? VQ’)! formed by the two smaller segraents of 
ap 
Vat pe 
and acted on by points -f and #, charged with quantities a and A, 
is also at, potential unity, and the density at any point is expressed 

by the same formulae. 

(3) The meniscus DPL’Q’ formed by the difference of the 
segments charged with a quantity @, and acted on se points B 


the spheres, charged with a quantity of electricity = — 


and C, charged respectively with quantities 8 and -.__-". , is also 


in equilibrium at potential unity. ve : : 

(1) The other meniseus QD/”’// under the action of 4 and C 

We may also deduce the distribution of electricity on the following 
internal surfaces, 

The hollow lens ?°7Q’) under the influence of the internal 
electrified port Cat the centre of the circle DD’. 

The hollow meniscus under the influence of a point at the centre 
of the concave surface, 

The hollow formed of the two larger segments of both spheres 
under the influence of the three points 4, B,C. 

But, instead of working: out the solutions of these cases, we shall 
apply the principle of clectrical images to determine the density 
of the electricity induced at the point 2 of the external surface of 
the conductor /DQUY by the action of a point at O charged with 
unit of clectricity. 

Tet. OA =a, OB = 4, OP = 7, BP =p, 

AD =a, BD=pP, AB =/o +p. 

Invert the system with respect to a sphere of radius unity and 
centre 

The two spheres will remain spheres, cutting cach other ortho- 
gonally, and haying their centres in the same radii with and 2. 
Tf we indieate by accented letters the quantities corresponding to 
the inverted system, 


a b a B 
eye , = —~——5 {— ———. y tree Isc, 
“Send “Fae Saw PORE 
pol ee Bt 8) (t= 8)_ 


: 7? (bY — B22 
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Tf, in the inverted system, the potential of the surface is unity, 
then the density at the point 2” is 


= any (t-(G)): 


If, in the original system, the density at / is oy then 


abated al F : 
and the potential is aA By placing at O a negative charge of 


electricity equal to unity, the potential will become zero over the 
surface, and the density at ’ will be 
pe Gi ca ee, 

as (B27? + (2B) (22 — B))2 

This gives the distribution of electricity on one of the spherical 
surfaces due to a charge placed ut O. The distribution on the 
other spherieal surface may be found by exchanging @ and 4, a and 
B, and putting g or AQ instead of p. 

To find the total charge induced on the conductor by the clec- 
trified point at O, let us examine the inverted system 

In the inverted system we have a charge a’ at 1’, and p’ at 2’, 


and a negative charge. a ,, a a point C? in the line 4, 
Jal? 4p? 
such that AC CBs: al? : B? 
If 0. =, OW = 4, OC’ = c’, we find 
tn a pes ci om 8 eft g/2 374 
= a” 4 i 
Inverting this system the charges become 
a’ a gp’ _B, 
Weegee BG? 
BA 
and See = a8 


Jaeeee Ji? B+ 6202 — a? B2 
Henee the whole charee on the conductor due to a unit of’ 
negative electricity at O is 
a p aj3 
rece Manny ne 
tt a Sa? B* +b? a? — a2 Bt 


VOR, 1. p 
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Distribution of Electricity on Three Spherical Surfaces which 
futersect at Right Angles. 
169.] Let the radii of the spheres be a, 8, y, then 

CaVJ/8+y, Cla/P ER, ARR ot + 

Let PQL, Fig. 13, be the feet 
of the perpendiculars from ABC 
on the opposite sides of the tri- 
angle, and let O be the inter- 
section of perpendiculars. 

Then P is the image of B in 
the sphere y, and also the image 
of Cin the sphere 8. Also O is 
the image of P in the sphere a. 

Let charges a, 8, and y be 
placed at 4, B, and C. 

Then the charge to be placed 
Fig. 13. at P is 

By 1 


Vp? + ¥? pee 
a+ y~ 
A252 Fe 4 ge ae 
Aleo Ap = VER +P ate ata 
/ p24 2 
sidered as the image of P, is 
apy = 1 


VB ye Lyla? pa! Be i da 


at t git 


» so that the charge at. O, con- 


In the same way we may find the system of images which are 
electrically equivalent to four spherical surfaces at potential unity 
interxecting at right angles. 

If the radius of the fourth sphere is 8, and if we make the charge 
at the centre of this sphere = 6, then the charge at the intersection 
of the line of centres of any two spheres, say a and 8, with their 
plane of intersection, is 1 


J tp 
ai t cig 


The charge at the intersection of the plane of any three centres 
ABC with the perpendicular from D is 


1 
tS 


Al Hee Deed 
a: Be” yt 


i 
o 
a 
it 
R 


AAR MEATS OB 
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and the charge at the intersection of the four perpendiculars is 
1 
ae a Bt ~ + 52 
System of Lour Spheres Intersecling wt Right Augles under the 
Aetion of an Electrified Point. 

170.] Let the four spheres be 4,.B,C,/, and let the electrified point 
be O. Draw four spheres «,, 2, C,, D,, of which any one, 4, 
passes throngh O and cuts three of the spheres, in this case B, 
C, and J, at right angles. Draw six spheres (ad), (ae), (ad), (de), 
(4d), (ed), of which cach passes through O and through the circle 
of intersection of two of the original spheres. 

The three spheres #,, C,, 2, will intersect in another point besides 
O. Let this point be called 4’, and let 2B’, 0’, and J’ be the 
intersections of C,, Dy, d,, of D,, 4,, B,, and of -4,, By, CG re- 
spectively. Any two of these spheres, 4,, 4), will intersect one of 
the six (e/) in a point («4’), There will he six such points. 

Any one of the spheres, /,, will intersect three of the six (4), 
(ee), (ad) in a point a’, There will be four such points. Finally, 
the six spheres (4), (ac), (ad), (ed), (dé), (4c), will intersect in one 
point 8. 

If we now invert the system with respect to a sphere of radius 
Ft and centre O, the four spheres l, B, C, D will be inverted into 
spheres, and the other ten spheres will become planes. Of the 
points of intersection the first four ’, b, C’, J’ will become the 
centres of the spheres, and the others will correspond to the other 
eleven points in the preceding article. These fifteen points form 
the image of O in the system of four spheres, 

At the point 4’, which is the image of O in the sphere .f, we 


‘ ’ . a 
must place a charge equal to the image of O, that is, ——, where a 
a 


is the radius of the sphere -4, and « is the distance of its centre 
from O, In the same way we must place the proper charges at 
BOD. 

The charges for each of the other eleven points may be found from 
the expressions in the last article by substituting a’, 6’, 7’, 8’ for 
a, 8, y, 6, and multiplying the result for cach point by the distance 
of the point from O, where 
jens. 2 y ’ g 


) — 


= — aR 
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171.] When a space is bounded by two spherical surfaces which 
do not intersect, the snecessive images of an influencing point 
within this space form two infinite series, all of which lie beyond 
the spherical surfaces, and therefore fulfil the condition of the 
applicability of the method of eleetrical images, 

Any two non-intersecting spheres may be inverted intu two 
concentric spheres by assuming as the point of inversion vither 
of the two common inverse points of the pair of spheres. 

We shall begin, therefore, with the case of two uninsulated 
concentric spherical surfaces, subject to the induction of an elee- 
trified point placed between them, 

Let the radius of the first be 4, and that of the sceond be®, and 
let the distance of the influencing point. from the centre be x = be". 

Then all the successive images will be on the same radius as the 
influencing point, 

Let Qy, Fig. 14, be the image of P? in the first sphere, 2, that 
of Q, in the sceond sphere, Q, that. of 2; in the first sphere, and 
so ons; then 
pee, OP,.0Q, = bl, 
and OF,.0Q,_, = 6% 2%, 

also OQ, = ben", 

OP, _ Ugh ee 
OQ, = be t23) Ke, 
Hence OP, = det" t2*o), 
OQ, = ben ete B), 
If the charee of P is denoted by ?, 
then 
P= Pe, Oo — Pew teB), 


Vig. 14, 


Next, let Q be the image of P in the second sphere, 2’ that of 
Q,' in the first, &c., 
OOF = Wea, OP f= bet 28, 
00.) = be eoM: OD! = det -A 5 
OP! = belt 20 2, 10,/= er et, 
Pl = Pours aa 0, = Peru, 
OF these images all the 7's are positive, and all the Q’s negative, 
all the P’s and Q’s belong to the first sphere, and all the 2’s and 
Q”s to the second, 
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The images within the first sphere form a converging: series, the 


sum of which is 
gee ee 
go —] 

This therefore is the quantity of clectricity on the first or interior 
sphere. The images outside the second sphere form a diverging 
scrics, but the surface-integral of each with respeet to the spherical 
surface is zero, The charge of electricity on the exterior spherical 
surface is therefore 

Re Shape ee 
ee — | ew] 


If we substitute for these expressions their values in terms of 
OA, OB, and OP, we find 


O4 PB 
VWayied es DD 
charge on A = —J OP WB’ 
OB AP 
charge on B= —P OP Wh’ 


If we suppose the radii of the spheres to become infinite, the case 
becomes that of a point placed between two parallel planes Zand B. 
In this case these expressions become 


» CB 

toe r: / p bila ) 
eharge on d = —1 AB 
AP 

7 i v == — Foch, . 
charge on B= —7 aR 


172.] In order to pass from this case to that of any two spheres 
not intersecting cach 
other, we begin by 
finding the two com- 
mon inverse points OQ, 


0 through which all ra 
circles pass that are v 


orthogonal to hoth  ! 
spheres. Then, invert- | 
ing the system with % 
respect to cither of hss 
these points,the spheres 
beeome concentric, as 
in the first ease. 

The radins OAPB on which the suecessive images lic beeames 
an are of a circle through @ and 0’, and the ratio of O'P to OP is 
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equal to Ce" where C is a numerical quantity which for simplicity 
we may make equal to unity, 
We therefore put 


4 On? toe OA qe OU 
SOR? Ub ch Belg ra 


Let B~-a= oa, u~az= 6, 
Then all the successive images of P will lic on the are OL PRO’. 
f=) 
The position of the image of P in A is Q) where 


# (Q,) = log aa = 2a—zx, 


That of Q, in B is P, where 


OP. 
u(P,) = log =) = 2a. 
( ) og OP, bee 
Similarly 
u(P,) = u+28a, u(Q,) = 2a~u—-250. 


In the same way if the successive images of P in B, dA, B, &e. 
are Qy, Py’, Qy, &e., 
u(Qy) = 28—u, (Py!) =u—-20; 
“u(P,’) = u~282a, a (Q,’) = 2B—u+25a. 
To find the charge of any image P, we observe that in the 
inverted figure its charge is 
OP, 
> haa 
OP 
In the original figure we must multiply this by O'P,. Hence the 
charge of /, in the dipolar figure is 


By fPGP, 
M OOF 
If we make € = / OP.OP, and call £ the parameter of the 
point P, then we may write 


Bmp bs 5 
Peet EP, 


or the charge of any image is proportional to its parameter, 
If we make use of the curvilinear coordinates and v, such that 


evtv/riy t+ v= ly—k 


ame y 
Up %—ly tk 
Asin hu Asinvy 
then r= , y = ———_ ; 
cos 4 u%— cos v cos Au—cos v 
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a’? +(y—Aeotv)? = h cosee*, 
(a+ heot Au)? + y? = £ cosec A2y, 


Ris gt pe wed yt a fe 
cote = fap Pass >» cothu = — ty - ; 
ahy ry 


cos hu—cos ev 
Since the charge of cach image is proportional to its parameter, 
&, and is to be taken positively or negatively according as it is of 
the form P or Q, we find 
PJ coshu—cosv 


Poe ee Ae 


pir skiescp apa ? 
eos hi (4 + 2 $ a) —COs v 
PJ cos hu —cos 0 
Q,=— i ee ee ag 


— , 
“eos 4 (2a—u— 2805) — cosv 


pa —Lveoshurcosy 
7 Ploakicoas 
MO Toes kG 9 tae) a. 

We have now obtained the positions and charges of the two 
infinite scries of images. We have next to determine the total 
charge on the sphere 4 by finding the sum of all the images within 
it which are of the form Q or 2”. We may write this 


Se Se a 5 tae s20 1 
P.fcoshu—cos? 


a ie el eae ee a 
=) /cos h(u— 23a) —~cosv 
CR etpy at areas $a ] 
ee Au~cosv Lf See eee 
Pal Cosh =O Bin V/ cos h(2a—% — 28) —C0s v 
In the same way the total induced charge on B is 


Pp 7 > 1 

V COSA —COS ¥ 9 pee 

: ~ = V cos h (4 + 28 7) —cos v 
c= ] 


— Pr cosh —cos v es 


a cos h(2R—u + 28 @)—C08 v 


* In these expressions we must remember that 
2coshu=ch+ e7', Qsinhu=ch—em", 
and the other functions of x are derived from these by the samo definitions as the 
corresponding trigonometrical functions. 

The method of applying dipolar coordinates to this case was piven by Thomson iu 
Liourilte’s Journal for 1847. See Thomson's reprint of Hlectrical Papers, § 211, 212. 
In the text I have made use of the investigation of Prof. Betti, Nuovo Cimento, 
vol. xx, for the annlytical method, but T have retained the idea of electrical images as 
used by Thuinson in his original investigation, Phil. Mag., 1853. 
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173.) We shall apply these results to the determination of the 
coefficients of capacity and induction of two spheres whose radii are 
aund 4, and the distance of whose centres is ec. 

In this ease 

pa VOFG PALER oa ep 
my Sarr tare ead 20 a: SOR igs ed 


sin 4,q == ie sin A.B Ae 
(t 4 


Tet. the sphere uf be at potential unity, and the sphere B at 
potential zero, 

Then the successive images of a charge « placed at. the centre 
of the sphere Jf will be those of the actual distribution of electricity. 
All the images will lie on the axis between the poles and the 
centres of the spheres. 

The values of 7 and » for the centre of the sphere 4 are 

u= 2a, v= 0, 
: 1 ae 
Hence we must substitute a oy } inf (0r 7 and 2a for x, and 
3s “a 
v=0in the equations, remembering that P itself forms part. of the 
charge of fl. We thus find for the covflicient of’ capacity of A 


sar ] 
i uk r Ses 
ua De sin 4(s a —a) 


for the coeflieient of induction of 4 on 2 or of Bon wt 


fawn 1 
oe eee 
=1 sinha 


and for the cocflicient of capacity of B 


$30 1 
ha a sink (3+6a) 


To caleulate these quantities in terms of @ and 4, the radii of the 
spheres, and of ¢ the distance between their centres, we make use 
of the following quantities 


he 


1 “= 
/ a 
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We may now write the hyperbolic sines in terms of), 4, 7; thus 


ee Sey 


” Pp 
ry a 


s=0 Qk 
Jab _ => Sao 


m= So 


Proceeding to the actual caleulation we find, cither hy this 
process or hy the direct caleulation of the suecessive images as 
shewn in Sir W, Thomson’s paper, which is more convenient for 
the carlier part of the series, 


ath ashe 


=a sat OCS Se ZC, 
Jus a c* Be + (c*? — 6" + ac) (ce? — 6% ~ac) +e, 
ab ath as ys & 
Gap FO pg poe 
om ¢ a(®@—at— bye ( —u? —b? 4. ab) (ec? — a? — 6? — ad) - 
ab* ahs 


Sg Se eee ee: Oe 
i eer arr ag (Pa pba — be T° 


174.) We have then the following equations to determine the 
charges J, and #4, of the two spheres when electrified to potentials 
/’, and F, respectively, 

ki, a VM aa of ", Wabs 
fh, = Vi ab + r, Fon s 


bret 4 1 
Tf we put Yaa Qob— Gar = D = D? 


and Paw = Ku PY, Pn =— Ga D; . Pur = Gua 2’, 
whenee Pan Pir Par = LF 5 
then the equations to determine the potentials in terms of the 
charges are Vo = pea B+ peu Bos 

Vi, = Pan Lot Py By, 
and peas Aavy ANd py, are the coefficients of potential. 

The total energy of the system is, by Art. 85, 
Q= (EA +h,1,), 

STE dant lt Gav +? Gun)s 
= E(B Mat 2 By Ey Part Lv Pn): 


cae AN ULE BR ae | 
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The repulsion between the spheres is therefore, by Arts, 92, 93, 


ae 72 om ope Mon | pnt | 
cS ty In le + ehh dle +h, de \’ 


=-4) pies +20, Fy se +A" t, 
where c is the distance between the centres of the spheres. 

Of these two expressions for the repulsion, the first, which 
expresses it in terms of the potentials of the spheres and the 
variations of the cocflicients of capacity and induction, is the most 
convenient for caleulation. 

We have therefore to differentiate the q's with respect to ce. 
These quantities are expressed as functions of #4, a, B, and a, and 
must be differentiated on the supposition that @ and é are constant. 
From the cquations 


sin ZasinAp 
mee ares OS 


k= asinka = dbsinhp =e : 


sinha 
. da sinhacoshp 
we find A opie ty a 
dB _ costasinép 
de” ksinha 
de 1 
de k’ 


Gh om danas, 


dessin 
whence we find 


@€Waq _ coshacoshp Yan 


t=0(s¢— a cos 48) cos b($ a ~—a) 
de ~ sinka & #20 ¢ (sin & (8 —a))® 


cate 


dq, coshacoshB Gab SS seoshs z 
de” sinha *=1 (sinksar)* 


Cy cos ha cos 48 Quy Ss) re a) cos (8 + 8a) 
de~ sinke & s=0 e(sink(B+sa))? " 

Sir William Thomson has calculated the force between tio 
spheres of equal radius separated by any distance less than the 
diameter of one of them. For greater distances it is not necessary 
to use more than two or three of the successive images, 

The series for the differential coefficients of the qs with respect 
to ¢ are easily olstained by direct differentiation 
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Aun 2u7be 20h? ¢ (2c? ~2b? —a*) 


de (I oP fag tact 


qu, _ ab a? bP (3 ct§ — 2 —b?) 


de ~ c2 * ~¢® (e@ gt) 
an te eee ae eae 
c? (e2 —a? —b? 4-ab)* (c? —a? -b? —ab)? : 
dqy, _2ab?e 2a® 03 ¢ (2c? — 2a? —b*) oe 
de (ce? a2)? (c# —a4 + be)® (0? —a*— be)? 


Distribution of Electricity on Two Spheres in Contact. 


175.] If we suppose the two spheres at potential unity and not 
influenced hy any other point, then, if we invert the system with 
respect to the point of contact, we shall have two parallel planes, 

‘ 1 P : . gs 
distant an and i from the point of inversion, and electrified by 
the action of a unit of electricity at that point. 


There will be a series of positive images, each equal to unity, at 
distances ¢ + ) from the origin, where s may have any integer 


value from —oo to +0. 

There will also be a series of negative images cach equal to — 1, 
the distances of which from the origin, reckoned in the direction of 
a, are +0(- + i): 

When this system ig inverted back again into the form of the 
two spheres in contact, we have a corresponding series of negative 
images, the distanees of which from the point of contact are of the 
form —_—- ae where ¢ is positive for the sphere 4 and negative 
65 +5) 
for the sphere B. The charge of each image, when the potential 
of the spheres is unity, is numerically equal to its distance from the 
point of contact, and is always negative. 

There will also be a series of positive images whose distances 
from the point of contact measured in the direction of the centre 


of a, are of the form a 

a ab 

When s is zero, or a positive integer, the image is in the sphere 4. 
When ¢ is a negative integer the image is in the sphere 2. 
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The charge of cach image ig measured by its distanee from the 
origin and is always positive, 


The total charge of the sphere +f is thereforg 
2 $2200 1 tb waren] 
hi, = SE a 
a aod 
Each of these Series is infinite, butif we combine them in the form 

he sites er | 
> wal g (4. b) (8 (ee 4. 6)—~a) | 
the series hecomes converging, ; 


In the same Way we find for the charge of the sphere 2, 


EF ot Sa ah at fama 
WS thea ape 
fw ab? 
~ est 9a 54) {8a 44) 4} 
The values of Fi, and FE, ave not, so far ag T know, expressible : 
in terms of known functions, Their difference, however, is easily ; 
expressed, for q 


; 3 fen ab 
LE, = De bys (et) ’ 
mah ow) 
4h TG 
Tes are equal the charge of eae 
7 f=0 ] 
d =a >. 2s(2s—1y ’ 

= @(1~344—4 4 Bay 

= «log, 2 = 1.0986. 
When the sphere sf is very 
the charge on A ig 


When the sphe h for potential unity 
ig 


small compared with the sphere # 


La - > approximately ; 

or Be me 

aur ay a 

The charge on # is nearly the same as if 
Ly = b, 

nsity on cach sphe 

In this way w 


al were removed, or 
The mean de re is found by 
by the surface, 


dividing the charge 
@ gel. 


oO, = -, op 


Ifence, if a very small sphere is made to touch a very large one, 
the mean density on the small sphere is equal to that on the large 
2 


sphere multiplied by = , Or 1.641936, 


Application of Electrical fuversion to the cuse of a Spherical Bow, 

176.] One of the most remarkable illustrations of the power of 
Sir W. Thomson's method of Electrical Images is furnished by his 
investigation of the distribution of electricity on a portion of a 
spherical surface bounded by a small circle. The results of this 
investigation, without proof, were communicated to M. Liouville 
and published in his Journad in 1817. The complete investigation 
is given in the reprint of Thomson’s /ectricul Papers, Article XV, 
T am not aware that a solution of the problem of the distribution 
of electricity on a finite portion of any curved surface has been 
given by any other mathematician. 

As I wish to explain the method rather than to verify the 
calculation, I shall not enter at length into either the geometry 
or the integration, but refer my readers to Thomson’s work. 


Distribution of Electricity o2 an Bllipsoid, 

177.] It is shewn by a well-known method * that the attraction 
of a shell bounded by two similar and similarly situated and 
coneentric ellipsoids is such that there is no resultant attraction 
on any point within the shell. If we suppose the thickness of 
the shell to diminish indefinitely while its density increases, we 
ultimately arrive at the conception of a surface-density varying 
as the perpendicular from the centre on the tangent plane, and 
sinc: the resultant attraction of this superficial distribution on any 
point within the ellipsoid is zero, electricity, if so distributed on 
the surface, will be in equilibrium. 

Hence, the surfuce-density at any point of an ellipsoid undis- 
turbed by external influence varies as the distance of the tangent 
plane from the centre, 


* Thomson and Tait's Natural Philosophy, § 520, or Art, 150 of thia bouk. 


an ETE SET 


Neth ROY RNR Lee = 
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Distribution of Electricity on a Dish, 

By making two of the axes of the ellipsoid equal, and making 
the third vanish, we arrive at the case of a circular disk, and at an 
expression for the surface-density at any point P of such a disk 
when electrified to the potential and left undisturbed by external 
influence, If o be the surface-density on one side of the disk, 
and if APL be a chord drawn through the point P, then 

Pe kas 
272? SAP. PL 
Application of the Principle Sf Electric Inversion, 

178.] Take any point Q as the centre of inversion, and let 2 
be the radius of the sphere of inversion. ‘Then tho plane of the 
disk becomes a spherical surface passing through Q, and the disk 
itself becomes a portion of the spherical surface bounded by a circle, 
We shall call this portion of the surface the dowd. 

If 8’ is the disk electrified to potential F’ and free from external 
influence, then its electrical image S will be a spherical segment at 
potential zero, and clectrified by the influence of a quantity 2 of 
electricity placed at Q. 

We have thereforé by the process of inversion obtained the 
solution of the problem of the distribution of electricity on a 
bow! or a plane disk when under the influence of an electrified 
point in the surface of the sphere or plane produced, 


4. 


Lnfluence of an Llectrified Point placed on the unoceupied part of the 
Spherical Surface. 

The form of the solution, as deduced by the principles already 
given and by the geometry of inversion, is as follows : 

If C is the central point or pole of the spherical bowl S, and 
if « is the distance frum € to any point in the edge of the seement, 
then, ifa quantity g of cleetricity is placed at a point Q in the 
surface of the sphere produced, and if the bowl S is maintained 
at potential] zero, the density o at any point P of the bowl will be 


sid og CQ? — a2 
"= aa? QP a? — CP? 


CQ, CP, and QP being the straight lines joining the points, C, Q, 
and P, 

It is remarkable that this expression is independent of the radius 
of the spherical surface of which the bowl is a part. It ig therefore 
applicable without alteration to the ease of a plane disk. 
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Influence of any Number of Electrified Points. 


Now Ict_ us consider the sphere as divided into two parts, one of 
which, the spherical segment on which we have determined the 
electrie distribution, we shall call the bowl, and the other the 
remainder, or unoccupied part of the sphere on which the in- 
fluencing point Q is placed. 

Ifany number of influencing points are placed on the remainder 
of the sphere, the electricity induced by these on any point of the 
bowl may be obtained by the summation of the densities induced 
by each separately, 

179.] Let the whole of the remaining surface of the sphere 
be uniformly electrified, the surface-density being p, then the 
density at any point of the bowl may be obtained by ordinary 
integration over the surface thus electrified. 

We shall thus obtain the solution of the ease in which the bowl 
is at potential zeru, and electrified by the influence of the remaining 
portion of the spherical surface rigidly electrified with density p. 

Now let the whole system be insulated and placed within a 
sphere of diameter /, and Ict this sphere be uniformly and rigidly 
electrified so that its surface-density is p’. 

There will be no resultant foree within this sphere, and therefore 
the distribution of electricity on the bow] will be unaltered, but 
the potential of all points within the sphere will be increased by 
a quantity V where 

7 2 Tp : 
Ve 7 
Hence the potential at every point of the bow! will now be J. 

Now let us suppose that this sphere is concentrie with the sphere 
of which the bow] forms a part, and that its radius exceeds that 
of the latter sphere by an infinitely small quantity, 

We have now the case of the bowl maintained at potential / and 
influenced by the remainder of the sphere rigidly electrified with 
superficial density p+ p’. 

180.} We have now only to suppose p+p'= 0, and we get the 
case of the bow! maintained at potential Y and free from external 
influence. 

If a is the density on either surface of the bowl at a given point. 
When the bowl is at potential zero, and is influenced by the rest 
of the sphere electrified to density p, then, when the bowl is main- 
tained at potential /, we must inerease the density on the outside 
of the bowl by »’, the density on the supposed enveloping sphere, 
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The result of this investigation is that if / is the diamcter of 
the sphere, @ the chord of the radius of the bowl, and r the chord 
of the distance of P from the pole of the bowl, then the surface. 
density & on the inside of the howl is 


PS AS oo os eae 
anf a*— yr? LF 
and the surface-density on the outside of the bowl at the same 
point is seh rae 
Qaf 


In the calculation of this result no operation is employed more 
abstruse than ordinary integration over part of a spherical surface. 
To complete the theory of the clectrification of a spherical bowl 
we only require the geometry of the inversion of spherical surfaces, 

181.] Let it be required to find the surface-density induced at 
any point of the bowl by a quantity g of electricity placed at a 
point Q, not now in the spherical surface produeed, 

Invert the bowl with respect to @, the radius of the sphere of 
inversion heing &. ‘The bowl will be inverted into its image §’, 
and the point P will have 2” for its image. We have now to 
determine the density o ut 2’ when the bowl 8” ig maintained at 
potential 7°, sueh that ¢=F°R, and is not influenced hy any 
external foree, 

The density & at the point. ? of the original bow] is then 

a fe 
i gps’ 
this howl] being at potential zero, and influenced by a quantity q of 
electricity placed at Q. 

The result of this process is as follows : 

Lot. the figure represent a section 


gue Me ee through the centre, O, of the sphere, 
‘og _ ye 4 the pole, C, of the bowl, and the in- 
tae as \ fluencing point Q. PD is a point 
OD. © which corresponds in the inverted 
we Big Oe : |} figure to the unoccupied pole of the 
. erereten ee eee /- vim of the bowl, and may be found 

“ a by the following construction, 
\ \ fit Draw through @ the chords LQE’ 
ce ae and QL”, then if we suppose the 

c 


radius of the sphere of inversion to 
be a mean proportional between the 
segments into which a chord is divided at Q, HF" will be the 


Fig. 16. + 
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image of BF, Bisect the are #’CH’ in D’, so that F’D/=D’ LB’, and 
draw J'QD) to meet the sphere in J. L iy the point required, 
Also through 0, the centre of the sphere, and Q draw HOQH’ 
meeting the sphere in /fand 7/’. Then if P be any point in the 
bowl, the surfuce-density at P on the side which js separated from 
Q by the completed spherical surface, induced by a quantity ¢ of 
electricity at Q, will be 
Y QH.QH’ (PQ CD? —a*.' [PQ Cl —a* a 

= ont Lr ge CoQ ep) ~ | Bernas) |} 
where « denotes the chord drawn from C, the pole of the bow], 
to the rim of the bowl. 

On the side next tu Q the surfiuce-density is 

y QULQH 
Sa Il" POS 
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CHAPTER Xz. 
THEORY OF CONJUGATE FUNCTIONS [y TWO DIMENSIONS, 


182.] Tun number of independent cases in which the problem 
of electrical equilibrium has been solved is very small, The method 
of spherical harmonies has been employed for spherical conductors, 
and the methods of electrical images and of inversion are stil] more 
powerful in the cases to which they can he applied. The ease of 
surfaces of the second degree is the only one, as fir ag T know, 
in which both the equipotential surfaces and the lines of furee are 
known when the lines of force are not plane curves, 

But there is an important class of problems in the theory of 
electrical equilibrium, and in that of the conduction of currents, 
In which we have to consider space of two dimensions only. 

For instance, if throughout the part of the electric field under 
consideration, and for a considerable distance heyond it, the surfaces 
of all the conductors are generated by the motion of straight lines 
parallel to the axis of *, and if the part. of the field where this 
ceases to be the vase is so far from the part. considered that. the 
electrical action of the distant part on the field may be neglected, 
then the clectricity will Ie uniformly distributed long each gene. 
rating line, and if we consider a part of the field hounded hy two 
Planes perpendicular to the axis of > and at. distanes unity, the 
potential and the distribution of electricity will he functions of v 
and y only, 

If p dey denotes the quantity of electricity in an clement whose 
base is dr dy and height unity, and ods the quantity onan element. * 
of'area whose base is the linear element «ds and height unity, then 
the equation of Poisson may be written 

Cr de 


ae tost+inp= 0. 
dee + 72 tmp 
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When there is no free clectricity, this is redueed to the equation 
of Laplace, LV aV 


dae dy sae 


The general problem of electric equilibrium may be stated as 
follows :— 

A continuous space of two dimensions, bounded by closed curves 
(,, €,, &e. being given, to find the form of a function, F, such that 
al these boundaries its value may be /4, V,, &e. respectively, being 
constant for each boundary, and that within this space 7 may be 
everywhere finite, continuous, and single valued, and may satisfy 
Laplace’s equation. 

Tam not aware that any perfectly general solution of even this 
question has been given, but the method of transformation piven in 
Art. 190 is applicable to this case, and is much more powerful than 
uny known method applicable to three dimeusions. 

The method depends on the properties of conjugate functions of 
two variables, 


Definition of Conjugate functions, 
183.) Two quantities @ and 3 are said to be conjugate functions 
ofwand y, ifa+/—1 A is a function of x +./—1y. 
1t follows from this definition that 


da dB da dp ; 
ag Oe a es (1) 
dai da dB dB a 


oe = es = 0, 2 
dae * dy* , de* + dy" (2) 


Hence both functions satisfy Laplace’s equation. Also 


dadp dadj da” da” dp" HB” Sg 


he dy = dy de ae, as dy, ~ ile = dy (3) 
Ife and y are rectangular coordinates, and if ds, is the intercept 
of the eurve (8 = constant) between the eurves a and a+da, and 
ds, the intercept of @ between the curves 6 and f +3, then 
Se em (4) 
da” d3” BR? 
and the curves intersect at right angles, 

If we suppose the potential J’ =7%,+-#a, where & is some con- 
stant, then J” will satisfy Laplace’s equation, and the curves (a) will 
he equipotential curves, The curves (3) will be lines of foree, and 

Q2 
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the surface-integral of a surface whose projection on the plane of’ 
xy is the curve AB will be £(Bu--B.4), where Ba and By are the 
values of 8 at. the extremitics of the eurve, 

If a series of’ curves corresponding to values of a in arithmetical 
progression is drawn on the plane, and another series corresponding: 
to a series of values of 8 having the same common difference, then 
the two series of curves will everywhere intersect at night angles, 
and, if the common difference is small enough, the elements into 
which the plane is divided will be ultimately little squares, whose 
sides, in different parts of the field, are in different directions and of 
different magnitude, being inversely proportional to /?. 

If two or more of the equipotential lines (a) are closed Curves 
enclosing a continuous space between them, we miy take these for 
the surfaces of conductors at potentials (Vu+4a,), (Vi téa,), &e. 
respectively. The quantity of electricity upon any one of these 
between the lines of force B, and B, will be A @-A). 

The number of equipotential lines between two conductors will 
therefore indicate their difference of potential, and the number of 
lines of foree which emerge from a conduetor will indicate the 
quantity of electricity upon it, 

We must next state some of the most important. theorems 
relatine to conjugate finetions, and in proving them we may use 
either the equations (1), containing’ the differential coefficients, or 
the original definition, which makes use of imaginary symbols. 


184.] Turoress J, [fr aud of are conjugate functions with respect 
to x and y, and Pa and y” are also conjugate Junctions with 
respect lo ae anid yy then the Sunetions & +a” and S+y will 
be conjugate functions with respect tow and y, 


For fy ty 
‘or da aan ind oP hy 
therefore Ca 4) seh Up ty’) ; 
Bee Se ty 
Ta’ dy’ ly” , y" 
Als ie Sa 
Also ie da? ind cP aS; 


ESE) NGA 
dy ee 


ore +2" and y +y” are conjugate with respect to 2 and ¥. 


therefore 
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Graphie Representation of a Function which is the Sum of Tio 
Giren Functions, 

Let a function (a) of # and y be graphically represented by a 
series of eurves in the plane of wy, each of these curves corre- 
sponding to a value of a which belongs to a series of such values 
increasing by a common diflerence, 8. 

Let any other function, 8, of we and y be represented in the same 
way by a series of curves corresponding to a series of values of 8 
having the same common diflerenee as those of a. 

Then to represent the function a+, in the same way, we must 
draw a series of curves through the intersections of the two former 
series from the intersection of the curves (a) and () to that of the 
curves (a+) and (8—~8), then through the intersection of (a+28) 
and (8—28), and soon. At cach of these points the function will 
have the same value, namely a+8. The next curve must be drawn 
through the points of intersection of a and B+, of a+6 and ZB, 
of a4+28 and B—8, and so on. The function belonging to this 
curve will be a4 8 +6. 

Tn this way, when the series of curves (a) and the series (8) are 
drawn, the series (a+) may be constructed. These three series of 
curves may be drawn on separate picces of transparent paper, and 
when the first: and second have been properly superposed, the third 
may be drawn. 

The combination of conjugate functions by addition in this way 
enables us to draw figures of many interesting cases with very 
little trouble when we know how to draw the simpler eases of 
which they are compounded. We have, however, a far more 
powerful method of transformation of solutions, depending on the 
following theorem. 


185.] Tuxorew TT. ff” aie y” ave conjugate functions with 
respecl to the variables x aud y’, and Uf a! and yf are conjugate 
Functions with respect toe and y, then x and x will be con- 
jugale Junctions with respect tow aud y. 

Kor da a dal dal” if 

de de” da ° dy dex 


dy’ dy dy? def 


F] 


yf dy dat dy? 
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and (de det i a” yf 
me ag ga 
ly” dif dy dat 

laa a wae ae 


and these are the conditions that a” and y” should be conjugate 


functions of 2 and y. 
This may also be shewn from the original definition of conjugate 


functions, For w+ f—1y” is a function of r+ /—~17, and 
a +/S Ty is a function of a+ S71 y, Henee, a4 ST y” 
is a function of w+ /~1 y, 

In the same way we may shew that if a” and Y are conjugate 
functions of 2 and ¥ then # and y are conjugate functions of 2 
and 7’, 

This theorem may he interpreted graphically as follows -— 

Let 2’, 7’ be taken ag rectangular coordinates, and let. the curves 
corresponding: to values of x” and of y” taken in regular arithmetical 
series be drawn on paper. A double system of curves will thus be 
drawn entting the paper into little squares. Let the paper be also 
ruled with horizontal and vertical lines at equal intervals, and let 
these lines be marked with the corresponding values of 2’ and i. 

Next, let another picee of paper be taken in which # and y are 
made rectangular coordinates and a double system of curves ry 
is drawn, cach curve being marked with the corresponding value 
of 2’ ory’. This system of curvilinenr coordinates will correspond, 
point for point, to the rectilinear system of coordinates 2’, yon the 
first piece of paper, 

Ilence, if we take any number of points on the curye 2” on the 
first paper, and note the values of x’ and ¥ at these points, and 
mark the corresponding: points on the second paper, we shall find 
a number of points on the transfarmed curve v, Tf we do the 
same for all the eurves 2”, / on the first paper, we shall obtain on 
the second paper a double series of curves ey” of a different form, 
but having the same Property of eutting the paper into little 
squares, 
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186.] Turorem TIT. Uf Tis any funetion of af and y’, and if x 
and ¥ are conjugate functions ofa and y, then 


“CY OP ty Pee PR, 
[i Cae t dy" ) daily =/1( GA ay df? af 2 dat dy, 


the integration being between the same timits, 


ave dd dF df 


. 


For ae ar ae oe 
or de = di’ dat dif te 
We ae ida CV de dy ar dy? 
eR ay mr aaa Se ne Te 
dae? at (in) + ie dy’ de de ae dy? dv 
av Pe dF ty’ 
Fi de® Thy det? 
ant OE eB dee ER a df ap? 


ype = dt dy 7 dey dy dy * dif? ay} 
dV Pa! | ab dty 
dl dy" dif dye 
Adding tho last two equations, and remembering the conditions 
of conjugate functions (1), we find 


(ln ol cy Les aq" a wy, 
ie dy? ~ da? de dy dy’? dr dy| 


= PV d?¥y ,da’ di ly da! dif 
Guat 2 L/* 7) Oe dy” dy i 


Hence 
Ppl de Ped PTY pdt ly’ dat ly’ 7 
I Caz ae iy? ye yy [Gas + iF 7) Gis dy dy de) (oe 
re PP 
=| Ga +! ts yy) deny. 
If Jis a potential, then, hy Poisson’ s equation 


Cr & oe 
+ - 
ae dy? 


Il 


;~ +4ap=0, 


and we may write the result 


| | pdady = | il p de dy, 

or the quantity of cleetricity in corresponding portions of two 
systems is the same if the coordinates of one system are conjugate 
functions of those of the other. 
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Additional Theorems on Conjugate Functions, 


187.) Tirorny TV. Lf a, and y,, and also 2, and Yo, are con- 
jugete functions of 2 and ys then, if 
X= aye—Hy,, and Fa Jat By, , 
X and ¥ will be conjugate functions of x and y. 


For X4JSATY = eee J) 82+ /—1y,). 


Tixorem V. If ¢ be a solution of the equation 
Cp dq 


det t dy? =a), 
do 
Fae iat “ 
and if @R= log: + ‘e ) and @O= tant oe : 
dy 


Rand © will be conjugate Junctions of & and y. 


For Rand © are conjugate functions of be and ce » and these 
; Sees ax dy 
are conjugate functions of + and y- 


Exanrre L.—ZJnversion, 


188.] As an example of the gencral method of transformation 
let us take the case of in version in tivo dimensions, 

If 0 is a fixed point in a plane, and OA a fixed 
ifr OP = ae?, and 0 = AOP, and if a, 
coordinates of P with respect to O, 


direction, and 
y are the rectangular 


p= log <a? 498, O=tan-12, (5) 
© = ae cos 0, ¥ = ae? sin 8, 
p and 6 are conjugate functions of z and y- 
If p’ = np and @ = 28, p’ and @ will be co 


njugate functions of p 
and @ In the case in Which » = —1 weh 


ave 
a* ; 

rs, and ” =—4@, (6) 
Which is the case of ordinary inversion combined with turning the 
figure 180° round O4. 

Jnversion in Two Dimensions. 


In this case if y and » represent the distances of corresponding 
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points from O, e and ¢’ the total clectrification of a body, Sand $’ 
superficial elements, /’ and PF’ solid elements, o and o’ surface. 
densities, p’ and p’ volume densities, @ and ¢’ corresponding: po- 


tentials, 
ey 8 gh 8 A ae io 
poe yee a a a 
é oe 7h ak p yi a . 
Pa a Pe gL: a at a? (7) 
, 
a 
f- 1 


Examwerr T1.—Zleetrie Inages in Two Dimensions. 


189,.} Let 4 be the centre of a circle of radius AQ = 0, and let 
Fi he a charge at A, then the potential 
at any point P is 
6 
p= 2h log TP (8) 
and if the cirele is a section of a hollow 
conducting cylinder, the surface-density 


at any point Q is — ah Fig. 17. 


Invert the system with respect to a point. O, making 
AO=mb, and a? = (m?—1)0?; 


b 
then we have a charge at A’ equal to that at A, where 44’ = —- 


ne 


The density at Q’ is 
E P-AA? 
~ Brb AQ” 
and the potential at any point 7’ within the circle is 
~p=gp= 24 (log 6—log AP), 
= 2/2 (log OP’ —loe A’ P’—log m), (9) 
This is equivalent to a combination of a charge # at A’, and a 
charge —F at O, which is the image of 4’, with respect to the 
eirele, The imaginary charge at O is equal and opposite to that 
at A’, 
If the point P’ is defined by its polar coordinates referred to the 
centre of the eirele, and if we put 


p= logr—logé, and py = log Ad’ —log b, 
then AP’ = be?, AA’ = hero, AO = be-Po; (10) 
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and the potential at the point (p, 0) is 
p = Mog (e- 26 26?" oF eng 04. ep} 
— AF og (v2 2 peo 0? ens O-+ e7) 4.9 En. (A 1) 

This is the potential at. the point (p, 0) due"to a charge £, placed 
at the point (p,, 0), with the condition that when p = 0, p= 0. 

In this case p and @ are the conjugate functions in equations (5) : 
pis the logarithm of the ratio of the radius vector of a point to 
the radius of the cirele, and 0 is an angle. 

The centre is the only singular point in this system of coordinates, 


She _ [de P 
and the line-integral of / / “ds round a closed enrve is zero or 27, 
J dy 


aceording as the closed curve excludes or includes the centre. 


Exasprrs TIT.—Neumanins Transformation of this Case *. 


190.] Now let a and B he any conjugate functions of a and A 
such that the curves (a) are equipotential curves, and the curves 
(8) are lines of foree due to a system consisting of a charge of half 
a unit at the origin, and an electrified system disposed in any 
manner at a certain distance from the origin, 

Let us suppose that the earye for which the potential is a, 18 
® closed curve, such that no part. of the eleetrified system exeept the 
hall-unit at the origin lies within this curve, 

Then all the curves (a) between this curve and the origin will be 
closed curves smrounding the origin, and all the curves (3) will 
mect in the origin, and will eut the curves (a) orthogonally, 

The coordinates of any point within the curve (a,) will be determ- 
ined by the values of @ and Bat that pomt, and if the point travels 
round one of the euryes a in the positive direction, the value of B 
Will increase by 27 for each complete circuit, 

If we now suppose the curve (a,) to be the seetion of the inner 
surface of a hollow cylinder of any form maintained at potential 
zero under the influenee af a charge of linear density on a line of 
which the origin is the projection, then we may leave the external 
clectrified system out of consideration, and we have for the potential 
at any point (a) within the eurve 

p= 27 (a—a,), (12) 
and for the quantity of electricity on any part of the curve a, 
between the points corresponding to A, and £,, 

Q = 24 (B,—p,). (13) 


* See Crelle's Journal, 1861, 
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If in this way, or in any other, we have determined the dis- 
tribution of potential for the ease of a given eurve of section when 
the charge is placed at a given point taken as origin, we may pass 
to the ease in which the charge is placed at any other point by an 
application of the general method of transformation. 

Tet. the values of a@ and 8 for the point at which the charge is 
placed be a, and ,, then substituting in equation (11) a—ag for p, 
and 8—/3, for 0, we find for the potential at any point whose co- 
ordinates are a and £, 


p = Llog (1— 26%" cos (B—fB,) +e2 (4) 
— Plog (1—2e% te1-#%0 cos (8 — 81) + e2@ t1-2%)) 4. 2 FB (ay— ay). (14) 


This expression for the potential becomes zero when a=a,, and is 
finite and continuous within the curve a, except al the point a, B,, 
at which point the first term becomes infinite, and in its immediate 
neighbourhood is ultimately equal to 2 / logo’, where 7’ is the 
distance from that. point. 

We have therefore obtained the means of deducing the solution 
of Green’s problem for a charge at. any point within a closed curve 
when the solution for a charge at any other point is known. 

The charge induced upon an clement of the curve a, between the 
points B and 8+ by a charge / placed at the point a, A, is 


KE J — e2 (4) > 4) 


dg Pye" eos (Bg, peeenae “F ve 

From this expression we may find the potential at any point 
a, A, Within the elosed eurve, when the value of the potential at 
every point of the closed carve is given as a function of A, and 
there is no clectrification within the closed curve. 

For, by Theorem IT of Chap. LIT, the part of the potential at 
a, By, due to the maintenance of the portion /8 of the closed eurve 
atthe potential 7) is #7, where» is the charge induced on dp by 
unit of electrification at a, f,. Tenee, if 7 is the potential at a 
point on the closed curve defined as a function of 8, and ¢ the 
potential at the point a, 8, within the closed curve, there being no 
electrification within the curve, 

dl ie (1 — e2lar-a)) (7B (16) 


= ae » I-22 e!1-4) COS (8 —8,) eh ¢2(a4—a0) . 
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Examere IV —Distribution YP kletricity near an 
Conductor formed by Two Plane Faces, 
191.] In the ease of an infinite 

with electricity to the 


[rou. 
“dye of a 


surface- 


plane face of a conductor charged 
ata distance y from the pl 


density o,, we find for the potential 
ane 
Pa C4 TOyy, 
where Cis the value of the pote 
Assume a straight, line 


ntial of the conductoy itself, 
into polar coordinates 


in the plan 


us @ polar axis, and transform 
» and we find for the potential 


V=Cro17 7) ¢e? sin 0, 
and for the quantity of © 


lectricity on a parallelogram of breadth 
unity, and length aee measured from the axis 
E 


= a, der, 
P= ny and a= 
ronjugate to p and 9, the equations 
a Soe mde" sin nO 
and Lf = aac’ 
express a possible distribution of cle 
If we write » for a oP, 


Now let us make 


20, then, since p’ and 0’ are 


ctricity and of potential. 
ry will be the 
8 the angle, and we shall hayo 


distance from the axis, and 


‘ ” 
=CU—4a¢ 


BK , n 
jaa 


? will be equal to 


C whenever 20 = 7 ora multiple of x. 


Let the edge be a salient angle of the conductor, the inclination 
of the faces being a, then the angle of the diclectrie ig O¢ 


8 27—a, so 
that when 0=275~—a the point is in the other face of the conductor, 
We must therefore make 


WQ7—al= a, 01 


Ao 
2m7—~a 
tis 
! UN 27) 
Then Ps Cate aa FF) ee 
Ta 
QT 


va ofa 
£ = Ha (- 
< 0 () 
The surface-densit y o at any dis{ 


ance 7 from the edgre is 


ar 
_—— 
7 


dk pa: 


7 una 
= aig) 
dr ema NG 


192. | HLLIPSES AND IHYPERBOLAS, 237 


When the angle is a salient one @ is less than a, and the surface- 
density varies according to some inverse power of the distanee 
from the edge, so that at the edge itself the density becomes 
infinite, although the whole charge reekoned from the edge to any 
finite distance trom it is always finite. 

Thus, when a=0 the edge is infinitely sharp, like the edge of a 
mathematical plane, In this case the density varies inversely as 
the square root of the distance from the edge. 


r 7 sae , . ; 
When a=, the edge is like that of an equilateral prism, and the 
density varies inversely as the 3 power of the distance. 


. u : : ; ae 
When a= > the edye is a right angle, and the density is in- 


versely as the cube root of the distance. 
r 27 Pts . : 
When a= : the edge is like that ofa regular hexagonal prism, 


and the density is inverscly as the fourth root of the distance. 

When a= 7 the edge is obliterated, and the density is constant. 

When a= 47 the edge is like that in the inside of the hexagonal 
prism, and the density is directly as the square root of the distance 
from the edge. 

When a=: 7 the edge is a re-entrant right angle, and the density 
is directly as the distance from the edge, 

When a=7 the edge is a reentrant angle of 60°, and the 
density is direetly as the square of the distance from the edge. 

In reality, in all cases in which the density becomes infinite at 
any point, there is a discharge of electricity into the dielectric at 
that point, as is explained in Art. 55. 


Exasrne V.—Adlipses and Lyperbolas. Figs. X. 
192.] We have seen that if 


wv, = e? cos p, yy = eb sin, (1) 
wand y will be conjugate functions of g and w. 
Also, if ty = 27? cos Wy, Yo == —e-* sin yp, (2) 


i, and y, will be conjugate functions, ence, if 
2x2, +2.,= (e? +e7*) eos p, 24 ft fo= (eh —e) sin Ww, (3) 


«and y will also be conjugate functions of @ and yw. 
In this ease the points for which @ is constant He in the ellipse 
whose axes are e? +e-? and ef —e7%, 
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The points for whieh ¥ is constant lie in the hyperbola whose 
uxesare 2eosy and 2 sin y. 
On the axis of ”; between we: — Pand w= 41, 
(p == 0, Woo cosa! yy, (4) 


On the axis of’, beyond these limits on either side, we have 


“> ot, hoz 0, p= log (ep Ant — 1), (5) 
Uo), W= aq, h = low (./y2#—] — wv), 


Hence, if is the potential function, and WwW the function of flow, 
we have the case of electricity owing: (rem the Negative to the 
Jositive side of the axis of' a through the space between the points 
—loand 41, the parts of the axis beyond these limits being 
iinpervious to cleetricity, 

Since, in this Gise, the axis af y isa line of flow, we may suppose 
it also impervious to elect neity. 

We may also consider the ellipses to Ie sections of’ the equi- 
potential surfaces due to tn indefinitely long flat conductor of 
breadth 2, charged with half'a unit of electricity perumit of length, 

Tf we make Yr the potential function, aud p the function of How, 
the case becomes that of an infinite plane from Which a strip of 
breadth 2 has been et away and the plane on one side charged to 
potential + while the other reanains at zero, 

These cases may be considered as particular cuses of the quadric 
surfaces treated of in Chapter X. The forms of the curves are 
given in Fig, X, 


LXampns VI—Fig. XT, 


193.) Let us next consider 2” and J as functions of and y, where 


gros 


> 


: Y 
c= blog Sv 7}, J = btan-} ae (0) 


“and / will be also conjugate funetions of p and yw. 

The curves resulting from the transformation of Fie, X with 
respect to these new coordinates are given in Fig. XJ, 

Tf and / are revclaneular coordinates, then the properties of the 
axis of vin the first figure will belone to a series Of lines parallel 
tow in the second firure for which = b's. where x’ is any 
Inteoer, 

The positive values of “on these lines will correspond to values 
of ereater than unity, for which, as we have already sven, 


aoe 
ee 


Ye= TT, ‘(b= low (ef fre 1) = log ae we oes i (7) 
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The negative values of 2 on the same lines will corr aspond to 
valucs of wv less than unity, for whieh, as we have sce n, 
sf 
th = 0, Wes vos) we = cos: le, (8) 
The properties of the axis of y in the first figure will belong to 
a series of lines in the second figure parallel (0 ’, for which 
Y= ba ($3). (0) 
The value of wy along these lines is y = mw (w’ 42) for all points 
both positive and neeative, and 


» = le(yt+ JX Say a? Pe (10) 


194.) If we consider q as the potential function, and yeas the 
function of flow, we may consider the case to be that of an in- 
definitely long: strip of metal of breadth #4 with a non- conducting: 
division extending from the origin indelinitely in the positive 
direction, and thus dividing the positive part of the strip into two 
separate Channels. We may suppose this division to be a narrow 
slit in the sheet. of metal, 

If a current. of cleetricity is made to flow along one of these 
divisions and back again along the other, the entrance and exit of 
the current being at an indefinite distance on the positive side of 
the orivin, the distribution of potential aud of current. will be given 
by the functions ¢ and w respectively, 

Tf, on the other hand, we make w the potential, and @ the 
function of flow, then the ease will be that of 2 current in the 
general direction of y, flowing through a sheet in which a number 
of non-conducting divisions are placed parallel tow, extending: from 
the axis of y to an indefinite distance in the nevative direction. 

195.] We may also apply the results to two important ¢ cuss In 
statical clectricity, 

(1) Let a conductor in the form ofa plane sheet, bounded by a 
straight edge but otherwise unlimited, be placed in the plane of wz 
on the positive side of the origin, and let two infinite conducting 
planes be placed parallel to it and at distances 474 on cither side, 
hen, if wis the potential function, its value is 0 for the middle 
conductor and 4% for the two planes, 

Let us consider the quantity of electricity on a part. of the middle 
conductor, extending to a distance 1 in the direction of z, and from 
the origin to w = a, 

The electricity on the part of this strip extending from a, to 2. 


1 
ree (¢.— dy) 


| 
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Hence from the origin to 2’= a@ the amount is 


Ya i loy (i + teen . (11) 


Tf cis large compared with 4, this becomes 
| ee 
Cee a OGser, 
ar E lias S (12) 
tab 

Hence the quantity of electricity on the plane bounded by the 
straight edge is greater than it would have been if the electricity 
had been uniformly distributed over it with the same density that 
it has at a distance from the boundary, and it is equal to the 
quantity of clectricity having the same wiiform surlace-density, 
but extending to a breadth equal to ’ low, 2 beyond the actual 
boundary of the plate. 

This imaginary uniform distribution is indicated by the dotted 
straight lines in Fig. XI. The vertical lines represent lines of" 
force, and the horizontal lines equipotential surfaces, on the hypo- 
thesis that the density is uniform over both planes, produeed to 
infinity in all directions, 

196.] Electrical condensers are sometimes formed of a plate 
placed midway between tio parallel plates extending considerably 
beyond the intermediate one on all sides, If the radius of curvature 
of the boundary of the intermediate plate is great compared with 
the distance between the plates, we may treat. the boundary as 
approximately a straight line, and calculate the capacity of the 
condenser by supposing’ the intermediate plate to have its area 
extended by a strip of uniform breadth round its boundary, and 
ussuming the surface-density on the extended plate the same as 
it is in the parts not near the boundary, 

Thus, if & be the actual area of the plate, Z its circumference, 
and 4 the distance bet ween the large plates, we have 

pa NR (13) 
U 
and the breadth of the additional strip is 


Aes log a B. (14) 


sO that the extended area is 
1 
= §S4 BL ~ low 2, (15) 
Tr 
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The capacity of the middle plate is 
1 8s 1 f 
fe Bata ly tate.) 09 
Correction for the Thickness of the Plate. 

Since the middle plate is generally of a thickness which cannot 
be negleeted in comparison with the distance between the plates, 
we may obtain a better representation of the facts of the case by 
supposing the section of the intermediate plate to correspond with 
the curve wy = W’. 

The plate will be of nearly uniform thickness, 6 = 20y’, at a 
distance from the boundary, but will be rounded near the edge. 

The position of the actual edie of the plate is found by putting 


y = 9, whence a’ = blog cos y’. (17) 
The value of ¢ at this edge is 0, and at a point for which 2’= @ 
it is a + 6 log, 2 
Se 


Henee the quantity of electricity on the plate is the same as 
ifa strip of breadth B af 

PF 78 18 

a log, (2 cos 5 (18) 

had been added to the plate, the density being: assumed to be every- 


where the same as it is at a distance from the boundary. 


Density near the Edge. 
The surface-density at any point of the plate is 


2 
1dp_ | gh 
e?—1 
1 oe oat 
pacarees cere b v= 
eeecesy + 26 we). (19) 


The quantity within brackets rapidly approaches unity as 2’ 
increases, so that at a distance from the boundary equal to x times 
the breadth of the strip a, the actual density is greater than the 


‘ 1 j 
normal density by about sy77 of the normal density. 


In like manner we may caleulate the density on the infinite planes 


=: (20) 


When a =0, the density is 2~4 of the normal density. 
VOL. 1. R 
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At » times the breadth of the strip on the positive side, the 
é ; : 1 
density is less than the normal density by about. wer’ 
At ~ times the breadth of the strip on the negative side, the 


a, de 1 : 
density is about 3 of the normal density. 


iv 

These results indicate the degree of aceuricy to be expected in 
applying this method to plates of limited extent, or in which 
irregularities may exist not very far from the boundary. The same 
distribution would exist in the case of an infinite series of similar 
plates at eqnal distances, the potentials of these plates being 
alternately +/"and —/. In this case we must take the distance 
between the plates equal to 2, 

197.] (2) The second case we shall consider is that of an infinite 
series of planes parallel to wz at distanecs B=nb, and all eut off by 
the plane of yz, so that they extend only on the negative side of this 
plane. If we make ¢ the potential function, we may regard these 
planes as conductors at potential zero, 

Let us consider the curves fer which (pis constant, 

When y= x74, that is, in the prolongation of cach of the planes, 


we have a! = blog 4 (e* 4 e-) (21) 
When f= (w+4)dr, that is, in the intermediate positions 
w= b log } (e+—e-4), (22) 


Hence, when ¢ is large, the curve for which is constant ig 
an undulating line whose mean distance from the axis of ¥ is 
approximately a= b($—log, 2), (23) 
and the amplitude of the undulations on cither side of this line is 


e + ent 


$ blog eG (24) 


When ¢ is large this becomes de~?, sy that the curve approaches 
to the form of'a straight line parallel to the axis of y' at a distance 
« from a4 on the positive side, 

If we suppose a plane for whieh 2’ =a, kept at a constant 
potential while the system of parallel planes ig kept at a different 
potential, then, since bp = a+b log, 2, the surface-densil y of 
the electricity indueed on the plane is equal to that which would 
have been induced on it by a plane parallel to itself at a potential 
equal to that of the series of planes, but at a distance greater 
than that of the edges of the planes by 2 log. 2. 
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If B is the distance between two of the planes of the series, 
B = wb, so that the additional distance is 


a= Bim? (25) 


198,] Let us next consider the space included between two of 
the equipotential surfaces, one of which consists of a series of parallel 
waves, while the other corresponds to a large value of p, and may 
be considered as approximately plane. 

If J is the depth of these undulations from the crest to the trough 
of each wave, then we find for the corresponding value of ¢, 


» 
ob 1 
$= 4d logo. (26) 
eo 1 
The value of 2” at the crest of’ the wave is 
blog 4 (ec? + e-*), (27) 


Ilence, if 4 is the distance from the crests of the waves to the 
opposite plane, the capacity of the system composed of the plane 
surface and the undulated surface is the same as that of two planes 
at a distance 4+a’ where 


: a’ = B low eth, (28) 


l+e "ii 

199.] If a single groove of this form be made in a conductor 
having the rest of its surface plane, and if the other conductor is 
a plane surface at a distance 4, the capacity of the one conductor 
with respect to the other will be diminished. The amount of this 


diminution will be less than the “th part of the diminution due 


to 7 such grooves side by side, for in the latter case the average 
electrical foree between the conductors will be less than in the 
former case, so that the induction on the surface of each groove will 

be diminished on account of the neighbouring grooves. 
If Z is the length, # the breadth, and J the depth of the groove, 
the capacity of a portion of the opposite plane whuse area is 8 will be 
8 LBo@ 


Bear ee ae ea 29 
and tnd.d+a’ (29) 
If 4 is large compared with JZ or a’, the correction becomes 
LB 2 
—. loa —— 2 30 
da: AZ 8% 7? 2 ( ) 
I-+-e 4 


R 2 
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and for a slit of infinite depth, putting D = 20, the correction is 


LL Be 
int ge 8. 2 a 


To find the surface-density on the series of parallel plates we 


must find « = —!. iy when @=0. We find 
Inds 


a sess ~ (82) 
7 ar 
ne bi] 


The average density on the plane plate at distance 4 from the 


r= 


. . . em 1 
edges of the series of plates is ¢ = ree 


the edge of one of the plates equal to na the surface-density ig 


Hence, at a distance from 


1 spate ; 
Wie of this average density. 


200.) Let us next attempt to deduce from these results the 
distribution of electricity in the figure formed by rotating the 
plane of the figure about the axis ¥=—R. In this case, Poisson’s 
equation will assume the form 


df kta 1 dV 
Le Ti? = 33 
OTP Bey Gy tite =o. (33) 


Let us assume P=, the function given in Art, 193, and determine 
the value of p from this equation. We know that the first two 
terms disappear, and therefore 

= 1 1 Ad 
0 an BEG dy” (34) 

If we suppose that, in addition to the surface-density already 
investigated, there isa distribution of electricity in space according: 
to the law just stated, the distribution of potential will be repre- 
sented by the curves in Fig. XT. 


Now from this figure it is manifest that os is generally very 
hy 


small except near the boundaries of the plates, so that the new 
distribution may be approximately represented by what actually 
exists, namely a certain superficial distribution near the edges of 
the plates, 


If therefore we integrate f ff pda’ ly’ between the limits Jf =O0and 


Y= 28, and from 2’ =—oo to = +2, we shall find the whole 


additional charge on one side of the plates due to the curvature. 
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‘ db dw 


dy! de? 


+m tw Y 1 diy 
Ly on sen AS Baie er eee 
[ooae f da (R+y') de ie 


1 1 y z 
SS ee . 3! 
ary (e-) (35) 
Integrating with respect to y’, we find 
ce adie 1 1h+B, R+B 
My i f ee ee barmear rented | 36 
j [> he’ dy ee ea log 7 (36) 


~16R” 48 
This is the total quantity of electricity which we must suppose 
distributed in space near the positive side of one of the eylindric 
plates per unit of circumference. Since it is only close to the edge 
of the plate that the density is sensible, we may suppose it all 
condensed on the surface of the plate without altering sensibly its 
action on the opposed plane surface, and in caleulating the attraction 
between that surface and the cylindric surface we may suppose this 
electricity to belong to the cylindric surface. 
The superficial charge on the positive surface of the plate per 
unit of length would have been —$, if there had been no curvature. 


Hence this charge must be multiplied by the factor (1 + 12) 
to get the total charge on the positive side. 

In the ease of a disk of radius # placed midway between two 
infinite parallel plates at a distance #, we find for the capacity 
of the disk R 


log 2 
y oe > d 38 
mis + 2 R +4B. ( ) 


Theory of Thomson's Guard-ring. 


201.| In some of Sir W. Thomson’s electrometers, a large plane 
surface is kept at one potential, and at a distance a from this surface 
is placed a plane disk of radius # surrounded by a large plane plate 
called a Guard-ring with a circular aperture of radius 2’ concentric 
with the disk. This disk and plate are kept at potential zero. 

The interval between the disk and the guard-plate may be 
regarded as a circular groove of infinite depth, and of breadth 
it’—R, which we denote by B. 


SESE, St Cee eeee 
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The charge on the disk due to unit potential of the large disk, 
: bs i 
supposing the density uniform, would be aa . 


The charge on one side of a straight groove of breadth B and 
length L = 2a, and of infinite depth, would he 
, RB 
‘pa 
But since the groove is not straight, but has a radius of curvature 
#, this must be multiplied by the factor € +4 2): 


The whole charge on the disk is therefore 


de? RB B 


ens De eS che 3¢ 

ry dag wid Oa (39) 
SES NE a (40) 
Bt “8a Ata 


The value of a cannot be greater than 
9 
a= Blog “| =0,29 8 nearly. 
7 

Jf Bis small compared with either A or ® this expression will 
five a sufliciently good approximation to the charge on the disk 
due to unity of difference of potential. The ratio of A to R 
may have any value, but the radii of the large disk and of the 

guard-ring must execed 2 by several multiples of 4. 


Exawrie VI.—Fig. XII. 


202.) Helmholtz, in his memoir on discontinuous fluid motion *, 
has pointed out the application of several formulae in which the 
coordinates are expressed as functions of the potential and its 
conjugate function. 

One of these may be applied to the case of an electrified plate 
of finite size placed parallel to an infinite plane surface connected 
with the earth. 

Since Z=dd and y, = ly, 
and also ©, = de? cosy and y, = Ae*siny, 
are conjugate functions of @ and y, the functions formed hy adding 
%, to a, and y, to y, will be also conjugate. Hence, if 

t=dp+dAe cosy, 
y = Ap+Aetsiny, 


. 


* Konigl. Akad. der Wissenschaften, zu Berlin, April 28, 1868. 
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then 2 and y will be conjugate with respect to p and yw, and @ and 
y will be conjugate with respect to # and y, 

Now let x and y be rectangular coordinates, and let Ay be the 
potential, then Aq will be conjugate to Ay, & being any constant, 

Let us put y = 7, then y = Ar, a= A(p—e?). 

If @ varies from —co to 0, and then from 0 to +20, @ varies 
from —oo to ~—A and from —A to —o, Honce the equipotential 
surface for which 4y=z7 isa plane parallel to # ata distance d= 74 


from the origin, and extending from —9s0 toa =—A. 
Let us consider a portion of this plane, extending from 
e=a—(sl+a)tox=—d and from s = 0 toz =e, 


let us suppose its distance from the plane of az to be y=b = An, 
and its potential to be = Aw = ha. 

The charge of eleetricity on any portion of this part of the plane 
is found by ascertaining the values of ¢ at its extremities. 

If these are @, and @,, the quantity of electricity is 


igh (a-b- 
We have therefore to determine ¢ from the equation 
=—(A4+4) = A(p—e), 
¢ will have a negative value g, and a positive value *, at the edge 
of the plane, where v = —, cb = 0. 
fence the charge on the negative side is —efq,, and that on 


the positive side is ch dy. 
If we suppose that @ is large compared with 4, 


a 
a —  ~ltke, 
a —--~-lte 4 
oy = —i+e 4 ) 


A 
gyal) H+ p41 a) 


If we neglect the exponential terms in ¢, we shall find that the 
charge on the negative surface exceeds that which it would have 
if the superficial density had been uniform and equal to that at a 
distance from the boundary, by a quantity equal to the charge on a 


strip of breadth 4 = : with the uniform superficial density. 


The total capacity of the part of the plane considered is 
c 
C= 53 (both). 
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The total charge is CV, and the attraction towards the infinite 
plane is 


A 
re TC ry ee a att 
af db a anb (3 a 4, re 4+ &e,) 
- a8 A 
P26 2 L2 a@ 
~ aaa +g — Gag long +80}. 


The equipotential lines and lines of foree are given in Fig. XII, 


Exampre VIII.—TZheory of a Grating of Parallel Wires. Pig. XIII, 


203.] In many electrical instruments a Wire grating is used to 
prevent certain parts of the apparatus from being electrified by 
induction. We know that if a conductor be entirely surrounded 
by a metallic vessel at the same potential with itself, no electricity 
can be induced on the surface of the conductor by any electrified 
body outside the vessel. The conductor, however, when completely 
surrounded by metal, cannot be scen, and therefore, in certain cases, 
an aperture is left which is covered with a grating: of fine wire. 
Let us investigate the effect of this grating in diminishing the 
effect of clectrical induction. We shall suppose the grating to 
consist of a series of parallel wires in one plane and at equal 
intervals, the diameter of the wires being small compared with the 
distance between them, while the nearest portions of the electrified 
bodies on the one side and of the protected conductor on the other 
are at distances from the plane of the sereen, which are considerable 
compared with the distance between consecutive wires. 

204.] The potential at a distance 7” from the axis of a straight 
wire of infinite length charged with a quantity of electricity A per 
unit of length is Via —2a log “40. (1) 

We may express this in terms of polar coordinates referred to an 
axis whose distance from the wire is unity, in which case we must 
make re? = 1427 cos0+7%, (2) 
and if we suppose that the axis of reference is ulso charged with 
the linear density a’, we find 

PF =—) log (1 —2r cos 0+ 72)—2N log r4-C. (3) 

If we now make 

Ts ene 


7 =e ? g mS ee (4) 
a 
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then, by the theory of conjugate functions, 
Any aay 


7 =—Ntog (1-20 * cos 22 ee 20 loge * +0, (5) 


where & and y are rectangular coordinates, will be the value of the 
potential duc to an infinite series of fine wires parallel to z in the 
plane of yz, and passing through points in the axis of x for which 
a isa multiple of a, 

Each of these wires is charged with a linear density A. 

The term involving \’ indicates an electrification, producing a 


: 4nnr , ee: 
constant foree — Sar a the direction of y. 


The forms of the equipotential surfaces and lines of force when 
= 0 are given in Vig. XIII. The equipotential surfaces near the 
wires are nearly cylinders, so that we may consider the solution 
approximately true, even when the wires are cylinders of a dia- 
meter which is finite but small compared with the distance between 
them. 

The equipotential surfaces at a distance from the wires become 
more and more nearly planes parallel to that of the grating, 

If in the equation we make y = 4,, a quantity large compared 
with @, we find approximately, 


F222 (A+1’) + € nearly. (6) 
If we next make y = —é, where 4, is a negative quantity large 
compared with a, we find approximately, 
4nb, 
Wy=—- — (A—N’) + C nearly. (7) 


If c is the radius of the wires of the grating, ¢ being small 
compared with @, we may find the potential of the grating itself 
by supposing that the surface of the wire coincides with the equi- 
potential surface which cuts the plane of yz at a distance ¢ from the 
axis of z. To find the potential of the grating we therefore put 
w =e, and y = 0, whence 


Fu-—2yr log 2 sin - +, (8) 


205.] We have now obtained expressions representing the elec- 
trical state of a system consisting of a grating of wires whose 
diameter is small compared with the distance between them, and 
two plane conducting surfaces, onc on cach side of the grating, 
and at distances which are great compared with the distance 
between the wires, 
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The surface-density o, on the first Plane is got from the equa- 
tion (6) ay, 40 


4 7 = oO — N’ . 9 
imo, Ti, 7 (A+K) (9) 
That on the second plane v, from the equation (7) 
a¥, 45 , 
A mops — 7? = — = (A~2’). (10) 
If we now write a . 7 
a= — 5 log, (2sin’'); (11) 


and eliminate A and A’ from the equations (6), (7), (8), (9), (10), 
we find 
A 
4a, (4 +6, 4 ee =e 2) r 2h, (12) 
26, b, 
a 

When the wires are infinitely thin, a becomes infinite, and the 
terms in which it is the denominator disappear, so that the case 
is reduced to that of two parallel planes without a grating in- 
terposed. 

If the grating is in metallic communieation with one of the 
planes, say the first, 7= ¥,, and the right-hand side of the equation 
for «1, becomes 7,—7,. Hence the density 7, induced on the first 
plane when the grating is interposed is to that which would have 
been induced on it. if the grating were rembved, the second plane 


2 6 -26 
47a, (0, +4, + =—-h+F,0 +2 N)- PEs. (13) 


being maintained at the same potential, as 1 to 1+ eh : 


We should have found the same value for the effect of the grating 
in diminishing the electrical influence of the first surface on the 
second, if we had supposed the grating connected with the second 
surface. This is evident since 4, and 4, enter into the expression 
in the same way. It is also a direct result of the theorem of 
Art. 88, 

The induction of the one electrified plane on the other through 
the grating is the same as if the gratingg were removed, and the 
distance between the planes increased from 4, +4, to 

b, b, 
b,+6,42- oe 

If the two planes are kept at potential zero, and the grating 
electrified to a given potential, the quantity of electricity on the 
grating will be to that which would be induced on a plane of equal 
area placed in the same position as 

24,0, is to 26,4,4+4 (4,+ 4,). 
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This investigation is approximate only when 4, and 4, are large 
compared with a, and when @ is large compared with ¢. The 
quantity @ is a line which may be of any magnitude. It becomes 
infinite when ¢ is indefinitely diminished. 

If we suppose ¢ = $a there will be no apertures between the 
wires of the grating, and therefore there will be no induction 
through it. We ought therefore to have for this casea= 0. The 
formula (11), however, gives in this case 


a 
see log, 2, =—0.11a, 


which is evidently erroneous, as the induction can never be altered 
in sign by means of the grating. It is easy, however, to proceed 
to a higher degree of approximation in the case of a grating of 
eylindrical wires. I shall merely indicate the steps of this process. 


Method of Approximation, 


206.] Since the wires are cylindrical, and since the distribution 
of electricity on each is symmetrical with respect to the diameter 
parallel to y, the proper expansion of the potential is of the form 

P= Clogr+ C,7cos26, (14) 
where 7 is the distance from the axis of one of the wires, and 0 the 
angle between r and y, and, since the wire is a conductor, when 
ris made equal to the radius / must be constant, and therefore 
the coefficient of cach of the multiple cosines of 8 must vanish. 

For the sake of conciseness let us assume new coordinates €, n, &e. 
such that 

ag=2nt, an=2ry, ap=2@rr7, aB=2nd, Ke. (15) 


and let fg = log (e"t8 4 +P) 2 cos €), (16) 


Then if we make 
q lp ep x 
Fm Ay Pid + Age + Be. (17) 
iy “dy? 
hy giving proper values to the coeflicients 4 we may express any 
potential which is a function of » and cos £, and does not become 
infinite execpt when y+ 6 = 0 and cos é = 1. 
When £ = 0 the expansion of / in terms of p and 6 is 


Fy = 2 log p+-2x p? cos 2 0~ spy p* cos 40+ &e. (18) 
For finite values of 8 the expansion of J’ is 


epee ee eA Sere 
Fh = 8+ 2 log (1—e a ps aa wr i cos 20+ &c. (19) 
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In the case of’ the Stating with two conducting planes whose 
equations are » = —A, and n= 8, that of the plane of the grating 
being » = 0, there will be two infinite series of images of the 
grating. The first series will consist of the grating itself together 
With an infinite series of images on both sides, equal and stmilarly 


electrified. The axos of these imaginary cylinders Iie in planes 


Y= + On (8, +B,), (20) 


2 being an integer. 

The second series Will consist of an infinite series of images for 
which the coefficients 4y, A,, Ay, &e. are equal and opposite to the 
same quantities in the grating itself, while 4y, Ay, &o. are equal 
and of the same sign. The axes of these images are in planes whose 
equations are of the form 

1 = 28, + 2m (B; 4+ B.), (21) 
m being an integer, 

The potential due to any finite series of such images will depend 
on whether the number of images is odd or even, Hence the 
potential due to an infinite stries is indeterminate, but if we add to 
it the function Bn+ C, the conditions of the problem will be sufficient 
to determine the electrical distribution, 

We may first determine ¥, and F;, the potentials of the two 
conducting planes, in terms of the coefficients Ay, A, &e., and of 
Band C. We must then determine 7 and o,, the surface-density 
af any point of these planes. ‘The mean values of ¢, and T, are 
given by the equations 

dna, = 4,~B, 4mo, = 44 B, (22) 

We must then expand the potentials duo to the grating itself 
and to all the images in terms of p and cosines of multiples of' 6, 
adding to the result Bpeos0+0 


The terms independent of 9 then give F’ the potential of the 
grating, and the coefficient of the cosine of cach multiple of @ 
equated to zero gives an equation between the indeterminate eo- 
eflicients, 

In this way as many equations may be found as are sufficient 
to eliminate all these Coefficients and to leave two cquations to 
determine o, and , in terms of Vi, Fy, and F. 

These equations will be of the form 


Wi-F= ano, (4,+a~y) + 4 o,(a+y), 
P,—V x 4701 (4+y)+4 m0, (by +a—y), (23) 
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The quantity of electricity induced on one of the planes protected 
by the grating, the other plane being at a given difference of 
potential, will be the same as if the plates had been at a distance 


(ay) (Cr+ by) +B; By 40Y «a oF 5 pt dp. 


a+y 
The values of a and y are approximately as follows, 
a { , a 5 n4 ot 
"20 l °F one 3° 1Bat yates 


An y+ bg 


anti mat gg’ ; 
eae lige eng 2 4 &e,) +80.) (24) 


2 Agel 4423 

8746 e a e a 

1= sittSa(—y et ae =) +e ces) 
~e 


CHAPTER XUTL 
ELECTROSTATIC INSTRUMENTS, 


On Electrostatic I, natriuments, 


THE instruments which we have to consider at present may be 
divided into the following classes : 

(1) Electrical machines for the production and augmentation of 
electrification, 

(2) Multipliers, for Inercasing electrification in a known ratio, 

(3) Hlectrometers, for the measurement of clectrie potentials and 
charges, 

(4) Aeccumulators, for holding laree electrical charyres, 


Hlectrical Machines. 


207,] Tn the common electrical machine a.plate or eylinder of 
glass is made to revolve so as to rub against a surface of leather, 
on which is spread an amalgam of zine and mereury, The surface 
of the glass becomes electrified positively and that of the rubher 
negatively, As the electrified surface of the glass moves away 
from the negative electrification of the rubber it aequires a high 
positive potential. Tt then comes opposite to a set of sharp metal 
points in connexion with the conductor of the machine, ‘The posi- 
live electrification of the glass induces 2 negative electrification 
of the points, which is the more intense the sharper the points 
and the nearer they are to the glass, 

When the machine works properly there is a discharge through 
the air between the glass and the points, the glass loses part of 
its positive charge, which is transferred to the points and so to 
the insulated prime conductor of the machine, and to any other 
body with which it js in electrie communieation, 

The portion of the glass which is advancing towards the rubber 
has thus a smaller positive charge than that which is leaving it 
at the same time, so that the rubber, and the conductors in com~- 
munication with it, become negatively clectrified. 
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The highly positive surface of the glass where it leaves the 
rubber is more attracted by the negative charge of the rubber than 
the partially discharged surface which js advancing towards the 
rubber. The electrical forces therefore act asa resistance to the force 
employed in turning the machine. The work done in turning the 
machine is therefore greater than that spent in overcoming ordinary 
friction and other resistances, and the excess is employed in pro- 
ducing a state of electrification whose energy is equivalent to this 
excess, 

The work done in overeoming friction is at once converted into 
heat in the bodies rubbed together. The electrical energy may 
be also converted either into mechanical encrgy or Into heat. 

If the machine does not store up mechanical energy, all the 
energy will be converted into heat, and the only difference between 
the heat due to friction and that due to electrical action is that the 
former is generated at the rubbing surfaces while the latter may be 
generated in conductors at a distance *, 

We have seen that the clectrical charge on the surface of the 
glass is attracted by the rubber. If this attraction were sufficiently 
intense there would be a discharge between the glass and the 
rubber, instead of between the glass and the colleeting points. To 
prevent this, flaps of' silk are attached to the rubber, ‘These become 
negatively electrified and adhere to the glass, and so diminish the 
potential near the rubber. 

The potential therefore inereases more gradually as the glass 
moves away from the rubber, and therefore at any one point there 
is less attraction of the charge on the glass towards the rubber, and 
consequently less danger of direct discharge to the rubber. 

In some elcetrical machines the moving part is of cbonite instead 
of glass, and the rubbers of wool or fur. The rubber is then elec- 
trified positively and the prime conductor negatively. 


Lhe Eleetrophorus of Volta, 


208.] The clectrophorus consists of a plate of resin or of ebonite 
backed with metal, and a plate of metal of the same size. An 
insulating handle can be screwed to the back of cither of these 
plates. The ebonite plate has a metal pin which conneets the metal 

* [tis probable that in many cases where dynamical energy is converted into heat 
by friction, part of the energy may be first transforined into electrical energy and 
then converted into heat as the electrical energy is spent in maintaining currents of 


short circuit close to the rubbing surfaces, See Sir WW. Thomaon, ‘On the Eleetro- 
dynamic Qualities of Metals.’ Phil. Trans, 1856, p.65u. 


Ol 
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plate with the metal back of the ebonite plate when the two plates 
are in contact. 

The ebonite plate is electrified negatively hy rubbing it with 
wool or cat’s skin. The metal plate is then bronght near the 
ebonite by means of the insulating handle. No direct discharge 
passes between the ebonite and the metal plate, but the potential 
of the metal plate is rendered negative by induction, so that when 
it comes within a certain distance of the metal pin a spark passes, 
and if the metal plate be now carried to a distanee it is found 
to have a positive charge which may be communicated to a con- 
ductor, The metal at the back of the ebonite plate is found to 
have a negative charge equal and opposite to the charge of the metal 
plate. 

In using the instrament to charge a condenser or accumulator 
one of the plates is laid on a conductor in communication with 
the earth, and the other is first: laid on it, then removed and applied 
to the electrode of the condenser, then laid on the fixed plate and 
the process repeated. If the chonite plate is fixed the condenser will 
be charged positively. If the metal plate is fixed the condenser will 
be charged negatively. 

The work done by the hand in separating the plates is always 
greater than the work done by the electrical attraction during the 
approach of the plates, so that the operation of charging the con- 
denser involves the expenditure of work. Part of this work is 
accounted for by the energy of the charged condenser, part is spent 
in producing the noise and heat of the sparks, and the rest in 
overcoming other resistances to the motion. 


Ou Machines producing Electrification by Mechanical Work. 

209.] In the ordinary frictional electrical machine the work done 
in overcoming’ friction is far greater than that done in iIncreasingr 
the electrification. Hence any arrangement by which the elee- 
tification may be produced entirely by mechanical work against 
the electrical forces is of scientific importance if not of practical 
value. The first machine of this kind seems to have been Nicholson’s 
Revolving Doubler, deseribed in the Philosophical Transactions for 
1788 as ‘an instrument whieh by the turning of a Winch produces 
the two states of Klectricity without friction or communication with 
the Earth’ 

210.] It was by means of the revolving doubler that Volta 
succeeded in developing from the electrification of the pile an 
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electrification capable of affecting his electrometer, Instruments 
on the same principle have been invented independently by Mr. 
C. . Varley *, and Sir W. Thomson. 

These instruments consist essentially of insulated conductors of 
various forms, some fixed and others moveable. The moveable 
conductors are called Carriers, and the fixed ones may be called 
Inductors, Receivers, and Regenerators. The inductors and receivers 
are so formed that when the carriers arrive at certain points in 
their revolution they are almost completely surrounded by a con- 
ducting body. As the inductors and reevivers cannot completely 
surround the carrier and at the same time allow it to move freely 
in and out without a complicated arrangement of moveable picees, 
the instrument is not theoretically perfect without a pair of re- 
generators, which store up the small amount of electricity which 
the carriers retain when they emerge from the receivers. 

Hor the present, however, we may suppose the inductors and 
reevivers to surround the carrier completely when it is within them, 
in which ease the theory is much simplified. 

We shall suppose the machine to consist of two inductors 4 and 
C, and of two receivers B and J, with two earriers F and G, 

Suppose the inductor if to be positively electrified so that its 
potential is 4, and that the carrier /’is within it and is at potential 
4. Then, if Q is the coetlicient of induction (taken positive) between 
and /, the quantity of electricity on the carrier will be Q(#—2), 

If the carrier, while within the inductor, is put in connexion with 
the carth, then /’= 0, and the charge on the carrier will be — QA, 
a negative quantity, Let the carrier be carried round till it is 
within the reeviver #, and let it then come in contact with a spring 
so as to be in electrical connexion with 4. It will then, as was 
shewn in Art, 32, become completely discharged, and will com- 
municate its whole negative charge to the receiver 2. 

The carrier will next enter the inductor C, which we shall suppose 
charged negatively. While within © it is put in connexion with 
the earth and thus acquires a positive charge, which it carries off 
and communieates to the receiver 1, and so on. 

In this way, if the potentials of the inductors remain always 
constant, tle receivers # and /) receive successive charges, which 
are the same for every revolution of the carrier, and thus every 
revolution produces an equal increment of electricity in the re- 
ceivers. 

* Specification of Patent, Jan. 27, 1860, Nu. 200. 
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But by putting the inductor in Communication with the re. 
ceiver J, and the inductor C with the receiver B, the potentials 
of the inductors will be continually increased, and the quantity 
of electricity communicated to the Teevivers in cach revolution will 
continually increase. 

For instance, let the potential of 4 and O be , and that of B 
and C, , and when the carrier ig within A let the charge on A 
and C be 2, and that on the eatrier 2, then, since the potential 
of the carrier jg zero, being in eontact with earth, its charge is 
2=—QU. The carrier enters B with this charge and communicates 
it to B. If the capacity of Band C is #, their potential will be 


changed from V to F— £ VU. 


If the other carrier has at the same time carried a charge — Or 
from C to D, it will change the potential of 4 and O from U to 
i . l, if Q’ is the coefMicient of induction between the carrier 
and C, and A the capacity of A and D, If, therefore, Y, and F,, 
be the potentials of the two inductors after » half revolutions, and 
U4, and 77,5 after “+1 half revolutions, 


. Q.. 
Uigs = U,— “ Vay 
‘iret Mate Q U 


If we write p? = Q and 4? = Q we find 
B a al 


Pty = (PU, +9F,) (1— pq) = (20, +.9F 5) (1 pg)"*1, 


7 - 


PU OF, = (pU,—qF¥,) (1 + p94) = (pU,~49F)) (1 +py)"*, 
Hence 


On = Uy ((1—pyy"+ (14 pgyy) + To (1 —p9)"—(1 +p”), 


T= ; 2 (1 —p9)"— (1 +79)") +7, (= p40 +79)"). 


It appears from these equations that the quantity p49 con- 
tinually diminishes, so ‘that whatever be the initial state of clec- 
trifieation the receivers are ultimately oppositely electrified, so that 
the potentials of 4 and B are in the ratio of » to —~%. 

On the other hand, the quantity PU—q¥ continually increases, 
so that, however little pU may exceed or fall short of gf at first, 
the difference will be increased in a feometrical ratio in each 
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revolution till the electromotive forces become so great. that the 
insulation of the apparatus is overcome. 

Instruments of this kind may be used for various purposes. 

For producing a copious supply of electricity at a high potential, 
as is done by means of Mr. Varley’s large machine. 

For adjusting the charge of a condenser, as in the case of 
Thomson’s electrometer, the charge of which ean be increased or 
diminished by a few turns of a very small machine of this kind, 
which is then called a Replenisher. 

For multiplying small differences of potential, The inductors 
may be charged at first to an exceedingly small potential, as, for 
instance, that due to a thermo-electrie pair, then, by turning the 
machine, the difference of potentials may be continually multiplied 
till it beeomes capable of measurement by an ordinary electrometer. 
By determining by experiment the ratio of increase of this difference 
due to each turn of the machine, the original electromotive force 
with which the inductors were charged may be deduced from the 
number of turns and the final electrification, 

In most of these instruments the carriers are made to revolve 
about an axis and to come into the proper positions with respect 
to the inductors by turning an axle. The connexions are made by 
means of springs so placed that the carriers come in contact with 
them at the proper instants. 

211.] Sir W. Thomson*, however, has constructed a machine for 
multiplying electrieal charges in which the carriers are drops of 
water falling out of the inside of an inductor into an insulated 
receiver, The receiver is thus continually supplied with electricity 
of opposite sign to that of the inductor. If the inductor is electrified 
positively, the receiver will receive a continually increasing charge 
of negative electricity, 

The water is made to escape from the recoiver by means of a 
funnel, the nozzle of which is almost surrounded by the metal of 
the receiver, The drops falling from this nozzle are therefore 
nearly free from electrification. Another inductor and receiver of 
the same construction are arranged so that the inductor of the 
one system is in connexion with the receiver of the other. The 
rate of increase of charge of the receivers is thus no longer constant, 
but inereases in 4 geometrical progression with the time, the 
charges of the two receivers being of opposite signs. This increase 
goes on till the falling drops are so diverted from their course by 

* Proc, R.S., June 20, 1867, 
$2 
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the electrical action that they fall outside of the receiver or even 
strike the inductor, 

In this instrument the energy of the electrification is drawn 
from that of the falling drops, 

212.) Several other electrical machines have been constructed 
in which the principle of electric induction is employed. Of these 
the most remarkable is that of Holtz, in which the earrier is a glass 
plate varnished with gum-lac and the inductors are pieces of 
pasteboard, Sparks are prevented from passing between the parts 
of the apparatus by means of two glass plates, one on each side 
of the revolving carrier plate. This machine is found to be very 
effective, and not to be much affected by the state of the atmo- 
sphere. The principle is the same ag in the revolving doubler and 
the instruments developed out of the same idea, but as the carrier 
is an insulating plate und the inductors are imperfeet conductors, 
the complete explanation of the action is more difficult than in 
the case where the carriers are good conductors of known form 
and are charged and discharged at definite points. 

213.) In the electrical machines already described sparks occur 

whenever the carrier comes in 


.F Tse 


ee ; contact with a conductor at a 
different potential from its 
own, 


Now we have shewn that 
whenever this occurs there js 
a loss of energy, and therefore 
the whole work employed in 
turning the machine is not con- 
verted into electrification in an 
available form, but. part is spent 
in producing the heat and noise 
of electric sparks, 

T have therefore thought it desirable to shew how an electrical 
michine may be constructed which is not subject to this loss of 
efficiency. I do not propose it as a useful form of machine, but 
as an example of the method by which the contrivance called in 
heat-engines a regenerator may be applied to an electrical machine 
to prevent loss of work, 

In the figure let A BG wt, BLO represent hollow fixed 
conductors, so arranged that the carrier P passes in succession 
within cach of them. Of these 4, Hf and B, B nearly surround the 


Fig. 17. 
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carrier when it is at the middle point of its passage, but C, C’ do not 
cover if; so much. 

We shall suppose 4, B, C to be conneeted with a Leyden jar 
of great capacity at. potential 7, and 4’, BY, C’ to be connceted with 
another jar at potential — 7”, 

P is one of the carriers moving in a circle from A to Cc", &e., 
and touching in its course certain springs, of which @ and a’ are 
connected with . and 4’ respectively, and e, é are connected with 
the earth. 

Let us suppose that when the carrier P is in the middle of A 
the coefficient of induction between P and Ais —A, The capacity 
of P in this position is greater than A, since it is not completely 
surrounded by the receiver a, Let it be A+ a. 

Then if the potential of P is U, and that of A, F, the charge 
on P will be (44+4a)U—AF, 

Now let P be in contact with the spring a when in the middle 
of the receiver A, then the potential of P is I, the same as that 
of A, and its charge is therefore a J”. 

If P now leaves the spring a it carries with it the charge al’, 
As P leaves A its potential diminishes, and it diminishes still more 
when if comes within the influence of C’, which is negatively 
electrified. 

If when P comes within C its coefficient of induction on C is 
—C", and its capacity is C’ +e’, then, if U is the potential of P 
the charge on P is 

(+e U4 OF’ = al, 

If CCE’ = aF, 
then at this point 7 the potential of P will be reduced to zero. 

Tit P at this point come in contact with the spring ¢ which is 
connected with the earth. Since the potential of P is equal to that 
of the spring there will be no spark at contact. 

This conductor C’, by which the carrier is cnabled to be connected 
to carth without a spark, answers to the contrivance called a 
regenerator in heat-engincs. We shall therefore call it a Re- 
generator. 

Now let P move on, still in contact with the earth-spring e’, till 
it comes into the middle of the inductor RB, the potential of which 
is 7, If —B is the coefficient of induction between P and B at 
this point, then, since / = 0 the charge on P will be —BF. 

When ? moves away from the earth-spring it carries this charge 
with it. As it moves out of the positive inductor # towards the 
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negative receiver 4’ its potential will he increasingly negative. At 
the middle of 4’, if it retained its charge, its potential would be 
AT’ 4 BV 
~ apa 

and if BV" is greater than a’F’ its numerical value will be greater 
than that of 7”. Hence there is some point before P reaches the 
middle ol A’ where its potential ig — V’, At this point let it come 
in contact with the negative teceiver-spring @’. ‘There will be no 
spark since the two bodies are at the same potential. Tot P move 
on to the middle of 4’, still in contact with the spring, and therefore 
at the same potential with J, During this motion it communicates 
a negative charge to’. At the middle of 4’ it leaves the springs 
and carries away a charge ~a'7” towards the positive regenerator 
C, where its potential is reduecd to zero and it: touches the earth. 
spring ¢. It then slides along the earth-spring into the negative 
induetor B’, during whieh motion it acquires a positive charge 3’ 1’ 
Which it finally communicates to the positive receiver A, and the 
eycle of operations is repeated, 

During this eyele the positive receiver has lost a charge a] and 
gained a charge B’V’. Henee the total gain of positive electricity 
is BY Oar, 

Similarly the total gain of negative electricity ig Bia", 

By making the inductors so as to be as close to the surface of 
the carrier as is consistent, with insulation, B and 7 may be made 
large, and by makine the receivers so as nearly to surround the 
carrier when it is within them, @ and a’ may be made very small, 
and then the charges of both the Leyden jars will be inor ‘ased in 
every revolution, 

The conditions to be fulfilled by the regencrators are 

CH} =al, ad Cv= ar’, “ 

Since @ and a’ are small the regenerators do not require to be 

either large or very close to the carriers, 


. 


On Klectrometers and Hlectroscones, 

214.) An electrometer is an instrument by means of which 
electrical charges or electrical potentials may be measured. Tn- 
struments by means of which the existence of electric charges or 
of differeness of potential may be indicated, but which are not 
eapable of affording numerical measures, are called Flectroseopes. 

An eleectroseope if sufficiently sensible may be used in electrical 
measurements, provided we can make the measurement depend on 
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the absence of electrification, For instance, if we have two charged 
hodies A and # we may use the method deseribed in Chapter I to 
determine which body has the greater charge. Let the body A 
be carried by an insulating support into the interior of an insulated 
closed vessel C. Let C be connected to carth and again insulated. 
There will then be no external electrification on C. Now let 4 
be removed, and # introduced into the interior of C, and the elec- 
trification of C tested by an electroscope. If the charge of B is 
equal to that of there will be no electrification, but if it is greater 
or less there will be electrification of the same kind as that of B, or 
the opposite kind. 

Methods of this kind, in which the thing to be observed is the 
non-existence of some phenomenon, are called nud or zera methods. 
They require only an instrument capable of detecting the existence 
of the phenomenon. 

In another class of instruments for the registration of phe- 
nomena the instrument may be depended upon to give always the 
same indication for the same value of’ the quantity to be registered, 
but the rendings of the scale of the instrument are not proportional 
to the values of the quantity, and the relation between these 
readings and the corresponding value is unknown, cxcept that the 
one is some continuous function of the other. Several electrometers 
depending on the mutual repulsion of parts of the instrument 
which are similarly electrified arc of this class. The use of such 
instruments is to register phenomena, not to measure them. Instead 
of the true values of the quantity to be measured, a series of 
numbers is obtained, which may be used afterwards {o determine 
these values when the seale of the instrument has been properly 
investigated and tabulated. 

In a still higher class of instruments the scale readings are 
proportional to the quantity to be measured, so that all that is 
required for the complete measurement of the quantity is a know- 
ledge of the coefficient by which the scale readings must be 
multiplied to obtain the true value of the quantity. 

Instruments so constructed that they contain within themselves 
the means of independently determining the true values of quan- 
tities are called Absolute Instruments. 


Coulomb's Torsion Balance. 


215.) A great number of the experiments by which Coulomb 
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established the fundamental laws of electricity were made by mea- 
suring the force between tio small spheres eharged with electricity, 
one of which was fixed while the other was held in equilibrium by 
two forees, the electrical action hetween the spheres, and the 
torsional elasticity ofa glass fibre or metal wire. See Art. 38. 

The balance of torsion consists of a horizontal arm of gum-lae, 
suspended by 2 fine wire or glass fibre, and carrying at one end a 
little sphere of elder pith, smoothly pilt. The suspension wire is 
fastened above to the vert ical axis of an arm which can be moved 
round a horizontal graduated circle, so as to twist the upper end 
of the wire about its own axis any number of degrees, 

The whole of this apparatus is enclosed in a case. Another little 
sphere is so mounted on an insulating stem that it can be charged 
and introduced into the case through a hole, and brought so that 
its centre coincides with a definite point in the horizontal circle 
described hy the suspended sphere, "The position of the suspended 
sphere is ascertained by means of a graduated circle engraved on 
the eylindrical glass case of the instrument, 

Now suppose both spheres charged, and the suspended sphere 
in equilibrinm in a known position such that the torsion-arm makes 
an angle @ with the radins through the centre of the fixed sphere, 
The distance of the centres is then 2a gin $0, where @ is the radius 
of the torsion-arm, and if is the foree between the spheres the 
moment of this force about the axis of torsion is L'a cos § 0, 

Let both spheres be completely discharged, and let the torsion~ 
arm now be in equilibrium at an angle @ with the radius through 
the fixed sphere. 

Then the angle through which the electrical foree twisted the 
torsion-arm must have been 0~¢, and if a7 is the moment of 
the torsional elasticity of the fibre, we shall have tho equation 


Facos}6 = (O— fp). 

Henee, if we can ascertain A/, we ean determine # the actual 
force between the spheres at the distance 2a sin 4 9, 

To find Af, the moment of torsion, let 7 he the moment of inertia 
of the torsion-arm, and 7 the time of a double vibration of the arm 
under the action of the torsional elasticity, then 

M= rps, 


ma 
a 


Tn all clectrometers it is of the greatest importance to know 
What force we are measuring. The force acting on the suspended 


215.] INFLUENCE OF THE CASE, 265 


sphere is due partly to the direct action of the fixed sphere, but 
partly also to the electrification, if any, of the sides of the case. 

If the case is made of glass it is impossible to determine the 
electrification of its surface otherwise than by very difficult. mea- 
surements at every point. If, however, either the case is made 
of metal, or if a metallie ease which almost, completely encloses the 
apparatus is placed as a screen between the spheres and the glass 
case, the electrification of the inside of the metal screen will depend 
entirely on that of the spheres, and the electrification of the glass 
ease will have no influence on the spheres. In this way we may 
avoid any indefiniteness due to the action of the case. 

To illustrate this by an example in which we ean ealeulate all 
the effects, let us suppose that the case is a sphere of radius 4, 
that the centre of motion of the torsion-arm coincides with the 
centre of the sphere and that its radius is a; that the charges on 
the two spheres are 4 and 7, and that the anglé between their 
positions is 6; that the fixed sphere is at a distance a, from the 
centre, and that 7 is the distance between the two small spheres. 

Neglecting for the present the effect of induction on the dis- 
tribution of electricity on the small spheres, the foree between 
them will be a repulsion 


and the moment of this force round a vertical axis through the 
centre will be 
HE, aa, sin 6 
eh at 


The image of 7, due to the spherical surface of the case is a point 


: : US <x b 

in the same radius at a distance s with acharge — 7, ---, and the 
a 
1 

moment of the attraction between / and this image about the axis 


of suspension is 
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Tf 4, the radius of the spherical case, is large compared with @ 
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and a,, the distances of the spheres from the centre, we may neglect 
the second and third terms of the {retor in the denominator, The 
Whole moment tending to turn the torsion-arm may then be written 


. 1 1 
EP, au,sin0 | “ty = M(0~4). 


Hlectrometers, for the Measurement op Potentials, 


216.] In all electrometers the Moveable part is a body charged 
with clectricity, and its potential is different from that of certain 
of the fixed parts round it. When, as in Coulomb's method, an 
insulated body having @ certain charge is used, it is the charge 
which is the direct object of measurement, We may, however, 
connect the balls of Coulomh’s electrometer, by means of fine Wires, 
with different conductors. The charges of the balls will then 
depend on the values of the potentials of these conductors and on 
the potential of the case of the instrument. ‘Lhe charge on each 
ball will be Approximately equal to its radius multiplied by the 
excess of its potential over that of the ease of the instrument, 
provided the radii of the balls are small compared with their 
distances from each other and from the sides or opening of the 
21SC, | 


Coulomb's form of tpparatus, however, is not well adapted foy 
measurements of this kind, owing to the smallness of the force 


i 

; a 3 

between spheres at the proper distances when the difference of po- ; 
. a . . : 
tentials is small, A more convenient form is that of the Attracted H 
Disk Electrometer. The first clectrometers on this principle were E 


constructed by Sir W. Snow Harris *, They have since been 
brought. to great perfection, both in theory and construction, by 
Sir W. Thomson t. 

When two disks at different potentials are brought thee to thee 
with a small interval between them there will be a nearly uniform 
electrification on the Opposite faces and very little electrification 
on the baeks of the disks, provided there are no other conductors 
or electrified bodies jn the neighbourhood. The charge on the 
positive disk will he ipproximately proportional to ifs area, and to 
the difference of potentials of the disks, and inversely as the distance 
between them, Hence, by making the areas of the disks large 

* Phil Trans. 1884, 


T See an excellent report on Electrumeters hy Sir W. ‘Phomson, Acport of the 
British A sociation, Dundee, 1867, 
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and the distance between them small, a small difference of potential 
may give rise to a measurable force of attraction. 

The mathematical theory of the distribution of electricity over 
two disks thus arranged is given at Art. 202, but since it is im- 
possible to make the case of the apparatus so large that we may 
suppose the disks insulated in an infinite space, the indications of 
the instrument in this form are not casily interpreted numerically, 

217.] The addition of the guard-ring to the attracted disk is one 
of the chief improvements which Sir W.'Thomson has made on the 
apparatus. 

Instead of suspending the whole of one of the disks and determ- 
ining the force acting upon it, 2 central portion of the disk is 
separated from the rest to form the attracted disk, and the outer 
ring forming the remainder of the disk is fixed. In this way the 
force is measured only on that part of the disk where it is most 
regular, and the want of uniformity of the electrification near the 
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Fig. 18. 


edge is of no importance, as it occurs on the guard-ring and not 
on the suspended part of the disk. 

Besides this, hy connecting the guard-ring with a metal case 
surrounding the back of the attracted disk and all its suspending 
apparatus, the electrification of the back of the disk is rendered 
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impossible, for it is part of the inner surface of a closed hollow 
conductor all at the same potential. 

Thomson’s Absolute Electrometer therefore consists essentially 
of two parallel plates at different potentials, one of which is made 
so that a certain area, no part of which is near the edge of the 
plate, is moveable under the action of electrie force. ‘To fix our 
ideas we may suppose the attracted disk and gnard-ring uppermost. 
The fixed disk is horizontal, and is mounted on an insulating stem 
which has a measurable vertical motion given to it hy means of 
a micrometer serew. The guard-ring is at least as large as the 
fixed disk; its lower surface is trily plane and parallel to the fixed 
disk, A delicate balance is erected on the guard-ring to which 
is suspended a light moveable disk which almost fills the circular 
aperture in the guard-ring without rabbing against its sides. The 
lower surface of the suspended disk must be truly plane, and we 
must have the means of knowing when its plane coincides with that 
of the lower surface of the guard-ring, so as to form a single plane 
interrupted only by the narrow interval between the disk and its 
guard-ring. 

For this purpose the lower disk is screwed up till it is in contact 
with the guard-ring, and the suspended disk is allowed to rest 
upon the lower disk, so that its lower surface is in the same plane 
as that of the guard-ring. Its position with respeet to the guard- 
ring is then ascertained by means of a system of fiducial marks, 
Sir W. Thomson generally uses for this purpose a black hair 
attached to the moveable part. This hair moves up or down just 
in front of two black dots on a white enamelled ground and is 
viewed along with these dots by means of a plano convex lens with 
the plane side next the eye. If the hair as seen through the lens 
appears straight and bisects the interval between the black dots 
it is said to be in its sighted posilion, and indicates that the sus« 
pended disk with which it moves is in its proper position as regards 
height. The horizontality of the suspended disk may be tested by 
comparing the reflexion of part of any object from its upper surface 
with that of the remainder of the same object from the upper 
surface of the guard-ring. 

The balance is then arranged so that when a known weight is 
placed on the centre of the suspended disk it is in equilibrium 
in its sighted position, the whole apparatus being freed from 
electrification by putting every part in metallie communication. 
A metal case is placed over the guard-ring so as to enclose the 
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balance and suspended disk, sufficient apertures being left to sce 
the fiducial marks. 

The yuard-ring, casc, and suspended disk are all in metallic 
communication with each other, but are insulated from the other 
parts of the apparatus. 

Now let it be required to measure the difference of potentials 
of two conductors. ‘The conductors are pat in communication with 
the upper and lower disks respectively by means of wires, the 
Weight is taken off the suspended disk, and the lower disk is 
moved up by means of the micrometer screw till the electrical 
attraction brings the suspended disk down to its sighted position. 
We then know that the attraction between the disks is equal to 
the weight which brought the disk to its sighted position. 

If # be the numerical value of the weight, and g the force of 
gravity, the force is Hq, and if -f is the area of the suspended 
disk, J the distance between the disks, and J” the difference of the 
potentials of the disks, 

3 V2 4 
ii g = Bn De’ 
Say 
et 

If the suspended disk is circular, of radius 2, and if the radius of 

the aperture of the guard-ring is A’, then 


or = D 


og 


L=ha(h?4+R?)*, and r=aa yf, eas 
A= tah )*, anc eg Be 


* 218.) Since there is always some uncertainty in determining the 
micrometer reading corresponding to = 0, and since any error 


* Let us denote the radius of the suspended disk by #, and that of the aperture 
of the guard-ring by J’, then the breadth of the annular interval between the 
disk and the ring will be B= k= 2. 

If the distance between the suspended disk and the large fixed disk is D, and 
the difference of potentials between these disks is V, then, by the investigation in 
Art. 201, the quantity of electricity on the suspended disk will be 

QeV +N? RR a } 

7 { 8 8D DFaS’ 
log, 2 eye pp 
where a= B er ae a=0.220635 (2’— It). 

If the surface of the guard-ring is not exactly in the plane of the gurface of 
the suspended disk, let us suppose that the distance between the fixed disk and 
the guard-ring is not D but D+z=J', then it appbars from the investigation in 
Art, 225 that there will be an additional charye of electricity near the edge of 
the disk on account of its height z above the general surface of the guard-ring. 
The whole charge in this case is therefore 
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in the position of the suspended disk is most important when 
is small, Sir W. Thomson prefers to make all his measurements 
depend on differences of the electromotive force J” Thus, if 7” and 
7” are two potentials, and J and J” the corresponding distances, 


V-l =(D—D) Ar? ag WV 
A 


For instance, in order to measure the electromotive force of a 
galvanic hattery, tivo clectrometers are used, 

By means of a condenser, kept. charged if necessary hy a re- 
plenisher, the lower disk of the principal electrometer is maintained 
‘it a constant potential. This is tested by connecting: the lower 
disk of the principal electrometer with the lower disk of a secondary 
clectrometer, the suspended disk of which is connected with the 
earth. The distance between the disks of the secondary elec- 
trometer and the force required to bring the suspended disk to 
its sighted position being constant, if we raise the potential of the 
condenser till the secondary clectrometer ig in its sighted position, 
we know that the potential of the lower disk of the principal 
electrometer exceeds that of the earth by a constant quantity which 
we may call 7, 

If we now connect the positive electrode of the hattery to carth, 
and connect the suspended disk of the principal electrometer to the 
negative electrode, the difference of potentials between the disks 
will be /°4. vif zis the electromotive force of the battery, Let 
D be the reading of the micrometer in this case, and let I’ be the 
reading when the suspended disk is connected with earth, then” 


v= (D~ I, /229k, 
wi 


In this way a small electromotive force v may be measured 
by the clectrometer with the disks at conveniently measurable 
distances. When the distance is too small a small change of 
absolute distance makes a preat change in the force, since the 


anid in the expression for the attraction wo must substitute for 4, the area of the 
disk, the corrected quantity 


r/ 
Az=ln B+ RI~ (RB se +8 (+H) (DD) log, Vids 4) : 
D+a LY~D 


Where R= radius of suspended disk, 
d= radius of aperture in the guard-ring, 
D = distance between fixed and suspended disks, 
“= distance between fixed disk and guard-ring, 
@ = (1.220635 (1 ~ Bh), 
When a is small compared with J) we may neglect the second term, and when 
4 —D is small we may neglect the last tenn, 


219. ] GAUGE ELECTROMETER, 271 


foree varies inversely as the square of the distance, so that any 
error in the absolute distance introduces a large error in the result 
unless the distance is large compared with the limits of crror of 
the micrometer serew, 

The effect of small irregularities of form in the surfaces of the 
disks and of the interval between them diminish according to the 
inverse cube and higher inverse powers of the distance, and what- 
ever be the form of a corrugated surface, the eminences of which 
just reach a plane surface, the electrical effect. at any distance 
which is considerable compared to the breadth of the corrugations, 
is the same as that of a plane at. a certain small distanee behind 
the plane of the tops of the eminences. See Arts, 197, 198, 

By means of the auxiliary electrification, tested by the auxiliary 
electrometer, a proper interval between the disks is secured, 

The auxiliary electrometer may be of a simpler construction, in 
which there is no provision for the determination of the foree 
of attraction in absolute measure, since all that is wanted is to 
secure a constant electrification. Such an electrometer may be 
called a gauge electrometer. 

This method of using an auxiliary electrification besides the eloc- 
trifieation to be measured is called the Heterostatic method of 
electrometry, in opposition to the Idiostatic method in which the 
whole effect is produced by the electrification to he measured. 

In several forms of the attracted disk electrometer, the attracted 
disk is placed at one end of an arm which is supported by being 
attached to a platinum wire passing through its centre of gravity 
and kept stretched by means of a spring. The other end of the 
arm carries the hair which is brought to a sighted position by 
altering the distance between the disks, and so adjusting the force 
of the electric attraction to a constant value. In these electro- 
meters this force is not in general determined in absolute measure, 
but is known to be constant, provided the torsional elasticity of 
the platinum wire does not change. 

The whole apparatus is placed in a Leyden jar, of which the inner 
surface is charged and connected with the attracted disk and 
guard-ring. The other disk is worked by a micrometer screw and 
is connected first with the earth and then with the conductor whose 
potential is to be measured. The difference of readings multiplied 
by a constant to he determined for cach electrometer gives the 
potential required. 

219.] The clectrometers already described are not self-acting, 
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but require for cach observation an adjustment of a micrometer 
screw, or some other movement which must be made by the 
observer, They are therefore not fitted to act as self-registering in- 
struments, which must of themselves move into the proper position, 
This condition is fulfilled by Thomson’s Quadrant Electrometer. 

The electrical principle on which this instrument is founded may 
be thus explained :— 

and # are two fixed conductors which may be at the same 
or at different potentials. C is a moveable conductor at a high 
potential, which is so placed that part of it is opposite to the 
surface of 4 and part opposite to that of B, and that the proportions 
of these parts are altered as C moves. 

For this purpose it is most convenient. to make C moveable about 
an axis, and make the opposed surfaces of 4, of B, and of C portions 
of surfaces of revolution about the same axis. 

In this way the distance between the surface of € and the 
opposed surfaces of f or of B remains always the same, and the 
motion of @ in the positive direction simply increases the area 
opposed to B and diminishes the area opposed to A, 

If the potentials of 4 and B are equal there will be no force 
urging C from to B, but if the potential of C differs from that 
of B more than from that of 4, then C will tend to move s0 as 
to increase the area of its surface opposed to B. 

By a suitable arrangement of the apparatus this force may be 
made nearly constant for different positions of @ within certain 
limits, so that if C' is suspended by a torsion fibre, its deflexions 
will be nearly proportional to the difference of potentials between 
and # multiplied by the difference of the potential of C from 
the mean of those of f and B, 

C is maintained at a high potential by means of a condenser 
provided with a replenisher and tested by a gauge electrometer, 
and 4 and B are connected with the two conductors the difference 
of whose potentials is to be measured, The higher the potential 


of C the more sensitive is the instrument. This electrification of 


C, being independent of the electrification to be measured, places 
this electrometer in the heterostatic class. 

We may apply to this clectrometer the general theory of systems 
of conductors given in Arts, 93, 127. 

Let 4, B, C denote the potentials of the three conductors re- 
spectively. Let a, }, ¢ be their respective capacities, p the coefficient 
of induction between B and C, ¢ that between C and -/, and 7 that 
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between 4 and B. All these coefficients will in general vary with 
the position of C, and if C is so arranged that the extremities of 4 
and B are not near those of (@ as long as the motion of C is confined 
within certain limits, we may ascertain the form of these coefficients. 
If @ represents the deflexion of @ from A towards B, then the part 
of the surface of A opposed to C will diminish as 6 increases. 
Hence if / is kept at potential 1 while B and C are kept at potential 
0, the charge on 4 will be a= a,—ad, where @ and a are 
constants, and @ is the capacity of A. 

If A and B are symmetrical, the capacity of B is é = 04-09. 

The capacity of C is not altered by the motion, for the only 
effect of the motion is to bring a different part of C opposite to the 
interval between A and B. Hence ¢ = ¢,. 

The quantity of electricity induecd on C when B is raised to 
potential unity is p = p,—aé. 

‘The coefficient of induction between 4 and C is g = q+08. 

The coeflicient of induction between A and B is not altered by 
the motion of C, but remains r = 7,. 

Hence the electrical energy of the system is 

Q = 4h dat} B64 40% + BCp + CAgt ABr, 

and if © is the moment of the force tending to increase 8, 

= A, B,C being supposed constant, 

de db 


do 
=—44?a44 B%a—BCat Cla; 
oO = a(d~—B) (C—4(A+B)). 

Tn the present form of Thomson’s Quadrant Electrometer the 
conductors .f and B are in the form of 
a cylindrical box completely divided 
into four quadrants, separately insu- 
lated, but joined by wires so that two 


opposite quadrants are connected with : 
4A and the two others with B. 


The conductor C is suspended so as 
to be capable of turning about a 
vertical axis, and may consist of two 
opposite flat quadrantal ares supported 
by their radii at their extremities. 
In the position of equilibrium these quadrants should be partly 
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within 4 and partly within B, and the supporting radii should 
be near the middle of the quadrants of the hollow base, so that 
the divisions of the box and the extremities and supports of C 
may be as far from each other as possible. 

The conductor C is kept permanently at a high potential by 
being connected with the inner coating of the Leyden jar which 
forms the case of the instrument, Band d are connected, the first 
with the earth, and the other with the body whose potential is to be 
measured, 

If the potential of this body is zero, and if the instrument be 
in adjustment, there ought to be no foree tending to make C move, 
but if the potential of 4 is of the same sign as that of C, then 
C will tend to move from A to B with a nearly uniform force, and 
the suspension apparatus will be twisted till an equal force is 
called into play and produces equilibrium, For deflexions within 
certain limits the deflexions of C will be proportional to the 


product (—B) (C—}(41+4B)). 


By increasing the potential of C the sensibility of the instrument 
may he inereased, and for small values of 4 (4+ B) the force will be 
nearly proportional to (d—B) C. 


On the Measurement of Electric Potential. 


220.] In order to determine large differences of potential in ab- 
solute measure we may employ the attracted disk electrometer, and 
compare the attraction with the effect of a weight, If at the same 
time we measure the difference of potential of the same conductors 
by means of the quadrant electrometer, we shall ascertain the 
absolute value of certain readings of the scale of the quadrant 
electrometer, and in this way we may deduce the value of the scale 
readings of the quadrant electrometer in terms of the potential 
of the suspended part, and the moment of torsion of the suspension 
apparatus, 

To ascertain the potential of a charged conductor of finite size 
we may connect the conductor with one electrode of the clectro- 
meter, while the other is connected to earth or to a body of 
constant potential. The electrometer reading will give the potential 
of the conductor after the division of its electricity between it 
and the part of the electrometer with which it is put in contact. 
If K denote the capacity of the conductor, and X’ that of this part 
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of the electrometer, and if VY, VY’ denote the potentials of these 
bodies before making contact, then their common potential after 
making contact will be 
py AV AK 
~ K+ K’ 
Hence the original potential of the conductor was 


K’ Fr re 
au —F’), 

If the conductor is not large compared with the electrometer, 
K’ will be comparable with X, and unless we can ascertain the 
values of K and X’ the second term of the expression will have 
a doubtful value. But if we can make the potential of the electrode 
of the electrometer very nearly equal to that of the body before 
making contact, then the uneertainty of the values of K and K’ 
will be of little consequence. 

Tf we know the value of the potential of the body approximately, 
we may charge the electrode by means of a ‘replenisher’ or other- 
wise to this approximate potential, and the next experiment will 
give a closer approximation. In this way we may measure the 
potential of a conductor whose capacity is small compared with 
that of the electrometer. 


V= V 4. 


Lo Measure the Potential at any Point in the Air. 


221.) Hirst Method, Place a sphere, whose radius is small com- 
pared with the distance of electrified conductors, with its centre 
at the given point. Connect it by means of # fine wire with the 
earth, then insulate it, and carry it to an electrometer and ascertain 
the total charge on the sphere, 

Then, if V be the potential at the given point, and a@ the 
radius of the sphere, the charge on the sphere will be —7u= Q, 
and if ¥” be the potential of the sphere as measured by an elec- 
trometer when placed in a room whose walls are connected with 
the earth, then Cha 


whence V4V' =0, 


or the potential of the air at the point where the centre of the 
sphere was placed is equal but of opposite sign to the potential of 
the sphere after being connected to earth, then insulated, and 
brought into a room. 
This method has been employed by M. Delmann of Creuznach in 
T 2 
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measuring the potential at a certain height above the earth’s 
surface. 

Second Method. We have supposed the sphere placed at the 
given point and first connected to earth, and then insulated, and 
carried into a space surrounded with conducting matter at potential 
zero, 

Now let us suppose a fine insulated wire carried from the elec- 
trode of the electrometer to the place where the potential is to 
be measured. Let the sphere be first discharged completely. This 
may be done by putting it into the inside of a vessel of the same 
metal which nearly surrounds it and making it toneh the vessel, 
Now let the sphere thus discharged he carricd to the end of the 
wire and made to touch it. Since the sphere is not clectrified it 
will be at the potential of the air at the place. If the electrode 
wire is at the same potential it will not be affected by the contact, 
but if the clectrode is at a different potential it will by contact 
with the sphere be made nearer to that of the air than it was 
before. By a succession of such operations, the sphere being 
alternately discharged and made to tonch the electrode, the poten- 
tial of the electrode of the electrometer will continually approach 
that of the air at the given point. 

222.) To measure the potential of a conductor without touching 
it, we may measure the potential of the air at any point in the 
neighbourhood of the conductor, and calculate that of the conductor 
from the result. If there be a hollow nearly surrounded by the 
conductor, then the potential at any point of the air in this hollow 
will be very nearly that of the conductor, 

In this way it has been ascertained by Sir W. Thomson that if 
two hollow conductors, one of copper and the other of zine, are 
in metallic contact, then the potential of the air in the hollow 
surrounded by zine is positive with reference to that of the air 
in the hollow surrounded by copper. 

Third Method. If by any means we can cause a succession of 
small bodies to detach themselves from the end of the electrode, 
the potential of the electrode will approximate to that of the sur- 
rounding air. This may be done by causing shot, filings, sand, or 
water to drop out of a funnel or pipe connected with the electrode. 
The point at which the potential is measured is that at which 
the stream ceases to be continuous and breaks into separate parts 
or drops. 

Another convenient method is to fasten a slow match to the 
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electrode. The potential is very soon made equal to that of the 
air at the burning end of the match. Even a fine metallic point 
is sufficient to create a discharge by means of the particles of the 
air when the difference of potentials is considerable, but if we 
wish to reduee this difference to z¢Yo, we must use one of the 
methods stated above, 

If we only wish to ascertain the sign of the difference of the 
potentials at two places, and not its numerical value, we may cause 
drops or filings to be discharged at one of the places from a nozzle 
connected with the other place, and eatch the drops or filings 
in an insulated vessel. Each drop as it falls is charged with a 
certain amount of electricity, and it is completely discharged into 
the vessel. The charge of the vessel therefore is continually ac- 
cunulating, and after a sufficient number of drops have fallen, the 
charge of the vessel may be tested by the roughest methods. ‘The 
sign of the charge is positive if the potential of the nozzle is positive 
relatively to that of the surrounding air, 


MLASUREMENT OF SURFACE-DENSITY OF ELECTRIFICATION, 


Theory of the Proof Plane. 


223.] In testing the results of the mathematical theory of the 
distribution of elvctricity on the surface of conductors, it is necessary 
to be able to measure the surface-density at different points of 
the conductor. Vor this purpose Coulomb employed a small disk 
of gilt paper fastened to an insulating stem of gum-lac, He ap- 
plied this disk to various points of the conductor by placing it 
s0 as to coincide as nearly as possible with the surface of the 
conductor. He then removed it by means of the insulating stem, 
and measured the charge of the disk by means of his electrometer. 

Since the surface of the disk, when applied to the conductor, 
nearly coincided with that of the conductor, he concluded that 
the surfuce-density on the outer surface of the disk was nearly 
equal to that on the surface of the conductor at that place, and that 
the charge on the disk when removed was nearly equal to that 
on an area of the surface of the conductor equal to that of one side 
of the disk. This disk, when employed in this way, is called 
Coulomb’s Proof Plane. 

As objections have been raised to Coulomb’s use of the proof 
plane, I shall make some remarks on the theory of the experiment. 
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The experiment consists in bringing a small conducting body 
into contaet with the surface of the conductor at the point where 
the density is to be measured, and then removing the body and 
determining its charge. 

We have first to shew that the charge on the small body when 
in contact with the conductor is proportional to the surface- 
density which existed at the point of contact before the small body 
was placed there. 

We shall suppose that all the dimensions of the small hady, and 
especially its dimension in the direction of the normal at the point 
of contact, are small compared with either of the radii of curvature 
of the conductor at the point of contact. Hence the variation of 
the resultant force due to the conductor supposed nigidly electrified 
within the space occupied by the small body may be neglected, 
and we may treat the surface of the conductor near the small body 
as a plane surface, 

Now the charge which the small body will take by contact with 
a plane surface will be proportional to the resultant foree normal 
to the surfuee, that is, to the surface-density. We shall ascertain 
the amount of the charge for partieular forms of the body. 

We have next to shew that when the small body is removed no 
spark will pass between it and the conductor, so that it will carry 
its charge with it. This is evident, because when the bodies are 
in contact their potentials are the same, and therefore the density 
on the parts nearest to the point of contact is extremely small, 
When the small body is removed to a very short distance from 
the conductor, which we shall suppose to be clectrified positively, 
then the electrification at the point nearest to the small body is 
no longer zero but positive, but, since the charge of the small body 
is positive, the positive electrification close to the small bedy wall 
bo less than at other neighbouring points of the surface. Now 
the passage of a spark depends in general on the magnitude of the 
resultant foree, and this on the surface-density. Hence, since we 
suppose that the conductor is not 60 highly electrified as to be 
discharging electricity from the other parts of its surface, it will 
not discharge a spark to the small body from a part of its surface 
which we have shewn to have a smaller surface-density. 

224,] We shall now consider various forms of the small body. 

Suppose it to be a small hemisphere applied to the conductor so 
as to touch it at the centre of its flat side. 

Let the conductor he a large sphere, and let us modify the form 
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of the hemisphere so that its surface is a little more than a hemj- 
sphere, and meets the surface of the sphere at right angles. Then 
we have a case of which we have already obtained the exact solution, 
See Art. 168. 

If 4 and B be the centres of the two spheres cutting cach other 
at right angles, DD’ a diameter of the circle of intersection, and C 
the centre of that cirele, then if #’ is the potential of a conductor 
whose outer surface coincides with that of the two spheres, the 
quantity of electricity on the exposed surface of the sphere 4 is 

$V (AD+ BD+AC—CD—BC), 
and that on the exposed surface of the sphere B is 
$V (AD+ BD+ BC—CD~ AC), 
the total charge being the sum of these, or 
V(AD+ BD-CD), 

If a and f are the radii of the spheres, then, when a is large 

compared with 8, the charge on B is to that on A in the ratio of 
3 1 1 B? 
a (1 +qbtie + &e.) to 1. 

Now let « be the uniform surfuce-density on A when B is re- 

moved, then the charge on 4 is 

4na%o, 
and therefore the charge on B is 

1,8 
37 Bo (i oe + &e.)> 

or, when # is very small compared with a, the charge on the 
hemisphere B is equal to three times that due to a surface-density 
extending over an area equal to that of the circular base of the 
hemisphere. 

It appears from Art.175 that if a small sphere is made to touch 
an electrified ody, and is then removed to a distance from it, the 
mean surface-density on the sphere is to the surface-density of the 
body at the point of contact as n* is to 6, or as 1.645 to 1. 

225.] The most convenient form for the proof plane is that of 
a circular disk. We shall therefore shew how the charge on a 
eircular disk laid on an electrified surface is to be measured. 

For this purpose we shall construct a value of the potential 
function so that one of the equipotential surfaces resembles a circular 
flattened protuberance whose general form is somewhat like that of 
a disk lying on a plane, 
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Let o be the surface-density of a plane, which we shall suppose 
to be that of wy. 

The potential duc to this electrification will be 

Vs-4nes. 

Now Ict two disks of radius @ be rigidly electrified with surface- 
densities —o’ and 40’, Let the first of these be placed on the plane 
of ry with its centre at the origin, and the second parallel to it at 
the very small distance e. 

Then it may be shewn, as we shall sec in the theory of mag- 
netism, that the potential of the two disks at any point is wo’ ¢, 
where is the solid angle subtended by the edge of either disk at 
the point. Hence the potential of the whole system will be 

Vm—4nortwa'e, 

The forms of the equipotential surfaces and lines of induction 
are given on the left-hand side of Fig. XX, at. the end of Vol. IT. 

ict us trace the form of the surface for which P= 0, This 
surface is indicated by the dotted line. 

Putting the distance of any point from the axis of < = r, then, 
when 7 is much less than a, and zis small, 


w= 2Q7—-Qr- 4 &e, 
a 
Hence, for values of r considerably less than a, the cquation of 
the zero equipotential surface is 
d 
ze 
=—407024+2r0'c~—2 mo +&e.; 


’ 


ae 
or n= 


Re 
2r+o0 — 
a 
Hence this eqnipotential surface near the axis is nearly flat. 
Ontside the disk, where 7 is greater than @, » is zero when z is 
zero, so that the plane of zy is part of the equipotential surface. 
To find where these two parts of the surface mect, let us find at 
‘ E _ AV 
what point of this plane “js = 0, 


When r is very nearly equal to @ 


dV 20°e 
—j- =—4aa 
dz rw 
Hence, when 
aVv r ae 
ae mca 


The equipotential surface J” = 0 ig therefore composed of a disk- 
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like figure of radius 7,, and nearly uniform thickness z,, and of the 
part of the infinite plane of ay which lies heyond this figure, 

The surface-integral over the whole disk Bives the charge of 
electricity on it. It may be found, as in the theory of a circular 


current in Part TV, to be 
a 


Q = 4nao'e{log —2 4ao7,2. 


8 
ta 
The charge on an equal area of the plane surface is ro07,2, hence 
the charge on the disk exceeds that on an equal area of the plane 
i th > Ya I f 7 , 
ene nag 14+8= log 227 to unity, 
where z is the thickness and y the radius of the disk, z heing sup- 
posed small compared with ». 


On Electric Accumulators and the Measurement of Capacity. 


226.] An Accumulator or Condenser is an apparatus consisting 
of two conducting surfaces separated by an insulating dielectric 
medium. 

A Leyden jar is an accumulator in which an inside coating of 
tinfoil is separated from the outside coating by the glass of which 
the jar is made. The original Leyden phial was a glass vessel 
containing water which was separated by the glass from the hand 
which held it. 

The outer surface of any insulated conductor may he considered 
as one of the surfaces of an accumulator, the other being the earth 
or the walls of the room in which it is placed, and the intervening 
air being the dielectric medium. 

The capacity of an accumulator is measured by the quantity of 
electricity with which the inner surface must be charged to make 
the difference between the potentials of the surfaces unity, 

Since every electrical potential is the sum of a number of parts 
found by dividing each electrical clement by its distance from a 
point, the ratio of a quantity of electricity to a potential must 
have the dimensions of a line, Hence electrostatic capacity is a 
linear quantity, or we may measure it in feet or metres without 
ambiguity. 

In electrical researches accumulators are used for two principal 
purposes, for receiving and retaining large quantities of electricity 
in as small a compass as possible, and for measuring definite quan- 
titics of electricity by means of the potential to which they raise 
the accumulator. 
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For the retention of electrical charges nothing has heen devised 
more perfect than the Leyden jar, The principal part of the Joss 
arises from the electricity ereeping along the damp uncoated surface 
of the glass from the one coating to the other. This may be checked 
in a great degree by artificially drying the air within the jar, and 
by varnishing the surface of the glass where it: is exposed to the 
atmosphere. In Sir W. Thomson’s clectroscopes there is a very 
small percentage of loss from day to day, and I believe that none 
of this loss can be traced to direct conduction either through air 
or through glass when the glass is good, but that it arises chiefly 
from superficial conduction along the various insulating stems and 
glass surfaces of the instrument. 

In fact, the same electrician has communicated a charge to 
sulphuric acid in a largo bulb with a long neck, and has then her- 
metically sealed the neck by fusing it, so that the charge was com- 
pletely surrommded by glass, and after some years the charge was 
found still to be retained. 

It is only, however, when cold, that glass insulates in this 
Way, for the charge escapes at once if the glass is heated to 
a temperature below 100°C. 

When it is desired to obtain great capacity in small compass, 
accumulators in which the dielectric is shect caoutchouc, mica, or 
paper impregnated with paraffin are convenient, 

227.] For accumulators of the second class, intended for the 
measurement of quantities of electricity, all solid diclectrics must: be 
employed with great caution on account of the property which they 
possess called Electric Absorption. 

The only safe diclectric for such accumulators is air, which has 
this inconvenience, that if any dust or dirt gets into the narrow 
space between the opposed surfaces, which ought to be oceupied only 
by air, it not only alters the thickness of the stratum of air, but 
may establish a connexion between the opposed surfaces, in which 
ease the accumulator will not hold a charge. 

To determine in absolute measure, that is to say in feet or metres, 
the capacity of an accumulator, we must either first. ascertain its 
form and size, and then solve the problem of the distribution of 
electricity on its opposed surfaces, or we must compare its capacity 
with that of another accumulator, for which this problem has been 
solved. 

As the problem is a very difficult one, it is hest to begin with an 
accumulator constructed of a form for which the solution is known. 
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Thus the capacity of an insulated sphere in an unlimited space is 
known to be measured by the radius of the sphere. 

A sphere suspended in a room was actually used by MM. Kohl- 
rausch and Weber, as an absolute standard with which they com- 
pared the capacity of other accumulators. 

The capacity, however, of a sphere of moderate size is so small 
when compared with the capacities of the accumulators in common 
use that the sphere is not a convenient standard measure. 

Tts capacity might be greatly increased by surrounding the 
sphere with a hollow concentrie spherical surface of somewhat 
greater radius, The capacity of the inner surface is then a fourth 
Proportional to the thickness of the stratum of air and the radii of 
the two surfaces, 

Sir W, Thomson has employed this arrangement as a standard of 
capacity, but the difficulties of working the surfaces truly spherical, 
of making them truly concentric, and of measuring’ their distance 
and their radii with sufficient accuracy, are considerable, 

We are therefore led to prefer for an absolute measure of capacity 
a form in which the opposed surfaces are parallel planes. 

The accuracy of the surface of the planes can he easily tested, 
and their distance can be measured by a micrometer screw, and 
may be made capable of continuous variation, which is a most 
important property of a measuring instrument, 

The only difficulty remaining arises from the fact that the planes 
must necessarily be bounded, and that the distribution of electricity 
near the boundaries of the planes has not been rigidly calculated. 
It is true that if we make them equal circular disks, whose radius 
is large compared with the distance between thom, we may treat 
the edges of the disks as if they were straight lines, and calculate 
the distribution of electricity by the method due to Helmholtz, and 
deseribed at Art, 202. But it will be noticed that in this ease 
part of the electricity is distributed on the baek of each disk, and 
that in the calculation it has been supposed that there are no 
conductors in the neighbourhood, which is not and cannot be the 
case in a small instrument, 

228.] We therefore prefer the following arrangement, due to 
Sir W. Thomson, which we may call the Guard-ring arrangement, 
by means of which the quantity of electricity on an insulated disk 
may be exactly determined in terms of its potential, 
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The Guard-ring Accumulator. 

Bo is a cylindrical vessel of conducting material of which the 
outer surface of the upper face is accurately plane. This upper 
surface consists of two parts, 
a disk 4, and a broad ring 
BB surrounding the disk, 
separated from it hy a very 
small interval all round, just 
sufficient to prevent sparks 
passing, The upper surface 
of the disk is accurately in 
the same plane with that of 
the guard-ring. The disk is 
supported by pillars of insulating material GG, is a metal disk, 
the under surface of which is accurately plane and parallel to BB, 
The disk C is considerably larger than 4. Its distance from A 
is adjusted and measured by means of a micrometer screw, which 
is not given in the figure, 

This accumulator is used as a measuring instrument, as follows :— 

Suppose C to he at potential zero, and the disk // and vessel Bd 
both at potential J, Then there will be no electrification on the 
back of the disk because the vessel is nearly closed and is all at the | 
same potential. There will be very little electrification on the | 
edges of the disk because BA is at the same potential with the | 
disk. On the face of the disk the electrification will be nearly : 
uniform, and therefore the whole charge on the disk will be almost 
exactly represented by its area multiplied by the surfaee-density on 
a plane, as given at Art. 124, 

In fact, we learn from the investigation at Art. 201 that the 
charge on the disk is 

pf? Ran gy 
(84 84 Atal 
where # is the radius of the disk, 2” that of the hole in the guard- 
ring, 4 the distance between and C, and a a quantity which 
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cannot exceed (#” — Ry) oro. 
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Fig. 20. 


If the interval between the disk and the guard-ring is small 
compared with the distance between 4 and C, the second term will 
be very small, and the charge on the disk will be nearly 
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Now let the vessel B& be put in connexion with the earth. The 
charge on the disk A will no longer be uniformly distributed, but it 
will remain the same in quantity, and if we now discharge 4 we 
shall obtain a quantity of electricity, the value of which we know 
in terms of V, the original difference of potentials and the measur- 
able quantities 2, Wand A. 


Ou the Comparison of the Capacity of Accumulators. 

229. The form of accumulator which is best fitted to have its 
capacity determined in absolute measure from the form and dimen- 
sions of its parts is not generally the most suitable for electrical 
experiments. It ig desirable that the measures of capacity in actual 
use should be accumulators having only two conducting surfaces, one 
of which is as nearly as possible surrounded by the other. The 
guard-ring aceumulator, on the other hand, has three independent 
conducting portions which must be charged and discharged in a 
certain order, Hence it is desirable to be able to compare the 
capacities of two accumulators by an electrical process, so as to test 
accumulators which may afterwards serve as secondary standards, 

IT shall first shew how to test the equality of the capacity of two 
guard-rings accumulators. 

Let be the disk, # the guard-ring’ with the rest of the con- 
ducting vessel attached to it, and C the large disk of one of these 
accumulators, and let ul’, B’, and C’ be the corresponding parts of 
the other. 

If either of these accumulators is of the more simple kind, having 
only two conductors, we have only to suppress & or JB’, and to 
suppose 4 to be the inner and € the outer conducting surface, C 
in this case being understood to surround ud. 

Let the following connexions be made. 

Let B be kept always connected with C’, and # with C, that is, 
let each guard-ring be connected with the large disk of the other 
condenser. 

(1) Let A be connected with Band C’ and with J, the electrode 
ofa Leyden jar, and let a’ be connected with B’ and C and with 
the earth. 

(2) Let A, B, and C’ be insulated from J. 

(3) Let 4 be insulated from Band C’, and 4’ from B’ and C0". 

(4) Let Band C’ be connected with # and C and with the 
earth, 

(5) Let 4 be connected with 4’. 
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(6) Let d and 4’ be connected with an clectroscope E. 
We may express these connexions as follows :—~ 


(1) 0=C=H=A | A=B=C' =. 
(2) 0=C=Bh=H | A=B=:C’ | J, 
(3) O=C=h'| a4 | a | B=C". 

(4) O=C=B | wv’ | dA|B=C’=0, 
(5) O=C=BP|4 = A|B=C’=0. 


(6¢) 0=C=BL' | v= Fm A | B=C’=0. 

Here the sign of equality expresses electrical connexion, and the 
vertical stroke expresses insulation, 

In (1) the two accumulators are charged oppositely, so that 4 is 
positive and 4’ negative, the charges on A and 4’ being uniformly 
distributed on the upper surface opposed to the large disk of each 
accumulator. 

In (2) the jar is removed, and in (3) the charges on 4 and J’ are 
insulated, 

Tn (4) the guard-rings are connected with the large disks, so that 
the charges on 4 and 4’, though unaltered in magnitude, are now | 
distributed over their whole surface, | 

In (5) 4 is connected with 4’. If the charges are equal and of | 
opposite signs, the electrification will be entirely destroyed, and 
in (6) this is tested by means of the electroscope £, 

The electroscope # will indicate positive or negative electrification 
according as 4 or dl’ has the greater capacity. 

By means of a key of proper construction, the whole of these : 
operations can be performed in due succession in a very small 
fraction of a second, and the capacities adjusted till no clectri- 
fication can be detected by the electroscope, and in this way the 
capacity of an accumulator may be adjusted to be equal to that of 
any other, or to the sum of the capacities of several accumulators, 
so that a system of accumulators may be formed, each of which has 
its capacity determined in absolute measure, i. e. in feet or in metres, 
while at the same time it is of the construction most suitable for 
electrical experiments, 

This method of comparison will- probably be found useful in 
determining the specific capacity for electrostatic induction of 
different dielectrics in the form of plates or disks. If a disk of 
the dielectric is interposed between 4 and C, the disk being con- 
siderably larger than 4, then the capacity of the accumulator will 
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be altered and made equal to that of the same accumulator when 4 
and C are nearer together. If the accumulator with the dielectric 
plate, and with 4 and C at distance 2, is of the same capacity as 
the same accumulator without the dielectric, and with 4 and C at 
distance x’, then, if a is the thickness of the plate, and K its specific 
dielectric inductive capacity referred to air as a standard, 
- a 
rer 

The combination of three cylinders, described in Art, 127, has 
been employed by Sir W. Thomson as an accumulator whose capa- 
city may be increased or diminished by measurable quantities, 

The experiments of MM. Gibson and Barelay with this ap- 
paratus are described in the Proceedings of' the Royal Sociely, Feb. 2, 
1871, and PAil. Lrans., 1871, p. 573. They found the specific in- 
ductive capacity of paraffin to be 1.975, that of air being unity. 


PART IL 
ELECTROKINEMATICS. 


CHAPTER I. 
HE ELECTRIC CURRENT. 


230.] We have seen, in Art. 45, that when a conductor is in 
electrical equilibrium the potential at every point of the conductor 
must be the same. 

If two conductors 4 and B are charged with electricity so that 
the potential of 4 is higher than that of B, then, if they are put 
in communication by means of a metallic wire C touching both of 
them, part of the charge of 4 will be transferred. to B, and the 
potentials of 4 and B will beeome in a very short time equalized. 

231.] During this process certain phenomena are observed in 
the wire C, which are called the phenomena of the electric conflict 
or current, 

The first of these phenomena is the transference of positive 
electrification from A to B and of negative electrification from B 
to A. This transference may be also effected in a slower manner 
by bringing a small insulated body into contact with 4 and B 
alternately. By this process, which we may call electrical con- 
veetion, successive small portions of the electrification of each body 
are transferred to the other, In either case a certain quantity of 
electricity, or of the state of electrification, passes from one place 
to another along a certain path in the space between the bodies, 

Whatever therefore may be our opinion of the nature of clec- 
tricity, we must admit that the process which we have deseribed 
constitutes a current of electricity. ‘This current may be described 
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as a current of positive clectricity from 4 to B, or a eurrent of 
negative electricity from B to 4, or asa combination of these two 
currents. 

According to Feehner’s and Weber's theory it is a combination 
of a current of positive electricity with an exactly equal current 
of negative electricity in the opposite direction through the same 
substance. It is necessary to remember this exceedingly artificial 
hypothesis regarding the constitution of the current in order to 
understand the statement of some of Weber’s most valuable cx- 
perimental results, 

Tf, as in Art. 36, we suppose P units of positive electricity 
transferred from .t to B, and N units of negative electricity trans- 
ferred from B to A in unit of time, then, according to Weber's 
theory, P=MN, and P or Nis to be taken as the numerical measure 
of the current, 

We, on the contrary, make no assumption as to the relation 
between P and ¥N, but attend only to the result of the current, 
namely, the transference of P-+N of positive electrification from A 
to #, and we shall consider P+ WV the true measure of the current. 
The current, therefore, which Weber would call 1 we shall call 2, 


On Steady Currents. 


232.] In the case of the current between two insulated con- 
duetors at different potentials the operation is soon brought to 
an end by the equalization of the potentials of the two bodies, 
and the current is therefore essentially a Transient current. 

But there are methods by which the difference of potentials of 
the conductors may be maintained constant, in which case the 
current will continue to flow with uniform strength as a Steady 
Current. 

The Voltaic Battery. 


The most convenient method of producing a steady current is by 
means of the Voltaic Battery. 

For the sake of distinetness we shall describe Daniell’s Constant 
Battery :-— 

A solution of sulphate of zinc is placed in a cell of porous earth- 
enware, and this cell is placed in a vessel containing a saturated 
solution of sulphate of copper. A picee of zinc is dipped into the 
sulphate of zine, and a piece of copper is dipped into the sulphate 
of copper. Wires are soldered to the zine and to the copper above 
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the surface of the liquid. This combination is called a cell or 
element of Daniell’s battery. See Art. 272. 

£33.) If the cell is insulated by being placed on a non-con- 
dueting stand, and if the wire connceted with the copper is put 
in contact with an insulated conductor 4, and the wire connected 
with the zine is put in contact with , another insulated conduetor 
of the same metal as -/, then it may be shewn by means of a delicate 
electrometer that the potential of  exeeeds that of 2 by a certain 
quantity. This difference of potentials is called the Electromotive 
Force of the Daniell’s Cell, 

If 14 and 2 are now disconnected from the cell and put in 
communication by means of a wire, a transient current passes 
through the wire from 4 to B, and the potentials of af and B 
become equal. 4 and B may then be charged again by the cell, 
and the process repeated as long as the cell will. work. But. if 
A and # be connected by means of the wire C, and at the same 
time connected with the battery as before, then the cell will main- 
tain a constant current through C, and also a constant difference 
of potentials between sf and #4. This difference will not, as we 
shall see, be equal to the whole clectromotive force of the cell, for 
part of this force is spent in muntaining (he eurrent through the 
ecll itself. 

A number of cells placed in series so that the zine of the first 
cell is connected by metal with the copper of the second, and 
so on, is called a Voltaic Battery. The electromotive force of 
such a battery is the sum ol’ the clectromotive forces of the cells 
of which it is composed. If the battery is insulated it may be 
charged with clectricity as a whole, but the potential of the eopper 
end will always exceed that of the zine end by the electromotive 
foree of’ the battery, whatever the absolute value of cither of these 
potentials may be. The cells of the battery may be of very various 
construction, containing different chemical substances and different 
metals, provided they are such that chemical action does not go 
on when no current passes, 

234, | Let us now consider a voltaic battery with its ends insulated 
from each other. The copper end will be positively or vitreously 
electrified, and the zine end will be negatively or resinously electrified. 

Tet the two ends of the battery be now connected by means 
of a wire. An clectric current will commence, and will in a very 
short time attain a constant value. It is then said to bea Steady 
Current. 
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Properties of the Current, 

235.] The enrrent forms a closed circuit in the direction from 
copper to zine through the wires, and from zine to copper through 
the solutions. 

If the cireuit be broken by cutting any of the wires which 
conneet the copper of one cell with the zine of the next in order, the 
current will be stopped, and the potential of the end of the wire 
In connexion with the copper will be found to exceed that of the 
end of the wire in connexion with the zine by a constant quantity, 
nancly, the total electromotive force of the circuit. 


Llectrolytic Action of the Current. 

236.] As long as the circuit is broken no chemical action goes 
on in the cells, Int as soon as the circuit ig completed, zine is 
dissolved from the zine in cach of the Daniecll’s cells, and copper is 
deposited on the copper, 

The quantity of sulphate of zine increases, and the quantity of 
sulphate of copper diminishes unless more is constantly supplied. 

The quantity of zine dissolved and also that of copper deposited ig 
the same in each of the Daniell’s cells throughout the circuit, what- 
ever the size of the plates of the cell, and if any of the cells be of a 
different construction, the amount of chemical action in it bears 
& constant proportion to the action in the Daniell’s cell, For 
instance, if one of the cells consists of two platinum plates dipped 
into sulphuric acid diluted with water, oxygen will be given off 
at the surface of the plate where the current enters the liquid, 
namely, the plate in metallic connexion with the copper of Daniell’s 
cell, and hydrogen at the surfiee of the plate where the current 
leaves the liquid, namely, the plate connected with the zinc of 
Daniell’s cell. 
~The volume of the hydrogen is exactly twice the volume of the 
oxygen given off in the same time, and the weight of the oxygen is 
exactly eight times the weight of the hydrogen. 

In every cell of the circuit the weight of each substance dissolved, 
deposited, or decomposed is equal to a certain quantity called the 
electrochemical equivalent of that substance, multiplied by the 
strength of the current and by the time during which it has 
been flowing, 

For the experiments which established this principle, see the 
seventh and cighth serics of Faraday’s Experimental Researches; 

Uz 
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and for an investigation of the apparent, exceptions to the rule, see 
Miller’s Chemicad Physics and Wiedemann’s Guleanismus. 

237,] Substances which are decomposed in this way are called 
Electrolytes. The process is called Electrolysis. The places where 
the current enters and leaves the electrolyte are called Elvetrodes, 
Of these the electrode by which the current, enters is called the 
Anode, and that by which it leaves the electrolyte is called the 
Cathode, The components into which the electrolyte is resolved 
are called Ions: that which appears at the anode is called the 
Anion, and that which appears at the cathode is called the Cation, 

Of these terms, which were, T believe, invented by Faraday with 
the help of Dr. Whewell, the first three, namely, electrode, clec- 
trolysis, and electrolyte have been generally adopted, and the mode 
of conduction of the current in which this kind of decomposition 
and transfer of the components tales place is called ‘Llectrolytic 
Conduction. 

If a homogeneous electrolyte is placed in a tube of variable 
section, and if the electrodes are placed at the ends of this tube, 
it is found that when the eurrent passes, the anion appears at 
the anode and the cation at the cathode, the quantities of these 
ions beings electrochemically equivalent, and such as to be together 
equivalent, to a certain quantity of the electrolyte. In the other 
parts of the tube, whether the section be large or small, uniform 
or varying, the composition of the electrolyte remains unaltered, 
Henee the amount of electrolysis which takes place across every 
section of the tube is the same. Where the section is small the 
action must therefore be more intense than where the section is 
large, but the total amount of cach ion which crosses any complete 
section of the electrolyte in a given time is the same for all sections, 

The strength of the current may therefore be meusured by the 
amount of electrolysis in a given time, An instrument by which 
the quantity of the electrolytic products can be readily measured 
is called a Voltameter, 

The strength of the current, as thus measured, is the same 
at every part of the cireuit, and the total quantity of the clee- 
trolytic products in the voltameter after any given time is pro- 
portional to the amount of clectricity which passes any section in 
the same time. 

238.) If we introduce a voltameter at one part of the circuit 
of a voltaic battery, and break the cirenit at another part, we may 
suppose the measurement of the eurrent to be conducted thus, 
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Let the ends of the broken cireuit be A and 4, and let 4 be the 
anode and # the cathode. Let an insulated ball be made to touch 
A and B alternately, it will carry from 4 to Ba certain measurable 
quantity of electricity at each journey. This quantity may be 
measured by an electrometer, or it may be calculated by mul- 
tiplying the electromotive foree of the circuit hy the electrostatic 
capacity of the ball. Electricity is thus carried from A to B on the 
insulated ball by a process which may be called Convection. At 
the same time electrolysis goes on in the voltameter and in tho 
cells of the battery, and the amount of electrolysis in each cell may 
he compared with the amount of electricity carried across by the 
insulated ball. The quantity of a substance which is electrolysed 
by one unit of electricity is called an Electrochemical equivalent 
of that substance, 

This experiment would be an extremely tedious and troublesome 
one if conducted in this way with a ball of ordinary magnitude 
and a manageable battery, for an enormous number of journeys 
would have to be made before an appreciable quantity of the electro- 
lyte was decomposed. The experiment must therefore be considered 
as a mere illustration, the actual measurements of electrochemical 
equivalents being conducted in a different way. But the experi- 
ment may be considered as an illustration of the process of clec- 
trolysis itself, for if we regard clectrolytic conduction as a species 
of convection in which an electrochemical equivalent of the anion 
travels with negative electricity in the direction of the anode, while 
an equivalent of the cation travels with positive electricity in 
the direction of the cathode, the whole amount of transfer of elec- 
tricity being one unit, we shall have an idea of the process of 
electrolysis, which, so far as I know, is not inconsistent with known 
facts, though, on account of our ignorance of the nature of electricity 
and of chemical compounds, it may be a very imperfect. repre- 
sentation of what really takes place. 


Magnetic Action of the Current. 

239.] Ocrsted discovered that a magnet placed near a straight 
electric current tends to place itself at right angles to the plane 
passing through the magnet and the current. See Art. 475. 

If a man were to place his body in the line of the eurrent go 
that the current from copper through the wire to zine should flow 
from his head to his feet, and if he were to direct: his face towards 
the centre of the magnet, then that end of the magnet which tends 
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to point to the north would, when the current flows, tend to point 
towards the man’s right hand. 

The nature and laws of this electromagnetic action will be dis 
cussed when we come to the fourth part of this treatise. What 
Wwe are concerned with at present is the fact that. the cleetric 
current has a magnetic action which js exerted outside the eurrent : 
and by which its existences can he ascertained and its intensity 
measured without breaking the circuit or introdueing anything into 
the current itself. 

The amount of the magnetic action has been ascertained to be 
strictly proportional to the strength of the current as Measured 
by the produets of electrolysis in the voltameter, and to he quite 
independent of the nature of the conductor in which the current 
is flowing, whether it be a metul or an electrolyte, 

240.] An instrument whieh indicates the strength of an clectrie 
current by its magnetic effects is called a Galvanometer, 

Galvanometers in general consist of one or more coils of silk- 
covered wire within which a magnet is suspended with its axis 
horizontal. When a current is passed through the wire the magnet 
tends to set itsclf with its axis perpendicular to the plane of the 
coils. If we suppose the plane of the coils to be placed parallel 
to the plane of the earth’s equator, and the current. to flow round 
the coil from east to west in the direction of the apparent motion 
of the sun, then the magnet within will tend to set itself with 
its magnetization in the same direction as that of the earth con- 
sidered as a great magnet, the north pole of the carth being similar 
to that end of the compass needle which points south, 

The galvanometer is the most convenient instrument for mea- 
suring the strength of electric currents, We shall therefore assumo 
the possibility of constructing such an instrument in studying the 
laws of these currents, reserving the discussion of the principles of 
the instrument for our fourth part. When therefore we say that 
an electric current is of a certain strength we suppose that the 
measurement is effected by tho galvanometer, 


CHAPTER II. 
CONDUCTION AND RESISTANCE, 


241.] Ir by means of an clectrometer we determine the electric 
potential at different points of a cirenit in which a constant electric 
current is maintained, we shall find that in any portion of the 
circuit consisting of a single metal of uniform temperature through- 
out, the potential at any point exceeds that at any other point 
farther on in the direction of the current by a quantity depending 
on the strength of the eurrent and on the nature and dimensions 
of the intervening portion of the circuit. The difference of the 
potentials at the extremities of this portion of the circuit is called 
the External electromotive force acting on it. If the portion of 
the cireuit under consideration is not homogeneous, but contains 
transitions from one substance to another, from metals to elec- 
trolytes, or from hotter to colder parts, there may be, besides the 
external electromotive foree, Internal electromotive forces which 
must be taken into account. 

The relations hetween Llectromotive Force, Current, and Resist- 
ance were first investigated by Dr. G. S. Ohm, in a work published 
in 1827, entitled Die Galvanische Kelle Muthematisch Bearbeitet, 
translated in Taylor's Scientific Memoirs. The result of these in- 
vestigations in the case of homogeneous conductors is commonly 
called ‘ Ohm’s Law.’ 


Ohn’s Law. 


Lhe electromolive force acting between the extremities of any part 
of «@ circuit is the product of the strength of the current and the 
Resistance of that part of' the circuit, 

Here a new term is introduced, the Resistance of a conduetor, 
which is defined to be the ratio of the electromotive force to 
the strength of the current which it produces, The introduction 
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of this term would have been of no scientific value unless Ohm 
had shewn, as he did experimentally, that it corresponds to a real 
physical quantity, that is, that it has a definite value which ig 
altered only when the nature of the conductor is altered. 

In the first place, then, the resistance of a conductor is inde- 
pendent of the strength of the current flowing through it. 

In the second place the resistance is independent of the electric 
potential at which the conductor is maintained, and of the density 
of the distribution of electricity on the surface of the conductor. 

Tt depends entirely on the nature of the material of which the 
conductor is composed, the state of aggregation of its parts, and its 
temperature. 

The resistance of a conductor may be measured to within one 
ten thousandth or even one hundred thousandth part of its value, 
and so many conductors have been tested that our assurance of the 
truth of Ohm’s Law is now very high. In the sixth chapter we 
shall trace its applications and consequences, 


(renerution of Heat by the Current. 

242.) We have seen that when an electromotive force causes 
a current to flow through a conductor, electricity is transferred 
from a place of higher to a place of lower potential. If the transfer 
had been made by convection, that is, by carrying successive 
charges on a ball {rom the one place to the other, work would have 
been done by the clectrieal forees on the ball, and this might have 
been turned to account. It is actually turned to account in a 
partial manner in those dry pile cireuits where tho electrodes have 
the form of bells, and the carrier ball is made to swing like a 
pendulum between the two bells and strike them alternately. In 
this way the eleetrical action is made to keep up the swinging 
of the pendulum and to propagato the sound of the bells to a 
distance. In the case of the conducting wire we have the same 
transfer of electricity from a place of high to a place of low potential 
without any external work being done. The principle of the Con- 
servation of Energy therefore leads us to look for internal work in 
the conductor, In an electrolyte this internal work consists partly 
of the separation of its components. In other conductors it is 
entirely converted into heat. 

The energy converted into heat is in this ease the product of 
the electromotive force into the quantity of electricity which passes, 
But the electromotive force is the product of the current into the 
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resistance, and the quantity of electricity is the product of the 
current into the time. Henec the quantity of heat: multiplied hy 
the mechanical equivalent of unit of heat is equal to the square of 
the strength of the current multiplied into the resistance and into 
the time, 

The heat developed by eleetrie currents in overcoming the re- 
sistance of conduetors has been determined by Dr. Joule, who 
first established that the heat produced in a given time is pro- 
portional to the square of the current, and afterwards by careful 
absolute measurements of all the quantities concerned, verified the 
equation JH = C7? Rt, 
where J is Joule’s dynamical equivalent of heat, Z/ the number of 
units of heat, C the strength of the current, # the resistance of the 
conductor, and ¢ the time during which the current flows. These 
relations between clectromotive foree, work, and heat, were first fully 
explained by Sir W. Thomson in a paper on the application of the 
‘principle of mechanical effect to the measurement of electromotive 
forces *, 

243.] The analogy between the theory of the conduction of 
electricity and that of the conduction of heat: is at first sight almost 
complete. If we take two systems geometrically similar, and such 
that the conductivity for heat at any part of the first is proportional 
to the conductivity for electricity at the corresponding part of the 
second, and if we also make the temperature at any part of the 
first proportional to the clectrie potential at the corresponding point 
of the second, then the flow of heat across any area of the first: 
will be proportional to the flow of electricity across the corre- 
sponding area of the second. 

Thus, in the illustration we have given, in which flow of elee- 
tricity corresponds to flow of heat, and electric potential to tem- 
perature, electricity tends to flow from places of high to places 
of low potential, exactly as heat tends to flow from places of high 
to places of low temperature, 

244,] The theory of potential and that of temperature may 
therefore be made to illustrate one another; there is, however, one 
remarkable difference between the phenomena of electricity and 
those of heat. 

Suspend a conducting body within a closed conducting vessel by 
a sill thread, and charge the vessel with clectricity, The potential 
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of the vessel and of all within it will be insiantly raised, but 
however long and however powerfully the vessel he electrified, and 
whether the body within be allowed {0 come mm contact with the 
vessel or not, no signs of cleetrification will appear within the 
vessel, nor will the body within shew any clectrical effect. when 
taken out. 

But if the vessel is raised to a high temperature, the body 
within will rise to the same temperature, but, only after a con- 
siderable time, and if it is then taken out it will he found hot, 
and will remain so till it has continued to emit heat for some time, 

The difference between the phenomena consists in the fret that 
bodies are capable of absorbing and emitting heat, wherens they 
have no corresponding property with respect to electricity, A body 
cannot be made hot. without a certain amount of heat heing 
supplied to it, depending on the mass and specific heat of the hody, 
but. the cleetrie potential of a body may he raised to any extent 
in the way already described without communicating any electricity 
to the hody. 

245.] Again, Suppose a body first, heated and then placed inside 
the closed vessel. "The outside of the vessel will be at first at the 
temperature of surrounding bodies, but it will £001 get hot, and 
will remain hot till the heat of the interior body has escaped, 

Tt. is impossible to perform a corresponding electrical experiment, 
It. is impossible so to electrify a body, and so to place it in a 
hollow vessel, that the outside of the vessel shall aj first shew no 
signs of electrification but shall afterwards heeome electrified, It 
was for some phenomenon of this kind that Faralay sought in 
vain under the name of an absolute charge of clectricity. 

Heat may be hidden in the interior of a body so as to have no 
external action, but it is impossible to isolate a quantity of elec- 
tricity so as to prevent. it from being constantly in inductive 
relation with an equal quantity of electricity of the opposite kind, 

There is nothing therefore among cleetrie phenomena Which 
corresponds to the eapacity of a body for heat. This follows at 
onee from the doetrine Which is asserted in this treatise, that 
electricity obeys the same condition of continuity as an incom. 
pressible fluid. It is therefore impossible {o give a bodily charge 
of electricity to any sulistance by forcing an additional quantity of 
electricity: into it, See Arts. 61, 111, 329, 334, 


CHAPTER TI. 
ELECTROMOTIVE FORCE BETWEEN BODIES IN CONTACT, 


The Potentials of Different Substances in Contact. 


246.] Ir we define the potential of a hollow conducting vessel 
as the potential of the air inside the vessel, we may ascertain this 
potential hy means of an clectrometer as described in Part. T, 
Art, 222. 

If we now take tivo hollow vesscls of different metals, say copper 
and zine, and put them in metallie contact with each other, and 
then test the potential of the air inside cach vessel, the potential 
of the air inside the zine vessel will be positive as compared with 
that inside the copper vessel, The difference of potentials depends 
on the nature of the surface of the insides of the vessels, being 
greatest when the zinc is bright and when the copper is coated 
with oxide. 

It appears from this that when two different metals are in 
contact there is in general an electromotive force acting from the 
one to the other, so as to make the potential of the one execed 
that of the other by a certain quantity. This is Volta's theory of 
Contact Electricity. 

If we take a certain metal, say copper, as the standard, then 
if the potential of iron in contact with copper at the zero potential 
is /, and that of zine in contact with copper at zero is Z, then 
the potential of zine in contact with iron at zero will be Z—T. 

It appears from this result, which is true of any three metals, 
that the differences of potential of any two metals at the same 
temperature in contact is equal to the difference of their potentials 
when in contact with a third metal, so that if a cireuit be formed 
of any number of metals at the same temperature there will he 
electrical equilibrium as soon as they have acquired their proper 
potentials, and there will be no current kept up in the cireuit. 
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247.) If, however, the cireuit consist of two metals and an elec- 
trolyte, the electrolyte, according ta Volta’s theory, tends to reduce 
the potentials of the metals in contact with it {0 equality, so that 
the electromotive force at the metallic junetion is no longer balanced, 
and a continuous current is kept up, The energy of this current 
is supplied by the chomieal action which takes place between the 
electrolyte and the metals, 

248.] The electric effect may, however, be produced without 
chemical action if by any other means we can produce an cquali- 
zation of the potentials of two metals in contact. Thus, in an 
experiment due to Sir W. Thomson *, a copper funnel is placed in 
contact with a vertical zinc cylinder, so that when copper filings 
are allowed to pass through the funnel, they separate from cach 
other and from the funnel near the middle of the zine cylinder, 
and then fall into an insulated receiver placed below. The receiver 
is then found to be charged negatively, and the charge inereases 
as the filings continue to pour into it. At the same time the zine 
cylinder with the copper funnel in it beeomes charged more and 
more positively. 

If now the zine cylinder were connected with the reeciver by a 
wire, there would be a positive current, in the wire from the cylinder 
to the receiver. The stream of copper filings, cach filing charged 
negatively: by induction, constitutes a negative current from the 
funnel to the receiver, or, in other words, a positive current from 
the receiver to the copper funnel. The positive current, therefore, 
passes through the air (by the filings) from zine to copper, and 
through the metallic Junction from copper to zine, just as in the 
ordinary voltaic arrangement, but in this ease the force which keeps 
up the current is not. chemical action but gravity, which causes the 
filings to fall, in spite of the electrical attraction betiveen the 
positively charged funnel and the negatively charged filings. 

249.] A remarkable confirmation of the theory of contact clec- 
tricity is supplied by the discovery of Peltier, that, when a current 
of electricity crosses the junetion of two metals, the junction is 
heated when the current is in one direction, and cooled when it 
is in the other direction. It must be remembered that a current 
In its passage through a metal always produces heat, beeause it 
meets with resistance, so that the cooling effect on the whole 
conductor must always be less than the heating effect. We must 
therefore distinguish between the Seneration of heat in cach metal, 

North British Review, 1864, p353; and Proc. D. 8, June 20, 1867, 
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due to ordinary resistance, and the generation or absorption of heat 
at the junction of two metals, We shall call the first the frictional 
generation of heat by the eurrent, and, as we have seen, it is 
proportional to the square of the current, and is the same whother 
the current be in the positive or the negative direction. The second 
we may eall the Peltier effect, which changes its sign with that 
of the current. 

The total heat generated in a portion of a compound conductor 
consisting of two metals may be expressed by 

teen 
T= F C7t—TCe, 
where /T is the quantity of heat, J the mechanical equivalent. of 
unit of heat, 2 the resistance of the conductor, C the current, and 
é the time ; IT being the coeflicient of the Peltier effect, that. is, 
the heat absorbed at the junction due to the passage of unit of 
current for unit of time. 

Now the heat generated is mechanically equivalent to the work 
done against electrical forces in the conductor, that is, it is equal 
to the product of the current into the electromotive force producing 
it. Hence, if # is the external electromotive force which causes 
the current to flow through the conductor, 


Jil=CEt= RC*t-JIN Ct, 
whence H= RO~—JTI. 


It appears from this equation that the external electromotive 
foree required to drive the current through the compound conductor 
is less than that due to its resistance alone by the electromotive 
foree JT, Henee JT represents the electromotive contact force 
at the junction acting in the positive direction. 

This application, due to Sir W. Thomson*, of the dynamical 
theory of heat to the determination of a local clectromotive foree 
is of great scientific importance, since the ordinary method of 
connecting two points of the compound conductor with the elec- 
trodes of a galvanometer or clectroscope by wires would he useless, 
owing to the contact forees at the junctions of the wires with 
the materials of the compound conductor. In the thermal method, 
on the other hand, we know that the only source of encrey is the 
current of electricity, and that no work is done by the current 
in a certain portion of the circuit exeept in heating that portion 
of the conductor. If, therefore, we can measure the amount of tho 


* Proc, RLS, Wilin., Nec, 15, 1851 sand Trans, RS. Edin, 1854, 


SoS Speer SSE, ete ec tes ee 


302 CONTACT FORCE. [250. 


current and the amount of heat produced or absorbed, we can 
determine the clectromotive force required to urge the current 
through that portion of the conductor, and this measurement is 
entirely independent of the effect of contact forees in other parts of 
the circuit. 

The electromotive foree at the junction of two metals, as de- 
termined Ly this method, does not account for Volta’s electromotive 
force as deseribed in Art. 246. The latter is in general far greater 
than that. of this Article, and is sometimes of opposite sign. Hence 
the assumption that the potential of a metal is to be measured by 
that of the air in contact with it must be erroncous, and the greater 
part of Volta’s electromotive foree must. be sought for, not at the 
junction of the two metals, but at one or both of the surfaces which 
separate the metals from the air or other medium which forms the 
third clement of the circuit. 

250.) The discovery by Sevbeck of thermovleetric currents in 
circuits of different metals with their Junctions at different tem- 
peratures, shews that these contact forces do not always balance 
each other in a complete circuit. It is manifest, however, that 
in a complete cireuit of different metals at uniform temperature the 
contact forees must balance cach other, For if this were not the 
vase there would be a current formed in the circuit, and this current 
might be employed to work a machine or to generate heat in the 
cireuit, that is, to do work, while at the same time there is no 
expenditure of energy, as the circuit is all at the same temperature, 
and no chemical or other change takes place. Henee, if the Peltier 
effect at the junction of two metals a and & be represented by Ty, 
when the eurrent flows from @ to 4, then for a circuit of two metals 
at the same temperature we must have 

Thaj+T,, = Q, 
and for a circuit of three metals a, 4, e, we must have 
Th. FA + iT, = 0. 

It follows from this equation that the three Peltier eflects are not 
independent, but that one of them ean be deduced from the other 
two, Lor instance, if we suppose ¢ to be a standard metal, and 
ifwe write 2, = /T1,, and 2, = J IT,,; then 

Ty, = P,-DP,. 

The quantity 2, is a funetion of the temperature, and depends on 
the nature of the metal a. 

O1.] It has also been shewn by Magnus that if a circuit is 
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formed of a single metal no current will be formed in it, however 
the section of the conductor and the temperature may vary in 
different parts, 

Since jn this case there is conduction of heat and consequent 
dissipation of energy, we cannot, as in the former ease, consider this 
result as self-evident. The electromotive foreo, for instance, between 
two portions of a circuit might have depended on whether the 
current was passing from a thick portion of the conductor to a thin 
one, or the reverse, as well ag on its passing rapidly or slowly from a 
hot portion to a cold one, or the reverse, and this would have made 
a current possible in an unequally heated cirenit of one metal. 

Hence, by the same reasoning as in the ease of Peltier’s phe- 
nomenon, we find that if the passage of a current through a 
conductor of one metal produces any thermal effeet which is re- 
versed when the current is reversed, this can only take place when 
the current flows from places of ligh to places of low temperature, 
or the reverse, and if the heat generated in a conductor of one 
metal in flowing from a place where the temperature is 2 to a 
place where it is y, is Z/, then 

JH = RCH~S,, Ct, 
and the electromotive force tending to maintain the eurrent will 
be.S 5, 

If a, y, ¢ be the temperatures at. three points of a homogeneous 

circuit, we must have 
Spt Sct Sey = 0, 

according to the result of Magnus. Henee, if we suppose z to he 
the zero temperature, and if we put 

Q.=5,, and Q, =5S,., 
we find Sy = 2.-Q,5 
where Q, is a function of the temperature 2, the form of the 
function depending on the nature of the metal. 

If we now consider a circuit of two metals a and & in which 
the temperature is x where the current passes from a to 6, and 
y Where it passes from 4 to a, the electromotive free will be 

L=P,.-P,4+Q,,—- Qnyt Poy — Pay t Oi: 
where P,, signifies the value of P for the metal at the tempera- 
ture a’, or 


fe Par Qur— Car > Qun) re (Ps, a Qu) + Ly a Quer . 
Since in unequally heated circuits of differcut metals there are in 
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general thermoelectric currents, it follows that P and Q are in 
genera] different for the same metal and same temperature, 

252.| The existence of the quantity Q was first demonstrated by 
Sir W. Thomson, in the memoir we have referred to, as a deduction 
from the phenomenon of thermoeleetrie inversion discovered by 
Cumming *, who found that the order of ecrtain metals in the ther- 
moeleetric seale is different at high and at low temperatures, so that 
for a certain temperature two metals may be neutral to each other. 
Thus, in a cireuit of copper and iron if one junction be kept at the 
ordinary temperature while the temperature of the other is raised, 
a current sels from copper to iron through the hot junction, and 
the clectromotive force continues to increase till the hot junction 
has reached a temperature 7, which, according to Thomson, is 
about 281°C. When the temperature of the hot Junction is raised 
still further the electromotive force is reduced, and at last, if the 
temperature be raised high enough, the current is reversed. The 
reversal of the current may be obtained more easily by raising the 
temperature of the colder junction, If the temperature of both 
junctions is above 7 the current sets from iron to copper through 
the hotter junction, that is, in the reverse direction to that ob- 
served when both junetions are below 7. 

Hence, if one of the junctions is at the neutral temperature 7 
and the other is either hotter or colder, the current will set from 
copper to iron through the junction at the neutral temperature. 

253.| From this fact Thomson reasoned as follows :— 

Suppose the other junction at a temperature lower than 7. 
The current may be made to work an engine or to generate heat in 
a wire, and this expenditure of energy must be kept up by the 
transformation of heat into electric energy, that is to say, heat 
must disappear somewhere in the circuit. Now at the tempcra- 
ture 7 iron and copper are neutral to each other, so that no 
reversible thermal effvet is produced at the hot junction, and at 
the cold junction there is, by Peltier's principle, an evolution of 
heat. Hence the only place where the heat can disappear is in the 
copper or iron portions of the circuit, so that either a current in 
iron from hot to cold must cool the iron, or a current in copper 
from cold to hot must cool the copper, or both these effects may 
take place. By an elaborate series of ingenious experiments Thom- 
son suececded in detecting the reversible thermal action of the 
current in passing between parts of different temperatures, and 


* Cambridge Transactions, 1823. 
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he found that the current produced opposite effects in copper and 
in iron *, 

When a stream of a material fluid passes along a tube from 
a hot part to a-eold part it heats the tube, and when it passes 
from cold io hot it cools the tube, and these effects depend on 
the specific capacity for heat of the fluid. If we supposed elec- 
tricity, whether positive or negative, to be a material finid, we 
might measure its specifie heat by the thermal effect on an un- 
equally heated conductor. Now Thomson’s experiments shew that 
positive electricity in copper and negative electricity in iron carry 
heat with them from hot to cold. Hence, if we supposed cither 
positive or negative clectricity to be a fluid, capable of being 
heated and cooled, and of communicating heat to other bodies, we 
should find the supposition contradicted by iron for positive elee- 
tricity and by copper for negative electricity, so that we should 
have to abundon both hypotheses. 

This scientific prediction of the reversible effect of an electric 
current upon an unequally heated conduetor of one metal is another 
instructive example of the application of the theory of Conservation 
of Energy to indicate new directions of scientific research, Thomson 
has also applied the Second Law of Thermodynamics to indicate 
relations between the quantities which we have denoted by P 
and Q, and has investigated the possible thermoclectrie properties 
of bodies whose structure is different in different directions. He 
has also investigated experimentally the conditions under which 
these properties are developed by pressure, magnetization, &e. 

254.] Professor Tait + has recently investigated the eleetro- 
motive force of thermoelectric circuits of different metals, having 
their junctions at different temperatures. He finds that the elec. 
tromotive force of a circuit may be expressed very accurately by 
the formula 

L=a(t,~—4,) [o—-4(4+4)], 
where ¢, is the absolute temperature of the hot junction, ¢, that 
of the cold junction, and 4, the temperature at which the two metals 
are neutral to each other, The factor a is a coeflicient depending 
on the nature of the two metals composing the circuit. This law 
has been verified through considerable ranges of temperature by 
Professor Tait and his students, and he hopes to make the thermo- 
electric cirenit available as a thermometric instrument in his 


* (On the Electrodynamic Qualities of Metals.’ Phil. Trans., 1856. 
+ Proc. RLS. Edin, Session 1870-71, p. 308, also Dec, 18, 1871. 
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experiments on the eonduction of’ heat, and in other cases in which 
the mereurial thermometer is not convenient or has not a suflicient 
rane, 

According to Tait's theory, the quantity which Thomson calls 
the specific heat. of electricity is proportional to the absolute tem- 
perature in each pure metal, though its magnitude and even its 
sign vary in dillerent metals. From this he has deduced by ther. 
modynamic principles the following: results. Let Ae, hyty bo 
be the specific heats of electricity in three metals a, 6, ¢, and let 
Tes Das Ly, be the temperatures at which puirs of these metals are 
neutral to cach other, then the equations 

Ayah) Tet heh) Lia tlh AZ, = 0, 
Ally, = (A, —A,) 6(7' —é), 


ab 
La = (4,.- Ay) (A, = 4) [2Zn—4 + 4)] 
express the relation of the neutral temperatures, the value of the 
Peltier cifect, and the electromotive force of a thermoelectric cireuit, 


PWN Foe 


CHAPTER LV. 
ELECTROLYSIS, 


Klectrolylic Conduction, 


255.| I wave already stated that when an clectrie current in 
any part of its cirenit passes through certain compound substances 
vulled Electrolytes, the passage of the eurrent is accompanied by 
a certain chemical process called Electrolysis, in whieh the substance 
is resolved into two components called Ions, of which one, called 
the Anion, or the electronegative component, appears at the Anode, 
or place where the current enters the electrolyte, and the other, 
called the Cation, appears at the Cathode, or the place where the 
current leaves the electrolyte. 

The complete investigation of Electrolysis belongs quite as much 
to Chemistry as to Electricity. We shall consider it from an 
electrical point of view, without discussingy its application to the 
theory of the constitution of chemical compounds, 

Of all electrical phenomena electrolysis appears the most likely 
to furnish us with a real insight into the trae nature of the electric 
current, beeause we find currents of ordinary matter and currents 
of clectricity forming: essential parts of the same phenomenon. 

It is probably for this very reason that, in the present imperfeetly 
formed state of our ideas about clectricity, the theories of electro- 
lysis aire so unsatisfactory. 

The fundamental law of electrolysis, which was established by 
Faraday, and confirmed by the experiments of Beetz, Hittorf, and 
others down to the present time, is as follows -—~ 

The number of electrochemical equivalents of an electrolyte which 
ure decomposed by the passage of an electric current during a given 
time is equal to the number of units of clectricity which are trans- 
ferred by the current in the same time. 

The electrochemical equivalent of a substance is that quantity 

xX 2 
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of the substanee which is clectrolysed by a unit current passing: 
through the substance for a unit of time, or, in other words, by the 
passage of a unit. of electricity. When the unit of electricity is 
defined in absolute measure the absolute value of the electro- 
chemical equivalent of cach substanee can be determined in grains 
or in grammes. 

The electrochemical equivalents of different substances are pro- 
portional to their ordinary chemical equivalents, The ordinary 
chemical equivalents, however, are the mere numerical ratios in 
which the substances combine, whereas the electrochemical equi- 
valents are quantities of matter of a determinate magnitude, de- 
pending on the definition of the unit of electricity. 

Every electrolyte consists of two components, which, during the 
electrolysis, appear where the current enters and leaves the elec- 
trolyte, and nowhere else. Ience, if we conceive a surface (eseribed 
within the substance of the electrolyte, the amount of electrolysis 
which takes place through this surface, as measured by the elec- 
trochemical equivalents of the components transferred across it 
in opposite directions, will be proportional to the total electric 
current through the surface, 

The actual transfer of the ions through the substance of the 
electrolyte in opposite directions is therefore part of the phenomenon 
of the conduction of an electric current through an electrolyte. At 
every point of the electrolyte through which an clectrie current 
is passing there are also two opposite material currents of the anion 
and the cation, which have the same lines of flow with the electric 
current, and are proportional to it in magnitude. 

It is therefore extremely natural to suppose that the currents of 
the ions are convection currents of electricity, and, in particular, 
that every molecule of the cation is charged with a certain fixed 
quantity of positive electricity, which is the same for the molecules 
of all cations, and that every molecule of the anion is charged with 
an equal quantity of negative clectricity. 
~ The opposite motion of the ions through the electrolyte would 
then be a complete physical representation of the electric current, 
We may compare this motion of the ions with the motion of gases 
and liquids through each other during the process of diffusion, 
there being this difference between the two processes, that, in 
diffusion, the different substances are only mixed together and the 
mixture is not homogencous, whereas in electrolysis they are chemi- 
cally combined and the electrolyte is homogeneous. In diffusion 
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the determining cause of the motion of a substance in a given 
direction is a diminution of the quantity of that substance per 
unit of volume in that direction, whereas in electrolysis the motion 
of cach ion is due to the electromotive foree acting on the charged 
molecules. 

256.] Clausius*, who has bestowed much study on the theory 
of the molecular agitation of bodies, supposes that the molecules 
of all bodies are in a state of constant agitation, but that in solid 
bodies each molecule never passes beyond a certain distance from 
its original position, whereas in fluids «& molecule, after moving 
a certain distance from its original position, is just as likely to 
move still farther from it as to move back again, ence the 
molecules of a fluid apparently at rest are continually changing 
their positions, and passingr irregularly from one part of the fluid 
to another, In a compound fluid he supposes that not only the 
compound molecules travel about in this way, but that, in the 
collisions which oceur between the compound molecules, the mole- 
cules of which they are composed are often separated and change 
partners, so that the same individual atom is at one time associated 
with one atom of the opposite kind, and at another time with another. 
This process Clausius supposes to go on in the liquid at all times, but 
when an electromotive force acts on the liquid the motions of the 
molecules, which before were indifferently in all directions, are now 
influenced hy the elcetromotive force, so that the positively charged 
molecules have a greater tendency towards the cathode than towards 
the anode, and the negatively charged molecules have a greater 
tendency to move in the opposite direction. Hence the molecules 
of the cation will during their intervals of freedom strugele towards 
the cathode, but will continually be checked in their course by 
pairing for a time with molecules of the anion, which are also 
struggling through the crowd, but in the opposite direction, 

257.] This theory of Clausius enables us to understand how it is, 
that whereas the actual decomposition of an electrolyte requires an 
electromotive force of finite magnitude, the conduction of the 
current in the electrolyte obeys the law of Ohm, so that every 
electromotive force within the electrolyte, even the feeblest, produces 
# current of proportionate maenitude. 

According to the theory of Clausius, the decomposition and 
recomposition of the clectrolyte is continually going on even when 
there is no current, and the very feeblest electromotive force is 

* Pogy. dun. bd. ct. 8, 338 (1857), 
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sufficient to give this process a certain deeree of' direction, and so 
to produce the currents of the ions and the electrie current, which 
is part of the same phenomenon. Within the clectrolyte, however, 
the ions are never set free in finite quantity, and it is this liberation 
of the ions which requires a finite electromotive force. At the 

electrodes the ions accumulate, for the successive portions of the 

ions, as they arrive at, the clectrodes, instead of finding molecules of 
the opposite ion ready to combine with them, are forced into com- : 
pany with molecules of their own kind, with which they cannot 
combine. The electromotive force required to produce this effeet 
is of finite magnitude, and forms an opposing electromotive force 
Which produces a reversed eurrent when other electromotive forces 


Liter 


are removed. When this reversed electromotive force, owing to 4 
the accumulation of the ions at the electrode, is observed, the i 
clectrodes are said to he Polarized. 

258.] One of the best methods of determining whether a body : 


is or is not an cleet rolyte is to place it between platinum electrodes 
and fo pass a current through it for some time, and then, dis- 
engaging the electrodes from the voltaic battery, and connecting 
them with a galvanometer, to observe whether a reverse current, 
due to polarization of the electrodes, passes through the galvano- 
meter. Such a current, being due to accumulation of’ different 
substances on the two elvetrodes, is a proof that the substance has 
been electrolytically decomposed by the original current from the 
battery. This method can offen be applied where it is difficult, 
by direct chemical met hods, to detect the presence of the products 
of decomposition at the elect rodes, See Art. 271, 

259. | So far as we have gone the theory of clectrolysis appears 
very satisfactory. It explains the electric current, the nature of' 
which we do not understand, by means of the currents of the 
material components of the clectrolyte, the motion of which, 
though not visible to the eye, Is easily demonstrated. Tt pives a 
clear explanation, as Faraday has shewn, why an electrolyte whieh 
conducts in the liquid state is a hon-conduetor when solidified, for 
unless the molecules ean piss from one part to another 


no clec- 
trolytic conduction can take place, so 


that the substance must 
be in a liquid state, cither by fusion or by solution, in order to he 
a conductor, 

But if we go on, and assume that the molecules of the ions 
within the clectrolyte are actually charged with certain definite 
quantities of electricity, positive and negative, so that the elec 
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trolytic current is simply a current of convection, we find that this 
tempting hypothesis leads us into very diffienlt ground. 

In the first. place, we must assume that in every clectrolyte each 
molecule of the cation, as it is liberated at the cathode, commu- 
nicates to the cathode a charge of positive electricity, the amount 
of which is the same for every molecule, not. only of that cation 
but of all other cations, In the same way each molecule of the 
anion when liberated, communicates to the anode a charee of 
negative electricity, the numerical magnitude of which is the same 
as that of the positive charge due to a molecule of a cation, but 
with sign reversed, 

Tf, instead of a single molecule, we consider an assemblage of 
molecules, constituting: an electrochemical equivalent. of the ion, 
then the total charge of all the molecules is, as we have seen, one 
unit of cleetricity, positive or negative, 

260.) We do not as yet know how many molecules there are 
in an electrochemical equivalent of any substance, but. the molecular 
theory of chemistry, which is corroborated by many physical con- 
siderations, supposes that. the number of) molecules in’ an clec- 
trochemical equivalent is the same fur all substances. We may 
therefore, in. molecular speculations, assume that the number of 
molecules in an eleetrochemical equivalent is VW, a number unknown 
at present, but which we may hereafter find means to determine *. 

Each molecule, therefore, on being liberated from the state of 


: ‘ . 5 . 1 ‘ 
combination, parts with a charge whose magnitude is ‘4, and is 
j N 


positive for the cation and negative for the anion. This definite 
quantity of cleetricity we shall call the molecular charge. If it 
were known if would be the most natural nit. of electricity. 

Hitherto we have only increased the precision of our ideas by 
excreising our imagination in tracing the clectrifieation of molecules 
and the discharge of that electrification, 

The liberation of the ions and the passage of positive clectricity 
from the anode and into the eathode are simultaneous facts, The 
ions, when liberated, are not charged with electricity, hence, when 
they are in combination, they have the molecular charges as above 
described, 

The cdectrifieation of a moleente, however, though easily spoken 
of, is not so casily conceived. 

We know that if two metals are brought into contact at any 
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point, the rest of their surfaces will be electrified, and if the metals 
are in the form of two plates separated by a narrow interval of air, 
the charge on each plate may become of considerable: magnitude. 
Something like this may be supposed to occur when the two 
components of an clectrolyte ate in combination. Each pair of 
molecules may be supposed to touch at one point, and to have the 
rest of their surface charged with electricity due to the electro- 
motive force of contact. 

But to explain the phenomenon, we ought to shew why the 
charge thus produced on cach molecule is of a fixed amount, and 
why, when a molecule of chlorine is combined with a molecule of 
zine, the molecular charges are the same as when a molecule of 
chlorine is combined with a moleeule of copper, although the clee- 
tromotive force between chlorine and zinc is much greater than 
that between chlorine and copper. If the charging of the molecules 
is the effect: of the electromotive foree of contact, why should 
electromotive forees of different intensities produce exactly equal 
charges ? 

Suppose, however, that. we leap over this difficulty by simply 
asserting the fact of the constant value of the molecular charge, 
and that we call this constant molecular charge, for convenience in 
description, ove wolecule of electrivity, 

This phrase, gross as it is, and out of harmony with the rest of 
this treatise, will enable us at least to state clearly what is known 
about electrolysis, and to appreciate the outstanding difliculties. 

Livery electrolyte must be considered as a binary compound of 
its anion and its cation. The anion or the extion or both may be 
compound bodies, so that a molecule of the anion or the cation 
may be formed by a number of molecules of simple bodies. A 
molecule of the anion and a molecule of the cation combined to- 
gether form one molecule of the electrolyte. 

Tn order to act as an anion in an electrolyte, the moleeule which 
so acts must be charged with what we have called one molecule 
of negative electricity, and in order to act as a cation the molecule 
must be charged with one molecule of positive electricity, 

These charges are connected with the molecules only when they 
are combined as anion and cation in the electrolyte. 

When the molecules are clectrolysed, they part with their charges 
to the electrodes, and appear as unelectrified bodies when set free 
from combination. 


If the same molecnje is capable of acting as a cation in one 
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electrolyte and as an anion in another, and also of entering into 
compound bodies which are not electrolytes, then we must suppose 
that it receives a positive charge of electricity when it acts as a 
cation, a negative charge when it acts as an anion, and that it 
is without charge when it is not in an electrolyte. 

Iodine, for instance, acts as an anion in the iodides of the metals 
and in hydriodie acid, but is said to act as a cation in the bromide 
of iodine, 

This theory of molecular charges may serve as a method by 
Which we may remember a good many facts about electrolysis. 
It is extremely improbable that when we come to understand the 
true nature of electrolysis we shall retain in any form the theory of 
molecular charges, for then we shall have obtained a secure basis 
on which to form a true theory of electric currents, and so become 
independent of these provisional theories. 

261.] One of the most important steps in our knowledge of 
electrolysis has been the reeognition of the secondary chemical 
processes which arise from the evolution of the ions at the elec- 
trodes. 

In many cases the substances which are found at the electrodes 
ar¢ not the actual ions of the electrolysis, but the products of the 
action of these ions on the clectrolyte. 

Thus, when a solution of sulphate of soda is electrolysed by a 
current which also passes through dilute sulphuric acid, equal 
quantities of oxygen are given off’ at the anodes, and equal quan- 
tities of hydrogen at the cathodes, both in the sulphate of soda 
and in the dilute acid. 

But if the electrolysis is conducted in suitable vessels, such as 
U-shaped tubes or vessels with a porous diaphragm, so that the 
substance surrounding: each electrode can be examined separately, 
it is found that at the anode of the sulphate of soda there is an 
equivalent of sulphuric acid as well as an equivalent of oxygen, 
and at the cathode there is an equivalent of soda as well as two 
equivalents of hydrogen. 

Tt would at first sight seem as if, according to the old theory 
of the constitution of salts, the sulphate of soda were electrolysed 
into its constituents sulphuric acid and soda, while the water of the 
solution is clectrolysed at the same time into oxygen and hydrogen, 
But this explanation would involve the admission that the same 
current which passing through dilute sulphuric acid clectrolyses 
one equivalent of water, when it passes through solution of sulphate 


314 ELECTROLYSIS, [261. 


of soda electrolyses one equivalent of the salt as well as one equi- 
‘alent, of the water, and this would be contrary to the law of 
electrochemical equivalents. 

But if we suppose that the components of sulphate of soda are 
not SO, and NaO but SO, and Na,~-not sulphuric acid and soda 
but sulphion and sodinm—then the sulphion travels to the anode 
and is set. free, but being unable to exist in a free state it. breaks 
up into sulphuric acid and oxygen, one equivalent of each. At 
the same time the sodium is set free at the cathode, and there 
decomposes the water of the solution, forming one equivalent. of 
soda and two of hydrogen, 

In the dilute sulphuric acid the gases collected at the electrodes 
are the constituents of water, namely one volume of oxygen and 
two volumes of hydrogen. There is also an increase of sulphuric 
acid at the anode, but its amount. is not equal to an equivalent, 

Tt is doubtful whether pure water is an electrolyte or not. The 
greater the purity of the water, the greater the resistance to clec- 
trolytie conduction. The minutest traces of foreign matter are 
sullicient to produce a great diminution of the electrical resistance 
of water. The elcetric resistance of water as determined by different 
observers has values so different that we cannot consider it as a 
determined quantity. The purer the water the greater its resistance, 
and if we could obtain really pure water it is doubtful whether it 
would conduet at all, 

As long as water was considered an electrolyte, and was, indecd, 
taken as the type of electrolytes, there was a strong reason for 
maintaining that. it isa inary compound, and that two volumes 
of hydrogen are chemically equivalent to one volume of oxygen, 
Tf, however, we admit that water is not an electrolyte, we are free 
to suppose that equal volumes of oxygen and of hydrogen are 
chemically equivalent, 

The dynamical theory of gases leads us to suppose that in perfect 
gases equal volumes always contain an equal namber of’ molecules, 
and that the principal part of the specific heat, that, namely, which 
depends on the motion of agitation of the moleentes among: euch 
other, is the same for equal numbers of molecules of all gases, 
Hence we are led to prefer a chemical system in) which equal 
volumes of oxygen and of hydrogen are regarded as equivalent, 
and in which water is regarded us a compound of two equivalents 
of hydrogen and one of oxygen, and therefore probably not capable 
of direct electrolysis. 
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While electrolysis fully establishes the close relationship between 
electrical phenomena and those of chemical combination, the fact 
that every chemical compound is not an electrolyte shews that 
chemical combination is a process of a higher order of complexity 
than any purely electrical phenomenon, Thus the combinations of 
the metals with cach other, though they are good conductors, and 
their components stand at different points of the scale of electri- 
fication by contact, are not, even when in a fluid state, decomposed 
hy the current. Most of the combinations of the substances which 
act as unions ure not conductors, and therefore are not electrolytes. 
Besides these we have many compounds, containing the same com- 
ponents as electrolytes, but not in equivalent proportions, and these 
are also non-conductors, and therefore not clectrol ytes, 


On the Conservation of Ruergy in Electrolysis. 

262.] Consider any voltaic cirenit consisting partly of a battery, 
partly of a wire, and partly of an electrolytic cell. 

During the passage of unit of electricity through any section of 
the cirenit, one electrochemical equivalent of each of the substances 
in the cells, whether voltaic or electrolytic, is electrolysed. 

The amount of mechanical energy equivalent to any given 
chemical process can be ascertained by converting the whole energy 
due to the process into heat, and then expressing the heat in 
dynamical measure hy multiplying the number of thermal units by 
Joule’s mechanical equivalent of heat, 

Where this direet method is not applicable, if we can estimate 
the heat. given out by the substances taken first in the state before 
the process and then in the state after the process during their 
reduction to a final state, which is the same in both cases, then the 
thermal equivalent of the process is the difference of the two quan- 
tities of heat. 

In the case in which the chemical action maintains a voltaic 
circuit, Joule found that the heat developed in the voltate cells is 
less than that due to the chemical process within the cell, and that 
the remainder of the heat is developed in the connecting: wire, or, 
when there is an electromagnetic engine in the circuit, part of the 
heat may be accounted for hy the mechanical worle of the engine, 

For instance, if the electrodes of the voltaic cel) are first eon- 
nected by a short thick wire, and afterwards by a long thin wire, 
the heat developed in the cell for each grain of zine dissolved is 
greater in the first case than the second, but the heat developed 
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in the wire is greater in the second case than in the first. The 
sum of the heat developed in the cell and in the wire for each grain 
of zine dissolved is the same in both cases. This has been esta- 
blished by Joule hy direct experiment. 

The ratio of the heat Generated in the cell to that generated 
in the wire is that of the resistance of the cell to that of the wire, 
so that if the wire were made of sufficient. resistance nearly the 
whole of the heat would be generated in the wire, and if it were 
made of sufficient conducting power nearly the whole of the heat 
would be generated in the cell. 

Let the wire be made so as to have great resistance, then the 
heat generated in it ig equal in dynamical measure to the product 
of the quantity of electricity which is transmitted, multiplied by 
the electromotive foree under which it is made to pass through 
the wire. 

263.] Now during the time in which an electrochemical equi- 
valent of the substance in the cell undergoes the chemical process 
which gives rise to the current, one unit of electricity passes 
through the wire. Henee, the heat developed by the passage 
of one unit of electricity is in this ease measured by the electro- 
motive foree. But this heat is that which one electrochemical 
equivalent of the substance generates, whether in the ecll or in the 
wire, while undergoing the given chemical process. 

Hence the following important theorem, first proved by Thomson 
(Pail, Mag. Dec. 1851) :~— 

‘The eleetromotive force of an electrochemical apparatus is in 
absolute measure equal to the mechanical equivalent of the chemical 
action on one electrochemical equivalent of the substance? 

The thermal equivalents of many chemical actions have been 
determined by Andrews, Hess, Favre and Silbermann, &c., and from 
these their mechanical equivalents can be deduced by multiplication 
by the mechanical equivalent of heat. 

This theorem not only enables us to calculate from purely thermal 
data the electromotive force of different voltaic arrangements, and 
the electromotive foree required to effect electrolysis in different 
cases, but affords the means of actually measuring chemical affinity. 

It has long been known that chemical affinity, or the tendency 
which exists towards the foing on of a certain chemical change, 
is stronger in some cases than in others, but no proper measure 
of this tendency could be made till it was shewn that this tendency 
in certain cases is exactly equivalent to a certain electromotive 
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foree, and can therefore be measured according to the very sume 
principles used in the measurement of electromotive forces, 

Chemical affinity being therefore, in certain eases, reduced to 
the form of a measurable quantity, the whole theory of chemical 
processes, of the rate at which they go on, of the displacement of 
one substance by another, &c., becomes much more intelligible than 
when chemical affinity was regarded as a quality sui generis, and 
irreducible to numerical measurement, 

When the volume of the products of electrolysis is greater than 
that of the electrolyte, work is done during the electrolysis in 
overcoming: the pressure. If the volume of an clectrochemical 
equivalent of the electrolyte is inereased by a volume v when 
electrolysed under a pressure p, then the work done during the 
passage of a unit of electricity in overcoming pressure is rp, and 
the electromotive force required for clectrolysis must include a 
part equal to wp, which is spent in performing this mechanical 
work. 

If the products of electrolysis are gases which, liko oxygen and 
hydrogen, are much rarer than the electrolyte, and fulfil Boyle's 
law very exactly, vp will be very nearly constant for the same 
temperature, and the electromotive force required for electrolysis 
will not depend in any sensible degree on the pressure. THenee it 
has been found impossible to check the electrolytic decomposition 
of dilute sulphuric acid by confining the decomposed gases in a 
small space. 

When the produets of electrolysis are liquid or solid the quantity 
wp will increase as the pressure increases, so that if » is positive 
an increase of pressure will increase the electromotive force required 
for electrolysis. 

In the same way, any other kind of work done during clectro- 
lysis will have an effect on the value of the electromotive force, 
as, for instance, if a vertical current passes between two zinc 
electrodes in a solution of sulphate of zinc a greater electromotive 
force will be required when the current in the solution flows 
upwards than when it flows downwards, for, in the first case, it 
carries zine from the lower to the upper electrode, and in the 
second from the upper to the lower. The clectromotive force 
required for this purpose is less than the millionth part of that 
of'a Daniell’s cell per foot, 


CHAPTER V. 
ELECTROLYTIC POLARIZATION, 


264.) Wuen an clectrie current is passed through an electroly tu 
bounded by metal electrodes, the accuintlation of the ions at the 
electrodes produces the phenomenon called Polarization, which 
consists in an clectromotive force acting in the opposite direction 
to the current, and producing: an apparent increase of the resistance. 

When a continuous current is employed, the resistance appears 
to increase rapidly from the commenecment of the current, and 
at last. reaches a value nearly constant. If the form of the vessel 
in which the electrolyte is contained is changed, the resistance is 
altered in the same Way as a similar change of form of a metallie 
conductor would alter its resistanee, but an additional apparent 
resistance, depending on the nature of the electrodes, has always 
to be added to the true resistance of the elvetrolyte. 

265.] These phenomena have led some to suppose that there is 
a finite clectromotive force required for a current to pass through 
an electrolyte. It has been shewn, however, by the researches of 
Lenz, Neumann, Bectz, Wiedemann *, Paalzow t, and recently by 
those of MM. F. Kohlrausch and W. A, Nippoldtt, that the con- 
duction in the electrolyte itself obeys Ohm’s Law with the sine 
precision as in metallic conductors, and that the apparent resistance 
at’ the bounding surface of the electrolyte and the electrodes is 
entirely due to polarization. 

266.] The phenomenon ealled polarization manifests itself in 
the case of a continuous current hy a diminution in the current, 
indicating a foree opposed to the eurrent, Resistance is also per- 
ceiyed as a force opposed to the current, but we ean distinguish 
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between the two phenomena by instantancously removing or re- 
versing the electromotive force. 

The resisting foree is always opposite in direction to the current, 
and the external electromotive force required to overcome it is 
proportional to the strength of the current, and changes its direc- 
tion when the direction of the current is changed. If the external 
clectromotive foree becomes zero the eurrent simply stops. 

The clectromotive foree due to polarization, on the other hand, 
is in a fixed direction, opposed to the current. which produced it. 
If the electromotive force which produced the current is removed, 
the polarization produces a current in the opposite direction. 

The difference Letween the two phenomena may be compared 
with the difference between foreing a current of water through 
a long capillary tube, and forcing water through a tube of moderate 
length up into a cistern. In the first case if we remove the pressure 
which produces the flow the current. will simply stop. In the 
second ease, if we remove the pressure the water will begin to flow 
down again from the cistern. 

To make the mechanical illustration more complete, we have only 
to suppose that the cistern is of moderate depth, so that when a 
certain amount of water is raised into it, it begins to overtlow. 
This will represent the fact that the total electromotive force due 
to polarization has a maximum limit. 

267.] The cause of polarization appears to be the existence at 
the electrodes of the products of the electrolytic decomposition of 
the fluid between them. The surfaces of the electrodes are thus 
rendered electrically different, aud an electromotive force between 
them ts called into aetion, the dircetion of which is opposite to that 
of the current which caused the polarization. 

The ions, which by their presence at the electrodes produce the 
phenomena of polarization, are not in a perfectly free state, but 
are in a condition in which they adhere to the surface of the 
electrodes with considerable foree. 

The electromotive force due to polarization depends upon the 
density with which the electrode is covered with the ion, but it 
is not proportional to this density, for the clectromotive furce does 
not increase so rapidly as this density. 

This deposit of the ion is constantly tending to become free, 
and cither to diffuse into the liquid, to escape as a gas, or to be 
precipitated as a solid. 

The rate of this dissipation of the polarization is exceedingly 
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small for slight degrees of polarization, and exceedingly rapid near 
the limiting: value of polarization. 

268.] We have seen, Art. 262, that the clectromotive foree acting 
in any electrolytic process is numerically equal to the mechanical 
equivalent of the result of that process on one electrochemical 
equivalent of the substance. If the process involves a diminution 
of ihe intrinsic energy of the substances which take part in it, 
as in the voltaic cell, then the electromotive force is in the direction 
of the current. If the process involves an inerease of the intrinsic 
energy of the substances, as in the case of the electrolytic cell, 
the electromotive force is in the direction opposite to that of the 
current, and this electromotive force is called polarization, 

In the case of a steady current. in which electrolysis goes on 
continuously, and the ions are separated in a free state at the 
electrodes, we have only by a suitable process to measure the 
intrinsic energy of the separated ions, and compare it with that 
of the electrolyte in order to ealeulate the electromotive force 
required for the electrolysis. This will give the maximum polari- 
zation, 

But during the first instants of the process of electrolysis the | 
ions when deposited at the electrodes are not in a free state, and 
their intrinsic energy is less than their energy in a free state, 
though greater than their energy when combined in the electrolyte. 
In faet, the ion in eontact with the electrode is in a state which 
when the deposit is very thin may be compared with that of 
chemical combination with the electrode, but as the deposit. in- 
creases in density, the succeeding’ portions are no longer so in- 
timately combined with the electrode, but simply adhere to it, and 
at last the deposit, if gaseous, escapes in bubbles, if liquid, diffuses 
through the electrolyte, and if solid, forms a precipitate. 

Tn studying polarization we have therefore to consider 

(1) The superficial density of the deposit, which we may call 
o. This quantity o represents the number of electrochemical 
equivalents of the ion deposited on unit of area. Since each 
electrochemical equivalent deposited corresponds to one unit of 
electricity transmitted by the current, we may consider o as re- 
presenting cither a surface-density of matter or a surface-density of 
electricity, 

(2) The electromotive force of polarization, which we may eall p. 
This quantity p is the difference between the electric potentials 
of the two electrodes when the current through the electrolyte 
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is so feeble that the proper resistance of the electrolyte makes no 
sensible difference between these potentials. 

The electromotive foree p at any instant is numerically equal 
to the mechanical equivalent of the electrolytic process going on at 
that instant which corresponds to one electrochemical equivalent of 
the electrolyte, This electrolytic process, it must be remembered, 
consists in the deposit of the ions on the electrodes, and the state 
in which they are deposited depends on the actual state of the 
surfice of the electrodes, which may be modified by previous 
deposits. 

ITenee the electromotive foree at any instant depends on the 
previous history of the electrode. It is, speaking very roughly, 
a function of o, the density of the deposit, such that » = 0 when 
o = 0, but p approaches a limiting value much sooner than « docs. 
The statement, however, that » is a function of ¢ cannot be 
considered accurate. It would be more correet to say that p is 
a function of the chemical state of the superficial layer of the 
deposit, and that this state depends on the density of the deposit 
according to some law involving the time. 

269.] (3) The third thing we must take into account is the 
dissipation of the polarization. The polarization when left to itself 
diminishes at a rate depending partly on the intensity of the 
polarization or the density of the deposit, and partly on the nature 
of the surrounding medium, and the chemical, mechanical, or thermal 
action to which the surface of the electrode is exposed. 

If wé determine a time 7' such that at the rate at which 
the deposit is dissipated, the whole deposit would be removed in 
a time 7’, we may call 7 the modulus of the time of dissipation. 
When the density of the deposit is very small, 7' is very large, 
and may be reckoned by days or months, When tlic density of 
the deposit approaches its limiting value 7’ diminishes very rapidly, 
and is probably a minute fraction of a second. In fact, the rate 
of dissipation increases so rapidly that when the strength of the 
current is maintained constant, the separated gas, instead of con- 
tributing to increase the density of the deposit, escapes in bubbles 
as fast as it is formed. 

270.] There is therefore a great difference between the state of 
polarization of the electrodes of an electrolytic cell when the polari- 
zation is feeble, and when it is al its maximum value. For instance, 
if a number of electrolytic cells of dilute sulphuric acid with 
platinum electrodes are arranged in series, and if a small electro- 
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motive force, such as that of one Daniell’s cell, be made to act 
on the circuit, the electromotive force will produce a current of 
exceedingly short duration, for after a very short. time the elee- 
tromotive force arising: from. the polarization of the cell will balance 
that of the Danicll's ell, 

The dissipation will be very snudl in the ease of so fevble a state 
of polarization, and it will take place hy a very slow absorption 
of the gases and diffusion through the liquid. The rate of this 
dissipation is indicated hy the exceedingly feeble current. which 
still continues to flow without any visible separation of guises, 

If we neglect. this dissipation for the short time during which 
the state of polarization is set up, and if we eall @ the total 
quantity of cleetricity which is trausmitted by the current during 
this time, then if of is the area of one of the electrodes, and a 
the density of the deposit, supposed uniform, 

Q = oli, 

If we now disconnect the elect rodes of the electrolytic apparatus 
from the Daniell’s cell, and connect, them with a galvanometer 
apable of measuring the whole discharge through it, a quantity 
of electricity nearly equal to Q will he discharged as the polari- 
ition disappears, 

271.) Uenee we may compare the action of this ipparatus, which 
isa form of Ritter’s Secondary Pile, with that of a Leyden jar, 

Both the secondary pile aud the Leyden jar are apable of being 
charged with a certain amount of electricity, and of being after. 
wards discharged, During’ the discharge a quantity of clectrivity 
nearly equal to the charge passes in the opposite direction. The 
difference between the charge and the discharye arises partly from 
dissipation, a process which in the case of small charges is very 
slow, but which, when the charge exceeds a certain limit, becomes 
excecdingly rapid. Another part ol the difference between the charge 
and the discharge arises from. the fact that after the cleetrodes 
have been connected for a time suflicient to produce an apparently 
complete discharge, so that the current has completely disappeared, 
if we separate the electrodes for a time, and afterwards connect 
them, we obtain a second discharge in the same direction as the 
original discharge. ‘This js called the residual discharge, and is a 
phenomenon of the Leyden jar as well as of the secondary pile, 

The secondary pile muy therefore he compared in several respeets 
toa Leyden jar. There are, however, certain important differences, 
The charge of a Leyden jar is very exactly proportional to the 
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electromotive force of the charge, that is, to the difference of 


potentials of the two surfaces, and the charge corresponding: to unit 
of electromotive force is called the eapacity of the jar, a constant 
quantity. The corresponding quantity, which may be called the 
sapacity of the secondary pile, increases when the electromotive 
force increases. 

The capacity of the jar depends on the area of the opposed 
surfaces, on the distance between them, and on the nature of the 
substance between them, but not on the nature of the metallie 
surfaces themselves. The capacity of the secondary pile depends 
on the area of the surfaces of the eleetrodes, but not on the distance 
between them, and it depends on the nature of the surface of the 
elvctrodes, as well as on that of the fluid between them. ‘The 
maximum differcnee of the potentials of the electrodes in each 
clement of a secondary pile is very small compared with the maxi- 
mum difference of the potentials of those of a charged Leyden jar, 
so that in order to obtain much electromotive force a pile of many 
elements must be used. 

On the other hand, the superficial density of the charge in the 
secondary pile is immensely greater than the utmost superticial 
density of the charge which can be accumulated on the surfaces 
of a Leyden jar, insomuch that Mr. C, I. Varley *, in describing 
the construction of a condenser of great capucity, recommends a 
series of gold or platinum plates immersed in dilute acid as prefer- 
able in point of cheapness to induction plates of tinfoil separated 
hy insulating material. 

The form in which the energy of a Leyden jar is stored up 
is the state of constraint of the dielectric between the conducting 
surfaces, a state which I have already described under the name 
of electric polarization, pointing’ out those phenomena attending 
this state which are at present known, and indicating the im- 
perfect state of our knowledge of what really takes place. Sce 
Arts. 62,111. 

The form in which the energy of the secondary pile is stored 
up is the chemical condition of the material stratum at the surface 
of the electrodes, consisting of the ions of the electrolyte aud the 
substance of the electrodes in a relation varying from chemical 
combination to superficial condensation, mechanical adherence, or 
simple juxtaposition, 

The seat of this energy is close to the surfaces of the electrodes, 

* Specification of C.F. Varley, ‘ Electri¢ Telegraphs, &c.,' Jan, 1860. 
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and not throughout the substance of the cleetrolyte, and the form 
in which it exists may he called electrolytic polarization. 

After studying the secondary pile in connexion with the Leyden 
jar, the student should again compare the voltaic battery with 
some form of the electrical machine, such as that described in 
Art. 211, 

Mr. Varley has lately * found that the capaeity of one square 
inch is from 175 to 542 microfarads and upwards for platinum 
plates in dilute sulphuric acid, and that the Capacity increases with 
the electromotive force, being about 175 for 0,02 of a Daniell’s 
cell, and 542 for 1.6 Daniell’s cells, 

But the comparison between the Leyden jar and the secondary 
pile may be carried stil] farther, as in the following experiment, 
due to Bull. Tt is only when the glass of the jar is cold that 
it is capable of retaining a charge. At a temperature below 100°C 
the glass becomes a conductor, If a test-tube containing niereury 
is placed in a vessel of mereury, and if a pair of clectrodes are 
Connected, one with the inner and the other with the outer portion 
of mereury, the arrangement constitutes a Leyden jar which will 
hold a charge at ordinary temperatures, If the electrodes are con- 
nected with those of a yoltaje hattery, no current, will pass as long 
as the glass is cold, but if the Apparatus is gradually heated a 
current will bein to pass, and will increase rapidly in intensity as 
the temperature rises, though the glass remains apparently as hard 
as ever. 

This current is manifestly clectrolytic, for if the electrodes are 
disconnected from the battery, and connected with a galvanometer, 
a considerable reverse current passes, due to polarization of the 
surfaces of the glass, 

If, while the battery is in action the apparatus is cooled, the 
current is stopped by the cold glass as before, but the polarization 
of the surfaces remains, The mercury may be removed, the surfaces 
may be washed with nitric acid and with water, and fresh mercury 
introduced. If the apparatus is then heated, the current of polar. 
ization appears as soon as the glass is sufliciontly warm to conduet, it, 

We may therefore regard glass at 100°C, though apparently a 
solid body, as an electrolyte, and there is considerable reason 
to believe that in most instanees in which a dielectric hag a 
slight degree of conductivity the conduction is electrolytic. The 
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existence of polarization may be regarded as conclusive evidence of 
clectrolysis, and if the conductivity of a substance increases as the 
temperature rises, we haye good grounds for suspecting that it is 
electrolytic. 

On Constant Voltaic Elements. 

272.) When a serics of experiments is made with a voltaic 
battery in which polarization occurs, the polarization diminishes 
during the time that the current is not flowing, so that when 
it begins to flow again the current is stronger than after it has 
flowed for some time. If, on the other hand, the resistance of the 
eireuit: is diminished by allowing the current to flow through a 
short shunt, then, when the current: is again made to flow through 
the ordinary civeuit, it is at first weaker than its normal strength 
on account of the great polarization produced by the use of the 
short circuit. 

To get rid of these irregularitics in the current, which are 
exceedingly troublesome in experiments involving exact measure- 
ments, it is necessary to get rid of the polarization, or at least 
to reduce it as much as possible, 

Tt does not appear that there is much polarization at the surface 
of the zine plate when immersed in a solution of sulphate of zine 
or in dilute sulphuric acid. The principal seat of polarization is 
at the surface of the negative metal. When the fluid in which 
the negative metal is immersed is dilute sulphuric acid, it is seen 
to hecome covered with bubbles of hydrogen gas, arising from the 
electrolytic decomposition of the fluid. Of course these bubbles, 
by preventing the fluid from touching the metal, diminish the 
surface of contact and increase the resistance of the circuit. But 
besides the visible bubbles it is certain that there is a thin coating 
of hydrogen, probably not in a free state, adhering to the metal, 
and as we have seen that this coating is able to produee an elec- 
tromotive force in the reverse direction, it must necessarily diminish 
the electromotive force of the battery. 

Various plans have been adopted to get rid of this couting of 
hydrogen, It may be diminished to some extent by mechanical 
means, such as stirring the liquid, or rubbing the surface of the 
negative plate. In Smee’s battery the negative plates are vertical, 
and covered with finely divided platinum from which the bubbles of 
hydrogen casily escape, and in their aseent produce a current of 
liquid which helps to brush off other bubbles as they are formed, 

A far more efficacious method, however, is to employ chemical 


cnet rr NP OE PE EE 


pe deena vn ala 


326 ELECTROLYTIC POLARIZATION, [272. 


means, These are of two kinds, In the batteries of Grove and 
Bunsen the negative plate is immersed in a fluid rieh in oxygen, 
and the hydrogen, instead of forming’ a coating on the plate, 
combines with this suhstanee. Tn Grove’s battery the plate is 
of platinum immersed in strong nitric acid. In Bunsen’s first 
battery it is of carbon in the same acid, Chromic acid is also used 
for the same purpose, and has the advantage of being: free from the 
acid fumes produced hy the reduction of nitrie acid. 

A different mode of getting rid of the hydrogen is by using 
copper as the negative metal, and covering the surface with a coat 
of oxide. This, however, rapidly disappears when it is used as 
the negative electrode, ‘To renew it Joule has proposed to make 
the copper plates in the form of disks, half immersed in the liquid, 
and to rotate them slowly, so that the air may act on the parts 
exposed to it in turn, 

The other method is by using as the hquid an electrolyte, the 
cation of which is a metal highly negative to zine. 

In Daniell’s battery a copper plate is immersed in a saturated 
solution of sulphate of copper. When the eurrent flows through 
the solution from the zine to the copper no hydrogen appears on 
the copper plate, but copper is deposited on it. When the solution 
is saturated, and the current is not too strong, the copper appears 
to act as a true cation, the anion SO, travelling towards the zinc, 

When these conditions are not fulfilled hydrogen is evolved at 
the cathode, but immediately aets on the solution, throwing down 
copper, and uniting with SO, to form oil of vitriol, When this 
is the case, the sulphate of copper next the copper plate is replaced 
by oil of vitriul, the liquid becomes colourless, and polarization by 
hydrogen pas again takes place, The copper deposited in this way 
1s of'a looser and more friable structure than that deposited hy true 
electrolysis, 

To ensure that the liquid in contact with the copper shall be 
saturated with sulphate of copper, erystals of this substance must 
be placed in the liquid close to the copper, so that when the solution 
ismade weak by the deposition of the copper, more of the crystals 
may he dissolved, 

We have seen that it is necessary that the liquid next the copper 
should be saturated with sulphate of copper. It ig. still more 
neevssary that. the liquid in which the zine is immersed should be 
free from sulphate of copper, Tf any of this salt makes its way 
to the surface of the zine it is reduced, and copper is deposited 
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on the zine. The zine, copper, and fluid then form a little cireuit 
in which rapid electrolytic action goes on, and ‘the zine is eaten 
away by an action which contributes nothing to the useful effect 
of the battery. 

To prevent this, the zine is immersed cither in dilute sulphurie 
acid or ina solution of silphate of zine, and to prevent the solution 
of sulphate of copper from mixing with this liquid, the two liquids 
are separated by a division consisting of bladder or porous earthen- 
ware, which allows electrolysis to take place through it, but 
eflectually prevents mixture of the fluids by visible currents. 

Tn some batteries sawdust is used {o prevent currents. ‘The 
experiments of Graham, however, shew that. the process of diffusion 
goes on nearly as rapidly when two liquids are separated hy a 
division of this kind as when they are in direct contact, provided 
there are no visible currents, and it is probable that if a septum 
is employed which diminishes the diffusion, it will inerease in 
exactly the same ratio the resistanee of the element, because clec- 
trolytic conduction is a process the mathematical laws of which 
have the same form as those of diffusion, and whatever interferes 
with one must interfere equally with the other, The only differ- 
ence Is that diffusion is always going on, while the current flows 
only when the battery is in action. 

In all forms of Daniell’s battery the final result is that the 
sulphate of copper finds its way to the zine and spoils the battery. 
To retard this result indefinitely, Sir W. Thomson * has constructed 
Daniell’s battery in the following form. 
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In each cell the copper plate is placed horizontally at the bottom 
« Proc, RLS, dan. 19, 1871. 
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and a saturated solution of sulphate of zine is poured over it. The 
zinc is in the form of a grating and is placed horizontally near the 
surface of the solution. A glass tube is placed vertically in the 
solution with its lower end Just above the surface of the copper 
plate. Crystals of sulphate of copper are dropped down this tube, 
and, dissolying in the liquid, form a solution of greater density 
than that. of sulphate of zine alone, so that it cannot get to the 
zine except by diffusion. ‘To retard this process of diffusion, a 
siphon, consisting of a glass tube stuffed with cotton Wick, is 
placed with one extremity midway between the zine and eopper, 
and ihe other in a vessel outside the cell, so that the liquid is 
very slowly drawn off near the middle of its depth. To supply 
its place, water, or a weak solution of sulphate of zine, is added 
above when required. In this way the greater part of the sulphate 
of copper rising through the liquid by diffusion is drawn off by the 
siphon before it reaches the zine, and the zine is surrounded by 
liquid nearly free from sulphate of copper, and having a very slow 
downward motion in the cell, which still further retards the upward 
motion of the sulphate of copper. During the action of the battery 
copper is deposited on the copper plate, and SO, travels slowly 
through the liquid to the zinc with which it combines, forming 
sulphate of zine, Thus the liquid at the bottom becomes less dense 
by the deposition of the copper, and the liquid at the top becomes 
more dense by the addition of tho zinc. ‘To prevent this action 
from changing the order of density of the strata, and so producing 
instability and visible currents In the ¥essel, care must. he taken to 
keep the tube well supplied with crystals of sulphate of copper, 
and to feed the cell above with a solution of sulphate of zine suffi. 
ciently dilute to be lighter than any other stratum of the liquid 
in the cell, 

Daniel's battery is by no means the most. powerful in common 
use. The electromotive force of Grove’s eell js 192,000,000, of 
Danicll’s 107,900,000 and that of Bunsen’s 188,000,000, 

The resistanee of Danicll’s cell is in general greater than that of 
Grove's or Bunsen’s of the same size, 

These defeets, however, are more than counterbalanced in all 
cases where exact measurements are required, by the fact that 
Daniell’s cell exceeds every other known arrangement in constancy 
of electromotive force. Tt has also the advantage of continuing 
in working: order for a long time, and of emitting no gas. 


CHAPTER VI. 
LINEAR ELECTRIC CURRENTS, 


On Systems of Lincar Conductors. 


273.] Any conductor may be treated as a linear conductor if it 
is arranged so that the current must always pass in the same manner 
between two portions of ils surface which are called its clectrodes. 
For instance, a mass of metal of any form the surface of which is 
entirely covered with insulating material except at two places, at 
which the exposed surface of the conductor is in metallic contact 
with electrodes formed of a perfeetly conducting material, may be 
treated asa lmear conductor, For if the current be made to enter 
at one of these electrodes and escape at the other the lines of flow 
will be determinate, and the relation between electromotive force, 
current and resistance will be expressed by Ohm’s Law, for the 
current in every part of the mass will be a linear function of . 
But if there be more possible electrodes than two, the conductor 
may have more than one independent current through it, aud these 
may not be conjugate to cach other. See Art. 282. 


Ohm's dew, 


274.) Let # be the electromotive foree in a linear conductor 
from the electrode a, to the electrode 4,. (See Art. 69.) Let 
C be the strength of the electric current along the conductor, that 
is to say, let C units of clectricity pass across every section in 
the direction f, 4, in unit of time, and let 2 be the resistanee of 
the conductor, then the expression of Ohm’s Law is 


Ee CR, (1) 


Linear Copduetors arranged in Series, 


275.) Let A,, al, be the electrodes of the first conductor and let 
the second conductor be placed with one of its electrodes in contact 


(nrc tei a i 
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with ,, so that the seeond conductor has for its electrodes sly, Ay. 
The electrodes of the third conductor may be denoted by Ay 
and ly, 
Let the electromotive force along each of these conduetors he 
denoted by 4, fing, Hyg, and so on for the other conductors, 
Let the resistance of the conductors be 
Bias Rags Rigg BO, 
Then, since the conductors are arranged in series so that the same 
current C flows through cach, we have by Ohm’s Law, 
By Ehy, Hyg = Oly, By = CRy. (2) 
If # is the resultant clectromotive force, and 2 the resultant 
resistance of the system, we must have hy Ohm’s Law, 
h= CR. (3) 
Now B= B+ Bust BE, i (4) 
the sum of the separate electromotire forces, 
= C(Ry + Ay + Ry) by equations (2). 
Comparing this result: with (3), we find 
R= Rig t Ry + Ry. (5) 
Or, fhe restsfance “fu series of conductors is the sum of the resistances 
oS the conductors taken separatedy. 


Potential at any Point of the Series, 


Let 4 and C be the electrodes of the series, Ba point between 
them, a, ¢, and 4 the potentials of these points respectively. Let 
A, be the resistance of the part from 4 to #, 2, that of the part 
from # to C, and & that of the whole from .f to G then, since 

a—-b=RC bos RC, and a-e= RC, 


the potential at # is : ; 
yee Ryu + Bie ; (6) 


Lf 
which determines the potential at B when those at -f and ( are 
given, 


Resistance of a Multinte Conduetor. 


276.) Let a number of conductors ABL, ACL, ADE be arranged 
side by side with their extremities in contact with the same two 
points d and Z They are then said to “be arranged in multiple 
are. 

Let the resistances of these conductors be 2, By, 2, respect- 
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ively, and the currents C,, CG, C,, and let the resistance of the 
multiple conductor be #, and the total current C. Then, since the 
potentials at -f and 4 are the same for all the conductors, they have 
the same difference, which we may call FZ. We then have 


E= CG R, = C, Ry = Ci 2, = Ch, 
but C= C4 O,4¢;, 


} 1 1 1 I sf 
whence 7 = R, + R, + R, (7) 
Or, the reciprocal of the resistance of a multinle conductor is the sum 
Of the reciprocals of the component conductors, 

If we call the reciprocal of the resistance of a conductor the 
conductivity of the conductor, then we may say that /Be con- 
ductivity of a multiple conductor is the sum of’ the conduetivities of 
the component conductors. 


Current in any Branch of a Multiple Conductor. 


From the equations of the preceding article, it appears that if 
C, is the current in any branch of the multiple conductor, and 
Fi, the resistance of that branch, 


Bee 


ii 8 
BR, > ( ) 
where € is the total current, and £2 is the resistance of the multiple 
conductor as previously determined. 


Longitudinal Resistance of’ Conductors of Uniform Section. 


277.) Let the resistance of a cube of a piven material to a current 
parallel to one of its edges be p, the side of the cube being unit of 
length, p is called the ‘ specific resistance of that material for unit 
of volume.’ 

Consider next a prismatic conductor of the same material whose 
length is ¢, and whose section is unity. This is equivalent to / 
cubes arranged in series. The resistance of the conductor is there- 
fore Zp, 

Finally, consider a conductor of length Z and uniform section 8. 
This is equivalent to s conductors similar to the last arranged in 
multiple are. The resistance of this conductor is therefore 

R= is 
s 
When we know the resistance of a uniform wire we can determine 
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the specific resistance of the material of which it is made if we can 
measure its length and its section, 

The sectional area of smal] Wires is most accurately determined 
by calenlation from the length, weight, aud specific gravity of the 
specimen. The determination of the specifie gravity is sometimes 
inconvenient, and in such cases the resistance of a wire of unit 
length and unit mass is used as the ‘specific resistance per unit of 
weight.’ 

If > is this resistance, / the length, and x the mass of a wire, then 

R= o 


Mae 


On the Dimensions of the Quantities involved in these Lquations, 


278.) The resistance of a conductor is the ratio of the clectro- 
motive force acting on it to the current produced, The conduct- 
ivity of the eonductor is the reciprocal of this quantity, or in 
other words, the ratio of the eurrent to the electromotive foree 
produce it, 

Now we know that in the electrostatic system of measurement 
the ratio of a quantity of electricity to the potential of the con- 
ductor on which it is spread is the eapacity of the conduetor, and 
is measured hy a line. If the conductor is a sphere placed in an 
unlimited field, this line is the radius of the sphere. The ratio 
of a quantity of electricity to an clectromotive force is therefore a 
line, but the ratio of 2 quantity of electricity to a current is the 
time during which the current flows to transmit that quantity, 
[ence the ratio of a current to an electromotive force is that of a 
line to a time, or in other words, it is a velocity, 

The fact that the conductivity of a conductor is expressed in the 
electrostatic system of measurement by a velocity may be verified 
by supposing a sphere of radius ¢ charged to potential J, and then 
connected with the earth hy the given conductor. Let the sphere 
contract, so that as the electricity escapes through the conductor 
the potential of the sphere is always kept equal to #7 Then the 
charge on the sphere is J” at any Instant, and the current is 
a - E ae . adr 
dl (77°), Int, sinee I” ig constant, the current is dt Fy and the 
electromotive force through the conduetor is J” 

The conductivity of the conductor is the ratio of the current to 


: lr : aS ease : 
the electromotive foree, or “a that is, the velocity with which the 
ae 
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radius of the sphere must diminish in order to maintain the potential 
constant when the charge is allowed to pass to earth through the 
conductor. 

In the electrostatic system, thereforc, the conductivity of a con- 
ductor is a velocity, and of the dimensions [227], 

The resistance of the conductor is therefore of the dimensions 
[471 7'). 

The specifi¢ resistance per unit of volume is of the dimension of 
[2], and the specifie conductivity per unit of yolume is of the 
dimension of [7'~1], 

The numerical magnitude of these coefficients depends only on 
the unit of time, whieh is the same in different countries. 

The specific resistance per unit of weight is of the dimensions 
[Z-3.7']. 

279.) We shall afterwards find that in the clectromagnetie 
system of measurement the resistance of a conductor is expressed 
by a velocity, so that in this system the dimensions of the resist- 
ance of a conductor are [7-1]. 

The conductivity of the conductor is of course the reciprocal of 
this. 

The specific resistance per unit of volume in this system is of the 
dimensions [Z?7'~1], and the specific resistance per unit of weight 
is of the dimensions [Z7! 7-14]. 


On Linear Systems of Conductors in general, 


280.] The most general case of a linear system is that of x 
points, 4,, 4,,...4,, conneeted together in pairs by 4x (xn—1) 
linear conductors. Let the conductivity (or reciprocal of the re- 
sistance) of that conductor which connects any pair of points, say 
4, and 4,, be called X,,,, and let the current from A, to A, be C,,. 
Let 7, and J} be the electric potentials at the points A, and A, 
respectively, and let the internal electromotive force, if there be 
any, along the conductor from A, to A, be #,,. 

The current from 4, to a, is, by Ohm’s Law, 

Chg = yg (Py — P+ Fy): (1) 

Among these quantities we have the following sets of relations : 

The conductivity of a conductor is the same in either direction, 


or Kg = By (2) 

The electromotive foree and the current are direeted quintitics , 
so that re : i a 

Bh, =f, and 6, = Chi (3) 
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Let P,, P,,...P, be the potentials at 4), ,,... 4, respectively, 
and let Q,, Qo, ...Q, be the quantities of electricity which enter 
the system in unit of time at cach of these points respectively. 
These are necessarily subject to the condition of « continuity ’ 

Q1+ Qe... +0, _ Q, (4) 
since electricity can neither be indefinitely accumulated nor pro- 
duced within the system. 

The condition of ‘ continuity’ af any point af, is 

Q, = GitGt&e. +6,,. (5) 

Substituting the values of the eurrents in terms of equation 
(1), this becomes 
Qp = (An + Kyo t &e. + K,,) P, (Ky, Py + Ky Ppt &e. +K,,, P,) 

+(Aj, Fy t&e. + Aya An). (6) 

The symbol A, does not occur in this equation. Letus therefore 

give it the value 

Ayy = (A, +4, + &e. + K,,) ; (7) 
that is, let K, be a quantity equal and opposite to the sum of 
all the conductivities of the conductors which meet in 4,. We 
may then write the condition of continuity for the point 4, 


Ky Pit Kyg Py + 0.4K, P, + 80. + Kyy Py 
= Ky, i 1 + &e. +4,,, Luué Q,,: (8) 


» 

By substituting 1, 2, &e. » for P in this equation we shall obtain 
a equations of the same kind from which to determine the a 
potentials P,, P,, &., P,. 

Since, however, there is a necessary condition, (4), connecting the 
values of Q, there will be only »—1 independent equations. These 
will be sufficient to determine the differences of the potentials of the 
points, but not to determine the absolute potential of any. This, 
however, is not required to caleulate the currents in the system. 

If we denote by D the determinant 

Ky, Ay; ss Kyu) 


D=|Kn, Krys sees Kyn-ys (9) 


Kw Koc 
and by #,,, the minor of K,,, we find for the value of P,-P,, 
(2o=f;) D = (Ay Ay + &e, 7 QD, + (Ay, Ly + &e.— Q.) Dy» + &e. 
+(Kg Hy t&e.4+Kj, Hw Q,) D,,+&e. (10) 
In the same way the excess of the potential of any other point, 


May (nas 
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say A,, over that of 1, may be determined. We may then de- 
termine the current between 4, and 4, from equation (1), and so 
solve the problem completely, 

281.] We shall now demonstrate a reciprocal property of any 
two conductors of the system, answering to the reciprocal property 
we have already demonstrated for statical elvetricity in Art. 88, 


The coeflicient of Q, in the expression for DP, is fn . That of Q, 
in the expression for P,, is Aw 

Now D,, differs from D,, only by the substitution of the symbols 
such as A), for A. But, by equation (2), these two symbols are 
equal, since the conductivity of a conductor is the same both ways. 
Hence D,, = D,,. (11) 

It follows from this that tho part. of the potential at f, arising 
from the introduction of a unit current at A, is equal to the part. of 
the potential at 4, arising from the introduction of a unit current 
at d,,. 

We may deduce from this a proposition of a more practical form, 

Let 4, B,C, D he any four points of the system, and let the 
eflect of a current Q, made to enter the system at if and leave it 
at B, be to make the potential at C exceed that at D by 2. Then, 
if an equal current Q be made to enter the system at C and leave 
it at D, the potential at .f will excced that at B by the same 
quantity P, 

We may also establish a property of a similar kind relating to 
the effect of the internal clectromotive force Lg, acting along the 
conductor which joins the points uf, and -l, in producing: an ex- 
ternal electromotive force on the conductor from “l, lo A,, that is 
to say, a dillerence of potentials PL— Py For since 

L,, = ee 


the part of the value of P, which depends on this electromotive 
force is 1 F 
D (D,,—D,,) Bes 
and the part of the value of P,is 
1 ere 
D (D,,.—D,,) E.,. 
Therefore the coefficient of #, in the value of P,—-P, is 
| er , 
“y {2,-+D,—D,,—D,,}. (12) 


This is identical with the coefficient of #,, in the value of P—P,. 
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If therefore an electromotive force FB le introduced, acting in the 
conductor from 4 to B, and if this causes the potential at C to 
exceed that at D by P, then the same electromotive force 2 intro- 
duced into the conductor from C to 2D will cause the potential at. 4 
to exceed that at B by the same quantity P. 

The electromotive foree # may be that of a voltaic battery” intro- 
duecd between the points named, care being taken that the resist- 
ance of the conductor is the same before and after the introduction 
of the battery. 

282.) If Dy + Dy—~Dy—Dy, = 0, (13) 
the conductor 4f,, A, is said to be conjugate to A, A,, and we have 
seen that this relation is reeiproeal. 

An electromotive force in one of two conjugate conductors pro- 
duces no clectromotive force or current wong the other. We shall 
find the practical application of this principle in the case of the 
electric bridge, 

The theory of conjugate conductors has been investigated by 
Kirchhoff, who has stated the conditions of a linear system in the 
following manner, in which the consideration of the potential is 
avoided, 

(1) (Condition of ‘continuity.’) At any point of the system the 
sum ofall the currents which flow towards that point is zero, 

(2) In any complete circuit formed by the conductors the sum 
of the electromotive forees taken round the cireuit ig equal to the 
sum of the products of the current in cach conductor multiplied by 
the resistance of that conductor, 

We obtain this result by adding equations of the form (1) for the 
complete circuit, when the potentials necessarily disappear, 


Heat Generated in the System. 

283.] The mechanical equivalent of the quantity of heat gene- 
rated in a conductor whose resistance is 2? by a current @ in unit of 
time is, by Art. 242, JH = RC?. (14) 

We have therefore to determine the sum of such quantities as 
KC* for all the conductors of the system. 

For the conductor from A, to A, the conductivity is K,,, and the 


resistance J’, where BA it os, : 
4 dina Figge tt, = 1. (15) 


The current in this conductor is, according to Ohm’s Law, 
1 —— gi ) r} . 
Oy a Kin (Fin?) (16) 
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We shall suppose, however, that the value of the current is not 
that given by Ohm’s Law, but X,,. Where 
Ang = Cy, + Fas (17) 
To determine the heat generated in the system we have to find 
the sum of all the quantities of the form 
Py A? 


pq? 
or =JT=%3 {B,C 79+ AR igCygh ng t Rog k ng} (18) 
Giving C,, its value, and remembering the relation between k,, 
and #,,, this becomes 


SPL P a) (Cpt 22 pq) + Bigg Py (18) 
Now since both C and X must satisfy the condition of continuity 


at 4, we have Qp = Cn + Cw + &e. + GC, (20) 
Q) = Mn +X, + &e.+%,,,, (21) 
therefore 0 = Vint Vy the. 4 Hae (22) 


Adding together therefore all the terms of (19), we find 
(Rin A%y) = = Py Q +2 Ley, Py (23) 

Now since 7? is always positive and Y2 is essentially positive, the 
last term of this equation must be essentially positive, Hence the 
first term is a minimum when F is zero in every conductor, that is, 
when the current in every conductor is that given by Ohm’s Law. 

Hence the following theorem : 

284.] In any system of conductors in which there are no internal 
electromotive forees the heat generated by currents distributed in 
accordance with Ohm’s Law is less than if the currents had been 
distributed in any other manner consistent with the actual con- 
ditions of supply and outflow of the current, 

The heat actually gencrated when Ohm's Law is fulfilled is 
mechanically equivalent to 3 P,Q, that is, to the sum of the 
products of the quantities of electricity supplied at the different 
external electrodes, cach multiplied by the potential at which it is 
supplied. 
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CHAPTER VII. 


CONDUCTION IN THREE DIMENSIONS. 


Notation of Electric Currents. 


285.] Ar any point let an element of area LS be taken normal 
to the axis of a, and let Q units of electricity pass across this area 
from the negative to the positive side in unit of time, then, if 
as becomes ultimately equal to «when @§ is indefinitely diminished, 
d 


% 1s said to be the Component of the electric current in the direction 
of z at the given point. 
In the same way we may determine » and #, the components of 
the current in the directions of y and z respectively. 
286.] To determine the component of the current in any other 
direction OF through the given point O, 
Let Z, m, x be the direction-cosines of OF, then cutting: off from 
the axes of 2, Y 2 portions equal to 
Sie and = 
tom n 
respectively at 4, B and C, the triangle ABC 
will be normal to OR. 
The area of this triangle ABC will be 
rd 
dS = 4 Tan? 
and hy diminishing this area may be diminished without limit. 
The quantity of electricity which leaves the tetrahedron ABCO 
by the triangle ABC must be equal to that which enters it through 
the three triangles OBC, OCd, and OAB. 


The area of the triangle OBC is 4 —, and the component of 
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the current normal to its plane is x, so that the quantity which 

enters through this triangle is 472 ”.. 
mn 

The quantities which enter through the triangles OCA and OAB 


respectively are % w 


47 = and 47? a 
If y is the component of the velocity in the direction OR, then 
the quantity which leaves the tetrahedron through ABC is 
y 
ln 
Since this is equal to the quantity which enters through the three 
other triangles, 


pry 2S % v 7). 
Te ag tae ed 


multiplying by 2 » we pet 
y = lu+motaw, (1) 
If we put uty? + w? = 2, 
and make /, m’, »’ such that 
ua fT, vo=mT, and w= aT; 
then y= P+ mm’ 420’). (2) 


Hence, if we define the resultant current as a vector whose 
magnitude is T, and whose direction-cosines ate LY, m’, a, and if 
y denotes the current resolved in a direction making an angle 6 
with that of the resultant current, then 

y =Teosd@; (3) 
shewing that the law of resolution of currents is the same as that 
of velocities, forces, and all other vectors. 

287.] To determine the condition that a given surface may 
be a surface of flow. 

Let f(@,y,s) =A (4) 
be the equation of a family of surfaces any one of which is given by 
making A constant, then, if we make 

NLL 

do! dy! + ae] = 3 7 
the direction-cosines of the normal, reckoned in the direction in 
which A increases, are 


dx ax ay : 
agi Fe: eae a= N--. (6) 
zZ2 
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Hence, if y is the component of the current normal to the surface, 


dr ay ary ’ 
Ye Fg tO aS. (7) 


y= NI 
If y = 0 there will be no current through the surface, and the 
surface may he called a Surface of Flow, because the lines of motion 
are in the surface. 
288.] The equation of a surface of flow is therefore 


dn ; ar 
de t wy 


Tf this equation is true for al] values of A, all the surfaces of the 
family will be surfaces of flow. 

289.] Let there be another family of surfaces, whose parameter 
is X’, then, if these are also surfaces of flaw, we shall have 


u +w - 0, (8) 
dz 


dn dn’ dn 
= w= 0, 9) 
wu Te +9 ily + w i 0 ( 
If there is a third family of surfaces of flow, whose parameter 
is dr” then “ ” “” 
wos soe: pipe 0. (10) 
da dy dz 


Eliminating between these three equations, 2, , and w disappear 
together, and we find 
~{ ar dx adn 
aN dnt dy’ 
ee pe Fae 
AN AN yt 
da! dy” ie 
or AW = H(A, N’); (12) 
that is, A” is some function of A and A’, 

#90.] Now consider the four surfaces whose parameters are A, 
A+ 0A, A’, and A’+8A’. These four surfaces enclose a quadrilateral 
tube, which we may call the tube 60.8’, Since this tube is 
bounded by surfaces across which there is no flow, we may call 
it a Tube of Flow. If we take ‘any two sections across the tube, 
the quantity which enters the tube at one section must be equal 
to the quantity which leaves it at the other, and since this quantity 
is therefore the same for every section of the tube, let us eal] j¢ 
L8d.3N where Lis a function of A and \’, the parameters which 
determine the particular tube, 


= 0; (11) 
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291.] If 88 denotes the séction of a tube of flow by a plane 
normal to x, we have by the theory of the change of the inde- 
pendent variables, 

BABA = oso dnt dd Oy, 

dy dz ds dy 

and by the definition of the components of the current 
wbS = LEAN’, (14) 
ar dN _ aa oy: 7 
ly dz dz dy 
dry AN _ ah > 
dz dx da dz?” 
ddr dx sy 
de dy ~ dy dy? 


(13) 


Hence “= L( 


Similarly viz ( (15) 


wo = D( 


292.) It is always possible when one of the functions A or A’ is 
known, to determine the other so that Z may be equal to unity. 
For instance, let us take the plane of yz, and draw upon it a series 
of equidistant lines parallel to y, to represent the sections of the 
family A’ by this plane. In other words, let the function 2’ be 
determined by the condition that whenz = 0A =z. If we then 
make Z = 1, and therefore (when a = 0) 


A = fudy; 


then in the plane (e = 0) the amount of electricity which passes 
through any portion will be 


[fe dy dz = faa dn’, (16) 


Having determined the nature of the sections of the surfaces of 
flow by the plane of Y#, the form of the surfaces elsewhere is 
determined by the conditions (8) and (9). The two functions 
and 4’ thus determined are sufficient to determine the current at 
every point by equations (1 5), unity being substituted for L. 


On Lines of Mow. 

293.] Let a series of values of A and of A” be chosen, the suc- 
cessive differences in each series being unity. The tio series of 
surfaces defined by these values will divide space into a system 
of quadrilateral tubes through each of which there will be a unit 
current, By assuming the unit sufficiently small, the details of 
the current may be expressed by these tubes with any desired 
amount of minuteness, Then if any surface be drawn eutting the 
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system of tubes, the quantity of the current which passes through 
this surface will be expressed by the number of tubes which cut it, 
since each trbe carries unity of current, 

The actual intersections of the surfaces may be called Lines of 
Flow. When the unit is taken sufficiently small, the number of 
lines of flow which ent a surfiee ig approximately equal to the 
number of tubes of flow which cut it, so that we may consider 
the lines of flow as expressing not only the direction of the eurrent 
but its streayt/, since each line of flow through a given section 
corresponds to a unit current, 


On Current-Sheets anid Current-Functions, 


294,] A stratum of a conductor contained between two con- 
secutive surfaces of flow of one system, say that of A’, is called 
a Current-Sheet. The tubes of flow within this sheet are deter- 
mined by the function A. IfA4 and Ap denote the values of \ at 
the points A and P respectively, then the current from right to 
left, across any line drawn on the sheet from 4 to P is Ap—Ay. 
If AP be an element, ds, of a curve drawn on the sheet, the current 
which erosses this clement from right to left is 


This finetion A, from whieh the distribution of the current in 
the sheet can be completely determined, is called the Current- 
Funetion. 

Any thin sheet of metal or conducting matter bounded on hoth 
sides by air or some othor non-conducting medium may be treated 
4s a current-sheet, in which the distribution of the current may 
be expressed by means of a current-function. See Art. 647. 


Iiquation of ‘ Continuily? 
295.) If we differentiate the three equations (15) with respect to 
®, y, = respectively, remembering that / is a function of A and X’, 


we find } J 
Ue lt Pana (17) 
da: dy dz 


The corresponding equation in Hydrodynamics is called the 
Equation of ‘Continuity.’ The continuity which jt expresses is 
the continuity of existence, that: is, the fact that a material sub- 
stanve cannot leave one part of space and arrive at another, without 
going through the space between. It cannot simply vanish in the 


re _ 
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one place and appear in the other, but it must travel along a con- 
tinuous path, so that if a closed surface be drawn, including the 
one place and excluding the other, a material substance in passing 
from the one place to the other must go through the closed surface, 
The most general form of the equation in hydrodynamics is 

Mon), Aor) dpe) dp _ ie (18) 

dz dy ds de? 

where p signifies the ratio of the quantity of the substanee to the 
volume it occupies, that volume being in this case the differential 
element of volume, and (p), (pe), and (97) signify the ratio of the 
quantity of the substance which crosses an clement of area in unit 
of time to that area, these arvas being normal to the axes of 2, y, and 
= respectively. Thus understood, the equation is applicable to any 
material substance, solid or fluid, whether the motion he continuous 
or discontinuous, provided the existence of the parts of that sub- 
stance is continuous, If anything, though not a substance, is 
subject to the condition of continuous existence in time and space, 
the equation will express this condition. In other parts of Physical 
Science, as, for instance, in the theory of electric and magnetic 
quantities, equations of a similar form oceur. We shall call such 
equations ‘equations of continuity’ to indicate their form, though 
we may not attribute to these quantities the properties of matter, 
or even continuous existence in time and space. 

The equation (17), which we have arrived at in the case of 
electric currents, is identical with (18) if we make p = 1, that is, 
if we suppose the substance homogeneous and incompressible, The 
equation, in the case of fluids, may also be established hy either 
of the modes of proof given in treatises on Hydrodynamics. In 
one of these we trace the course and the deformation of a certain 
element of the fluid as it moves along. In the other, we fix our 
attention on an element of space, and take account of all that 
enters or leaves it. The former of these methods cannot be applied 
to electric currents, as we do not know the velocity with which the 
electricity passes through the body, or even whether it moves in 
the positive or the negative direction of the current. All that we 
know is the algebraical value of the quantity which crosses unit 
of area in unit of time, a quantity corresponding to (px) in the 
equation (18). We have no means of ascertaining the value of 
either of the factors p or x, and therefore we cannot follow & par- 
ticular portion of electricity in its course through the body. The 
other method of investigation, in which we consider what passes 
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through the walls of an clement of volume, is applicable to electric 
currents, and is perhaps preferable in point of form to that which 
we have given, but as it may be found in any treatise on Hydro- 
dynamics we need not repeat it here, 


Quantity of Llectricity which passes through a given Surface. 


296.] Let I be the resultant current at any point of the surface. 
Let dS be an clement of the surface, and let, ¢ be the angle between 
F and the normal to the surface, then the total current through 


the surface will be 
f lcos ed8, 


the integration being extended over the surface, 
As in Art. 21, we may transform this integral into the form 


du dv dw 
[[reoseas =ff{E + Gy + Gey de (19) 


in the case of any closed surface, the limits of the triple integration 
being those included by the surface. This is the expression for 
the total efflux from the closed surface. Since in all cases of steady 
currents this must be zero whatever the limits of the integration, 
the quantity under the integral sign must vanish, and we obtain 
in this way the equation of continuity (17), 


ar 
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RESISTANCE ANID CONDUCTIVITY IN THREE DIMENSIONS. 
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On the most General Relations between Current and Electro- 
motive Ebrce. 


297.| Let the components of the current at any point be z, v, w. 

Let the components of the electromotive force be X, Y, Z. 

The electromotive force at any point is the resultant foree on 
a unit of positive electricity placed at that point. It may arise 
(1) from clectrostatic action, in which case if is the potential, 

eee ee Z at (1) 
dz 
or (2) from clectromagnetic induction, the laws of which we shall 
afterwards examine; or (3) from thermoelectric or electrochemical 
action at the point itself, tending to produce a current in a given 
direction. 

We shall in general suppose that X, ¥, Z represent the com- 
ponents of the actual clectromotive force at the point, whatever 
be the origin of the foree, but we shall occasionally examine the 
result of supposing it entirely due to variation of potential. 

By Ohm’s Law the current is proportional to the electromotive 
force. Hence X, ¥, Z must be linear functions of u,v, vw. We 
may therefore assume as the equations of Resistance, 

X= Rut Qyv+ P,w, 
Y= Pyuth,v+Q,, (2) 
4= Q.u+Pv+R,w. 


We may call the coefficients R the coefficients of longitudinal 
resistance in the directions of the axes of coordinates, 

The coefficients P and Q may be called the coefficients of trans- 
verse resistance, They indicate the electromotive force in one 
direction required to produce a current in a different direction. 
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If we were at liberty to assume that a solid body may be treated 
as a system of linear conductors, then, from the reciprocal property 
(Art. 281) of any two conductors of a linear system, we might shew 
that. the cleetromotive force along 2 required to produce a unit eurrent 
parallel to y must be equal to the electromotive fores along y re. 
quired to produce a unit. enyrent parallel to >. This would shew 
that 7 =Q,, and similarly we should find Py= Q,, and P, = Qs. 
When these conditions are satisfied the system of coeflicients is said 
to be Symmetrical. When they are not satisfied it is called a 
Skew system, 

We have great reason to believe that in every actual case the 
system is symmetrical, but we shall examine some of the evon- 
sequences of admitting the possibility of a skew system. 

298.] The quantities x, 7, « may be expressed as linear functions 
of X, V Z hy a system of equations, which we may call Equations 
of Conductivity, 

eer V+ p+ 9, Z, 
es g,N+ mF py, Z, (3) 
w= py N+ gy V + "5,4; 
we may call the coeflicients » the coefficients of Longitudinal eon- 
ductivity, and p and 7 those of Transverse conductivity, 

The coeflicients of resistance are Inverse to those of conduetivity. 
This relation may be defined as follows ; 

Let [POR] be the determinant of the coeflicients of resistance, 
and | gr] that of the coefficients of conductivity, then 


[PQA] =P, PL Py + Q102Q, +2, RR —PiQ.R, —PQR, —P QBs, (4) 
[ror] = p, P2VstN Gada tly rir p, “11 Ps GaP y — Py Ys "%, (8) 
[PQK] [yp] = 1, (6) 
LPQA) p, = (P,P,—~ 2,7), Lrgr] Py = (P:Ps—~ 447); (7) 
Ke. &e, 
The other equations may be formed by altering: the symbols 
P,Q, 2, p, 4,7, and the suflixes 1, 2, 3 in cyclical order, 


Late of’ Generation of Heat, 

299.) To find the work done by the current in unit of time 
im overcoming’ resistance, and so generating heat, we multiply the 
components of the current by the corresponding components of the 
electromotive force, We thus obtain the following expressions for 
HW, the quantity of work expended in unit of time : 
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W= Xu+V¥v+Zu; (8) 
= Ryu? + Rav? + Ry? + (P, + Q,)vw + (Py+ Q.)0w + (Py Qs)ev5 (9) 
sry pa Y pry Zt + (A +G)YA + (pit q)aX + (py +94) XY. (10) 

By a proper choice of axes, cither of the two latter equations may 
be deprived of the terms involving the products of x, v, w or of 

X,¥Y,Z. The system of axes, however, which reduces to the form 

Ree Ry vt + R, w* 
is not in general the same as that which reduces it to the form 
7A? +r, F840, 23, 
It is only when the coefficients P,, P,, P, are equal respectively 
to Q,, Q.., Q, that the two systems of axes coincide. 
If with Thomson * we write 
P=S8+H+P, Q=S8-T;) 


and pasts, qg=s—t;$ — 
then we have 
[PQH] = R, Rh, hy+258, 8, §,— 822, — S22, — 8,2 Ry ) (12) 
+2 (52,7, + 8,27, +537, 2.) + 2, T+ R02 +202 5) 
and [PQR]1, = Rh, R,—S2+ 72, 
[PQR] 5, = 7, T, +8, 5,—R, S,, (13) 


[PQR] 4 =—-2,7, +8,7,4 8, 7,. 
Tf therefore we cause $,, S,, &, to disappear, 3, will not also dis- 
12 P22 Os PP 1 
appear unless the coefficients J are zero, 


Condition of Stability, 

300.] Since the equilibrium of electricity is stable, the work 
spent in maintaining the current must always be positive. The 
conditions that WV must he positive are that the three coefficients 
h,, #,, &,, and the three expressions 

4#,h;—(P,+Q,)*, 
4h, R,—(P,+ Q,)?, (14) 
42, Ky—(Py+ Qs), 
must all be positive. 
There are similar conditions for the coefficients of conductivity. 


* Prana. B.S. kdin., 1858-4, p. 105. 
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Equation of Continuity in «@ Homogeneous Medium. 
301.] If we express the components of the electromotive force 
as the derivatives of the potential 7, the equation of continuity 
du dv dw 
Y rn 15 
da t dy” dz te) 
becomes in a homogeneous medium 


ay d?V (al ae dif oe a d? 
age es ieee a venaiete Ae 5 Meeniere=s Vy 
"1 ge +" dy* Aas ie F2, dy dz ne dzile * P8575 dy 36) 


If the medium is not homogencous there will be terms arising: 
from the variation of the coefficients of conductivity in passing 
from one point to another, 

This equation corresponds to Laplace’s equation in an isotropic 
medium, 

302.] If we put 


[7s] = ry ry ry 42 81 885-7) 2 7 6.2 og 8 (17) 

and [4B] = Ayal, A, +2 BBB, A,B 4,3, — A, B;*, (18) 
where [vs] 4, = Ty 7'3—8,%, 

[rs] B, = $;8— 7, 8, (19) 


and so on, the system 4, B will he inverse to the system 7, s, and 
if we make 
Aya? + Ay y? + dy 2? 42 By y2+ 2B, cx + 2B, ay = [AB] p*, (20) 
we shall find that 
Fe ie (21) 


is a solution of the equation, 

In the case in which the cocflicients 7’ are zero, the cocflicients A 
and B become identical with ft and 8. When 7 exists this is not 
the ease, 

In the case therefore of electricity flowing out from a centre in an 
infinite homogeneous, but not isotropic, medium, the equipotential 
surfaces are ellipsoids, for each of which p is constant, The axes of 
these cllipsoids are in the directions of the principal axes of con- 
ductivity, and these do not coincide with the principal axes of 
resistance unless the system is symmetrical, 

By a transformation of this equation we may take for the axes 
of 2, y, z the principal axes of conductivity. The coefficients of the 
forms s and B will then be reduced to zero, and each coefficient 
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of the form f will be the reciprocal of’ the corresponding coeffi- 
cient of the form r. The expression for p will be 
Jane ee ge 
Fat ray a 
303.] The theory of the complete system of equations of resist- 
ance and of conduetivity is that of linear functions of three vari- 
ables, and it is exemplified in the theory of Strains *, and in other 
parts of physics. The most appropriate method of treating it is 
that by which Hamilton and Tait treat a incar and vector function 
of a vector, We shall not, however, expressly introduce Quaternion 
notation. 
The coefficients 7,, 7, f’, may be regarded as the rectangular 
components of a vector 7', the absolute magnitude and direction 


of which are fixed in the body, and independent of the direction of 


the axes of reference. The same is true of tys ty, ts, Which are the 
components of another vector /, 

The vectors 7 and ¢ do not in general coincide in direction. 

Let us now take the axis of z so as to coincide with the vector 
Y, and transform the equations of resistance accordingly, They 
will then have the form 

N= Rx4+ 8,0 48,0—Lo, 
Y= Su+hyv4+8,04Du, (23) 
4 = Siu + Sv+Ryw. 

It appears from these equations that we may consider the elec- 
tromotive force as the resultant of two forces, one of them depending 
only on the coefficients 7’ and S, and the other depending on 7 alone. 
The part depending on R and 8 is related to the current in the 
same way that the perpendicular on the tangent plane of an 
ellipsoid is related to the radius vector, The other part, depending 
on 7, is equal to the product of 7 into the resolved part of the 
current perpendicular to the axis of 7) and its direction is per- 
pendicular to 7 and to the current, being always in the direction in 
which the resolved part of the current would lie if turned 90° in 
the positive direction round 7. 

Considering the current and 7' as vectors, the part of the 
electromotive force due to 7 is the vector part of the product, 
7’ x current. 

The coefficient £ may he called the Rotatory coefficient. We 


* See Thomaon and Tait’s Natural Philosophy, § 154. 
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have reason to believe that it does not exist in any known sub- 
stance. It should be found, if anywhere, in magnets, which have 
a polarization in one direction, probably due to a rotational phe- 
nomenon in the substance, 

304.] Let us next consider the general characteristic equation 
of F, 


ap ay’ 
) 


d a. } 
(4 dehy TAL 


dy 


de, dv ; dy ; 2) 
dx (r dat Ps dy F 92 i; 
ey ay : ave AF. 4 

+ dete ip TL dy +73-j-)+4 7p = 0, (24) 

where the cocflicients of conductivity p, g, 7 may have any positive 

values, continnous or discontinuous, at any point of space, and V 
vanishes at infinity, 

Also, let a, 6, ¢ be three functions of x, y, z satisfying the condition 


da db de 


tate Ee ee =— 0: 
da" dy ye te , a) 
dF aK ay 
and let a= tls a + IyG> +, 
dv dr dV : 
am aD ae er eae (26) | 
dr aK ‘ m 
CS gh Magy Uli a TEs 


Finally, let the triple-integral 


W = f ff {Rya?-+ Ryb? + Rye? 


+(P,+Q,) le +(B,+ Q,)ca+(P,+Q,) ab} dvdydz (27) 
be extended over spaces bounded as in the enunciation of Art, 97, 
where the coefficients ?, Q, # are the coeflicients of resistance. 

Then # will have a unique minimum value when @, 4, ¢ are such 
that w, v, w are each everywhere zero, and the characteristic equation 
(24) will therefore, as shewn in Art. 98, have one and only one 
solution, 

In this case I” represents the mechanical equivalent of the heat 
generated by the current in the system in unit of time, and we have 
to prove that there is one way, and one only, of making this heat 
a minimum, and that the distribution of currents (a bc) in that case 
is that which arises from the solution of the characteristic equation 
of the potential 

The quantity #” may be written in terms of equations (25) and (26), 
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We ffs ay* dF ® al? 
THIS de Ty! tls ay | 
dV dV ar dV db dr | 
+(7,4+4%) dy iz +( P2 +4) a +(Pa+ 9s) ‘ip dy § dedyde 


+ fl {RP + HP ov? + Ry? we? 
+(Pi+Q,) rw + (P+ Q,) wut (Ps + Q,)ur} dx dy dz 


+. fife se +v _ +20 ) dadyds, (28) 
: du dv dw 
Since 7 + iy + a= 0, 
the third term of 4” vanishes within the mits. 

The second term, heing the rate of conversion of electrical energy 
into heat, is also essentially positive. Its minimum value is 2cro, 
and this is attained only when x, », and w are everywhere zero. 

The value of # is in this case reduced to the first term, and is 
then a minimum and a unique minimum, 

805.] As this proposition is of great inyportance in the theory of 
electricity, it may be useful to present the following proof of the 
most general case in a form free from analytical operations. 

Let us consider the propagation of electricity through a conductor 
of any form, homogeneous oy heterogencous. 

Then we know that 

(1) If we draw a line along the path and in the direction of 
the electric current, the line must pass from places of high potential 
to places of low potential. 

(2) If the potential at every point of the system be altered in 
a given unilorm ratio, the currents will be altered in the same ratio, 
according to Ohm’s Law. 

(3) If a certain distribution of potential gives rise to a certain 
distribution of currents, and a second distribution of potential gives 
rise to a second distribution of currents, then a third distribution in 
which the potential is the sum or difference of those in the first 
and second will give rise to a third distribution of currents, such 
that the total current passing through a given finite surface in the 
third case is the sum or diflerence of the currents passing through 
it in the first and second cases. For, hy Ohm’s Law, the additional 
current due to an alteration of potentials is independent of the 
original current due to the original distribution of potentials, 

(4) If the potential is constant over the whole of a closed surface, 


(29) 
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and if there are no electrodes or intrinsic electromotive forces 
within it, then there will be no currents within the closed surface, 
and the potential at any point within it will be equal to that at the 
surfiee. 

If there are currents within the closed surface they must either 
be closed curves, or they must begin and end cither within the 
closed surface or at the surface itself, 

But since the current must pass from places of high to places of 
low potential, it cannot flow in a closed curve. 

Since there are no electrodes within the surface the current 
cannot begin or end within the closed surface, and since the 
potential at all points of the surface is the same, there can be 
no current along lines passing from one point of the surface to 
another. 

Hence there are no currents within the surface, and therefore 
there can be no difference of potential, as such a difference would 
produce currents, and therefore the potential within the closed 
surface is everywhere the same as at the surface, 

(5) If there is no electric current through any part of a closed 
surface, and no electrodes or intrinsic electromotive forces within 
the surface, there will be no currents within the surface, and the 
potential will be uniform, 

We have scen that the currents cannot form closed curves, or 
begin or terminate within the surface, and since by the hypothesis 
they do not pass through the surface, there can be no currents, and 
therefore the potential is constant. 

(6) If the potential is uniform over part of a closed surface, and 
if there is no current through the remainder of the surface, the 
potential within the surface will be uniform for the same reasons, 

(7) If over part of the surface of a body the potential of every 
point is known, and if over the rest of the surface of the body the 
current passing through the surface at each point is known, then 
only one distribution of potentials at points within the body can 
exist, 

For if there were two different valucs of the potential at any 
point within the body, let these be 7, in the first case and Fy in 
the second case, and Ict us imagine a third case in which the 
potential of every point of the body is the excess of potential in the 
first case over that in the second. Then on that part of the surface 
for which the potential is known the potential in the third case will 
he zero, and on that part of the surface through which the currents 
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are known the currents in the third case will be zero, so that by 
(6) the potential everywhere within the surface will be zero, or 
there is no excess of FV, over F’,, or the reverse. Henee there is 
only one possible distribution of potentials, This Proposition is 
true whether the solid be bounded by one closed surface or by 
several, 


On the Approximate Catleulation of the Resistunce of « Conduetor 
of a given Burin, 


306.) The conductor here considered has its surface divided into 
three portions, Over one of’ these portions the potential is main- 
tained at a constant value. Overa second portion the potential has 
a constant value different from the first. The whole of the remainder 
of the surface is impervious to electricity, We may suppose the 
conditions of the first. and second portions to be fulfilled by applying 
to the eonduetor two electrodes of perfectly conducting material, 
and that of the remainder of the surface by coating it with per- 
fectly non-conducting material. 

Under these cireumstanees the current in every part of the 
conductor is simply proportional to the difference between the 
potentials of the electrodes. Calling this difference the clectro- 
motive force, the total current from the one electrode to the other 
is the product of the electromotive force by the conduetivity of the 
conductor as a whole, and the resistance of the conductor is the 
reciprocal of the conductivity. 

It is only when a conductor is approximately in the circumstances 
above defined that it can be said to have a definite resistance, or 
conductivity as a whole. A resistance coil, consisting of a thin 
wire terminating in large masses of copper, approximately satisfies 
these conditions, for the potential in the massive electrodes is nearly 
constant, and any differences of potential in different points of the 
same electrode may be neglected in comparison with the difference 
of the potentials of the two electrodes. 

A very useful method of calculating the resistance of such con- 
ductors has been given, so far as I know, for the first time, by 
the Hon. J. W. Strutt, in a paper on the Theory of Resonance *, 

It is founded on the following considerations. 

If the specific resistance of any portion of the conductor be 
changed, that of the remainder being unchanged, the resistance of 


* Phil. Trans. 1871, p. 77. See Art, 102. 
VOL, I. Aa 
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the whole conductor will be inereased if that of the portion is 
increased, and diminished if that of the portion be diminished. 

This principle may be regarded as self-evident, but it may casily 
be shewn that the value of the expression for the resistance of a 
systern of conductors between two points selected as electrodes, 
mereases as the resistance of each member of the system in- 
erases, 

Tt follows from this that if a surface of any form be described 
in the substance of the conduetor, and if we further suppose this 
surface to be an infinitely thin sheet of a perfectly conducting 
substance, the resistance of the conductor as a whole will be 
diminished unless the surface is one of the equipotential surfaces 
in the natural state of the conductor, in which case no effect will 
be produced by making it a perfect conductor, as it is already in 
electrical equilibrium. 

If therefore we draw within the conductor a series of surfaces, 
the first of which coincides with the first electrode, and the last 
with the second, while the intermediate surfuees are bounded hy 
the non-conducting surface and do not intersect each other, and 
if we suppose each of these surfaces to be an infinitely thin sheet 
of perfectly conducting matter, we shall have obtained a system 
the resistance of which is certainly not greater than that of the 
original conductor, and is equal to it only when the surfaces we 
have chosen are the natural equipotential surfaces. 

To calculate the resistance of the artificial system is an operation 
of much less difficulty than the original problem. For the resist- 
ance of the whole is the sum of the resistances of all the strata 
contained between the consecutive surfaces, and the resistance of 
each stratum can be found thus : 

Let dS be an element of the surface of the stratum, v the thick- 
ness of the stratum perpendicular to the element, p the specific 
resistance, / the difference of potentiul of the perfeetly condueting 
surfaces, and ¢C' the current through 7/5, then 


a 
dC = k — Wd, (1) 
py 
and the whole current through the stratum is 


C= ef | dS, (2) 


the integration being extended over the whole stratum bounded by 
the non-conducting surface of the conductor. 


ani | 
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Hence the conductivity of the stratum is 
C / P. -ye 
“ = pp as, ) 
and the resistance of the stratum is the reciprocal of this quantity. 
Tf the stratum be that hounded by the two surfaces for which 
the function # has the values Fand 4dr respectively, then 


df df 2 Te ee 
+ ee = 2 y d 
oS oF [Cre zi ee, oe «) 
and the resistanee of the stratum js 
dh x 
ee (5) 


J IF Rds 


To lind the resistance of the whole artificial conductor, we have 
only to integrate with respect to /, and we find 


A 
a= Pee ae (6) 


[Pi ovas 


The resistance 2 of the conductor in its natural state is greater 
than the value thus obtained, unless all the surfaces we have chosen 
are the natural equipotential surfaces, Also, sinee the true value 
of # is the absolute maximum of the values of #?, which can thus 
be obtained, a small deviation of the chosen surfaces from the true 
equipotential surfaces will produce an error of #& which ig com- 
paratively small. 

This method of determining a lower limit of the value of the 
resistance is evidently perfectly general, and may be applied to 
conductors of any form, even when p, the specific resistance, varies 
in any manner within the conductor. 

‘The most familiar example is the ordinary method of determining 
the resistance of straight wire of variable section. In this case 
the surfaces chosen are planes perpendicular to the axis of the 
wire, the strata have parallel faces, and the resistance of a stratum 
of section Sand thickness #/¢ is 


eR, = ae (7) 
and that of the whole wire of length » is 


Thy = f Pe, (8) 


where § is the transverse seetion and js a function of s. 


Aa 2 
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This method in the ease of wires whose section varies slowly 
with the length gives a result very near the truth, but it is really 
only a lower limit, for the true resistance is always greater than 
this, except in the case where the section is perfectly uniform, 

307.] To find the higher limit of the resistance, let us suppose 
a surface drawn in the conductor to be rendered impermeable to 
electricity, The effect of this must be to increase the resistance of 
the conductor unless the surface is one of the natural surfaces of 
flow. By means of two systems of surfaces we can form a set of 
tubes which will completely regulate the flow, and the effect, if 
there is any, of this system of impermeable surfaces must be to 
increase the resistance above its natural value. 

The resistance of each of the tubes may be calculated by the 
method already given for a fine wire, and the resistance of the 
whole conductor is the rociprocal of the sum of the reciprocals of 
the resistances of all the tubes, The resistance thus found is greater 
than the natural resistance, except when the tubes follow the 
natural lines of flow. 

In the case already considered, where the conductor is in the 
form ofan clongated solid of revolution, let us measure x along the 
axis, and let the radius of the section at any point be 6. Let one 
set of impermeable surfaces be the planes through the axis for each 
of which ¢ is constant, and let the other set be surfaces of revolution 
for which y= wl, (9) 
where y is a numerical quantity between 0 and 1. 

Let us consider a portion of one of the tubes bounded by the 
surfaces ¢ and P+dq, y and y+ dy, e@ and 24 dz. 

The section of the tube taken perpendicular to the axis is 

ydydp = kb? dy dip. (10) 

Tf be the angle which the tube makes with the axis 


oh yb : 

tand=yp We (11) 

The true length of the element of the tube is Ze see 9, and its 
true section is 4B cap de cos 0, 

so that its resistance is 
ade dz db * 

2p ~~ ge? =| =a fr ‘ pees ‘ 12 

Ripidg 8 9 = 2p thy, ) ee) 

dz i dx db" : 

. = ’ é = ? 3 

Let ad fot und = #B : P yp de’ (1 ) 


| 
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the integration being extended over the whole length, x, of the 
conduetor, then the resistance of the tube dy dp is 
2 : 
ae B 
dwd AEN); 
dy dp 
2 (+ yB) 

To find the conductivity of the whole conductor, which is the 
sum of the conductivities of the separate tubes, we must, integrate 
this expression between p= 0 and @ = 27, and between yp = 0 
and y= 1. The result is 


and its conduetivity is 


1 Tv B 

op eet 14 

n= be (i+ A)? ve 
which may be less, but cannot be greater, than the true con- 


duetivity of the eonduetor. 


/ ; 
When . is always a small quantity - will also be small, and we 
i fl 


Le 
may expand the expression for the conductivity, thus 
1 w B BR Bs 
aoe (7-4 2 Soaps) Cais : 15 
= Gk 7 +88 + be.) a 


The first term of this expression, a » 1s that which we should 


have found by the former method as the superior limit of the con- 
ductivity. Hence the true conductivity is less than the first term 
but greater than the whole series. The superior value of the 
resistance is the reciprocal of this, or 


A B 1 2 1 BS 
va A eee ee She CN 16 
pe Q+hs, 12 42 * 94 78 ie.) oe 


Tf, besides supposing the flow to be guided by the surfaces and 
Ys, we had assumed that the flow through each tube is proportional 
to yd, we should have obtained as the value of the resistance 
under this additional constraint 


R= ~ (+4 B), (17) 


which is evidently greater than the former value, as it ought to be, 
on account of the additional constraint, In Mr. Strutt’s paper this 
is the supposition maile, and the superior limit of the resistance 
there given has the value (17), which is a little greater than that 
which we have obtained in (16), 
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308.] We shall now apply the same method to find the correction 
which must be applied to the length of a cylindrical conductor of 
radius @ when its extremity is placed m metallic contact with a 
massive electrode, which we may suppose of a different inetal. 

For the lower limit of the resistance we shall suppose that. an 
infinitely thin disk of perfectly conducting matter is placed between 
the end of the eylinder and the inassive electrode, so as to bring 
the end of the cylinder to one and the same potential throughout. 
The potential within the cylinder will then be a funetion of its 
length only, and if we suppose the surfiee of the electrode where 
the eylinder meets it to be approximately plane, and all its dimen- 
sions to be large compared with the diameter of the cylinder, the 
distribution of potential will be that due toa conduetor in the form 
ofa disk placed in an infinite medium, See Arts, 152,177, 

If # is the difference of the potential of the disk from that of 
the distant parts of the clectrode, @ the’ curren, issuing: from the 
surface of the disk’ into the electrode, and p’ the specific resistance 
of the electrode, pC S ten (18) 


Hence, if the length of the wire from a given point to the 
electrode is 4, and its speeific resistance p, the resistance from that 
point to any point of the electrode not near the junction is 
L / 

R=p ie ie ? 
wan de 


and this may be written 


pi PP p Td ; 
ta Bene 2), (14) 
where the second term within brackets is a quantity which must 
be added to the length of the cylinder or wire in calculating its 
resistance, and this is certainly too small a correction. 

To understand the nature of the outstanding error we may 
observe, that whereas we have supposed the How in the wire up 
to the disk to be uniform throughont. the scetion, the flew from 
the disk to the eleetrode is not uniform. but is at. any point in- 
versely proportional to the minimum chord through that point. In 
the actual case the flow through the disk will not be uniform, 
but it will not vary so much from point te point as in this supposed 
ease, The potential of the ‘disk in the actual ease will not be 
uniform, but will diminish from the middle to the edge. 

309.] We shall next determine a quantity greater than the true 
resistance by constraining the flow through the disk to be tniform 
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at every point. We may suppose electromotive forces introduced 
for this purpose acting perpendicular to the surface of the disk, 

The resistance within the wire will be the same as before, but 
in the eleetrode the rate of generation of heat will be the surfaee- 
integral of the product, of the flow into the potential. The rate of 


flow at any point is —,, and the potential is the same as that of 
ma? 
an elcetrified surface whose surface-density is , where 
1 
2tc= . ? (2 0) 
mu 


being the specitje resistance. 
We have therefore to determine the potential energy of the 
electrification of the disk with the uniform surface-density o. 
The potential at the edge of a disk of uniform density o is easily 
found to be daa. The work done in adding a strip of breadth 
da at the circumference of the disk is 2aaeda. 4aqa, and the 
whole potential energy of the disk is the integral of this, 
or Pe Mato, (21) 
In the case of clectrical conduction the rate at which work is 
done in the electrode whose resistance is A’ is 
C2 R= 1" p, (22) 
J 
whence, by (20) and (21), 


8p 
y _— Sah ak ary: = 
em Br2a’ 
and the correction to be added to the length of the cylinder is 
ear) 

LL P - a, 

p 3a 
this correction being greater than the trne value. The true cor- 


f 


; . p 2 * 
rection to be added to the length is therefore aoe where 2 is a 


‘ 7 8 . 
number lying between i and areor between 0.785 and 0.849. 
7 


Mr. Strutt, by a second approximation, has reduced the superior 
limit. of 2 to 0.8282, 


CHAPTER IX. 


CONDUCTION THROUGH TETEROGENEOUS MEDIA. 


Ox the Conditions to be Fulfilled at the Surfuce af Separation 
between Two Conducting Media, 


$10.] Ture are two conditions which the distribution of currents 
must fulfil in general, the condition that the potential must be 
continuous, and the condition of « continuity’ of the cleetric eurrents. 

At the surface of separation between two media the first of these 
conditions requires that the potentials at two points on opposite 
sides of the surface, but infinitely near each other, shall he equal. 
The potentials are here understood to be measured by an elee- 
trometer put in connexion with the given point. by means of an 
electrode of a given metal. If the potentials are measured by the 
method deseribed in Arts. 222, 246, where the electrode terminates 
in a cavity of the conduetor filled with air, then the potentials at 
contiguons points of different metals measured in this way will 
differ by a quantity depending on the temperature and on the 
nature of the two metals. 

The other condition at the surface is that the current through 
any element of the surface is the same when measured in cither 
medium, 

Thus, if 7, and V, are the potentials in the two media, then at 
any point in the surface of separation 

ie — i, (1) 
and if #,, v4, and %,,v,, %, are the components of eurrents in the 
two media, and ¢, m, x the direction-cosines of the normal to the 
surface of separation, 

Ulm pwn = Wl ryt yi, (2) 


In the most general case the components #, v, w are linear 
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funetions of the derivatives of VY, the forms of which are given in 


the equations us nXtm Yt ad, 


IX+ V+ py, 4, (3) 
wap, X+ g,F¥ + 1,4, 

where X,Y, Z are the derivatives of V with respect to a, Wz 

respectively. 

Let us take the case of the surface which separates a medium 
having these coefficients of conduction from an isotropie medium 
having a coefficient of conduction equal to 7. 

Let X’, Y’, Z’ be the values of X, Y, Zin the isotropic medium, 
then we have at the surface 


v 


Il 


V i= ¥, (4) 
or XNde+ Vdy+hds = X'det+ Vdy +4 dz, (5) 
when ldetmdy+uds = 0. (6) 


This condition gives 
X= X+4 00, V=V4dron, “=44+400n, (7) 


where o is the surface-density. 


We have also in the isotropic medium “ 
wa=rX’, vark’, wat ZB, (8) 
and at the boundary the condition of flow is 
wl+uvnmtun = ubtombwon, (9) 


ov (eX 4+muY¥4uZ4+4 70) 
SU Xt pV + Gq Z) + m(q,X+ V4 py Z)+2(pX + ay ¥ 41,2), (10) 
whence 
Amor = (C(ry—r)+ mgyt np.) X+ (py tm (1-7) + 2G.) V 
+ (dp,+mpy + # (tyr) Z. (11) 

The quantity o represents the surface-density of the charge 
on the surface of separation. In crystallized and organized sub- 
stances it depends on the direction of the surface as well as on 
the force perpendicular to it. In isotropic substances the coeffi- 
cients y and g are zero, and the coefficients 7 are all equal, so that 


dno= (3 = 1) (7X+ml4+n4), (12) 


where 7, is the conductivity of the substance, 7 that of the external 
medium, and ¢, m, 2 the direction-eosines of the normal drawn 
towards the medium whose conductivity is 7. 

When both media are isotropic the conditions may be greatly 
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simplified, for if & is the specilic resistance per unit of volume, then 
Oe. pin Joy) ay pees (13) 

A oite Ady kid: 
and if v is the normal drawn at any point of the surface of separation 
from the first medium: towards the second, the vonduetion of con- 
tinuity is 1d, seals ar (14) 

A, dy hy dy 

Tf 6, and @, are the angles which the lines of flow in the first and 
second media respectively make with the normal to the surface 
of separation, then the tangents to these lines of flow are in the 
sume plane with the normal and on opposite sides of it, and 

& tan d, = 4, tan 0,, (15) 
This may be called the law of refraction of lines of flow. 

311.] As an example of the conditions which must be fulfilled 
when clectricity crosses the surface of separation of two media, 
let us suppose the surface spherical and of radius a, the specific 
resistance being £, within and 4, without the surface. 

Let the potential, both within and without the surface, be ex- 
panded in solid harmonics, and let. the part which depends on 
the surface harmonic S, be 


a 


y= (4rt hy eae Ee (1) 
Vs — (A, +h, ro BD) S, (2) 


within and without the sphere respectively. 
At the surface of separation where » = a we must. have 
ayy 1 a¥, 
ky odr hy dr 
rom these conditions we get the equations 
(4, — et, attt! +B,—B, = 0, 
} 


Cr 7 - A,)ia%*! = (;. Be x Bi + 1)= 0, 


=F, and 


These equations are sufficient, when we Ienow two of the four 
quantities 4,,4,, 4), #3,, to deduce the other two, 
Let us suppose f, and A, known, then we find the following 
expressions for .f, and 2B, , 
ree (A, + 1) + hy?) Ay + (hy Ay) $1) Ba BEE D 
Seed SEE A (2741) ‘| " 
5) 
ah Aa (i+ R i+ D) B, | 


. ‘(ia 
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In this way we can find the conditions which cach term of the 
harmonic expansion of the potential must satisfy for any number of 
strata bounded by concentric spherical surfaces, 

312.] Let us suppose the radius of the first spherical surface 
to be a,, and let there be a second spherical surface of radius a, 
greater than a, , beyond which the specific resistance is Ay. If there 
are No sourees or sinks of electricity within these spheres there 
will be no infinite values of ¥; and we shall have B= 0. 

We then find for 1, and B,, the coefficients for the outer medium, 


dy hy hy (2¢4+1)% = [a+ +h, 2} {A +1) +4, 4 | 
- a,ti) | 
+4 (¢+1) (4, —&,) (4.-4,)(") | (6) 
Byki hy (2041) = [i {kV 41 )+hy Ff (Ay Ay) 2h! | 
+1 (4, ~k,) {hi td, (i+ 1)} eel EL 


The value of the potential in the outer medium depends partly 
on the external sources of electricity, which produce enrrents in- 
dependently of the existence of the sphere of heterogeneous matter 
within, and partly on the disturbance caused by the introduction of 
the heterogeneous sphere. 

The first part: must depend on solid harmonies of positive degrees 
only, because it cannot have infinite values within the sphere, The 
sceond part must depend on harmonies of negative degrees, because 
it must vanish at an infinite distance from the centre of the sphere, 

{ence the potential due to the external electromotive forces must 
be expanded in a series of solid harmonics of positive degree. Let 
4, he the covfficient of one these, of the form 

al, S; a 
Then we can find .1,, the corresponding coefficient for the inner 
sphere Ly equation (6), and from this deduce A, &,,and B,. Of 
these #B, represents the effect on the potential in the outer medium 
due to the introduction of the heterogeneous spheres. 

Let us now suppose 4, = &,, so that the case is that of a hollow 
shell for which 4 = 4,, separating an inner from an outer portion of 
the same medinm for which f= &,. 

Tf we put. 


: ] 
Cm i ey 


(EFI A Ati 1) A) (= C) ) 


? 
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then A, = A, 4, (2641)? CA,, 
aly = hy (2741) (Ay +144, 7)CAy, (7) 
By = hy (Qith) (hy —h) a1, 
By = 7 (Ay —&) (Ay (041) +442) (24) agaiviyey| 


‘The difference between 4, the undisturbed coefficient, and //, its 
value in the hollow within the spherical shell, is 


A,— Ay = (hy — hy)? i (24.1) ( tr “y") CA,, (8) 


Since this quantity is always positive whatever be the values 
of &, and fy, it follows that, whether the spherical shell conducts 
better or worse than the rest of the medium, the electrical action 
within the shell is Iess than it would otherwise be. If the shell 
is a better conductor than the rest of the medium it tends to 
equalize the potential all round the inner sphere. If it is a worse 
conductor, it tends to prevent the electrical currents from reaching 
the inner sphere at all, 

The case of a solid sphere may be deduced from this by making 
da, = 0, or it may be worked out independently. 

313.] The most important term in the harmonie expansion is 
that in which ¢ = 1, for which 

ale aaSS TERRI Suan FT 
9 Ay hy + 2 (hy 4, P (1 = C) ) 
A= hy kyCdy, dy = Ag (2h +h )OA,, 
By= BK Rk) Gg CAy, By=(by—4)(2h, +4) (a,3—a,)C Ay. 

The case of a solid sphere of resistance #, may be deduced from 

this by making 4; = 0, We then have 


(9) 


3k, 
ss Ay zh en 
(10) 
hw hy, 
B, = kh, 42 hs, ap As ' 


It is easy to shew from the general expressions that the value 
of B, in the case of a hollow sphere having a nucleus of resistance 
A, surrounded by a shell of resistance &,, is the same as that of 
a uniform solid sphere of the radius of the outer surface, and of 
resistance Ay where 

Ka Chit hale (yah) ae (11) 
(2 Ay + Ay) tg! —2 (A, —A)u,s * 
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314,] If there are v spheres of radius a, and resistance 4,, placed 
in a medium whose resistanee is dy, at such distances from each 
other that their effeets in disturbing the course of the current 
may be taken as independent of cach other, then if these spheres 
are all contained within a sphere of radius «,, the potential at a 
great distance from the centre of this sphere will be of the form 


V= (4 +2B-l, eos 6, (12) 
where the value of B is 
—kh, 
Boe eee (13) 


The ratio of the volume of the 2 small spheres to that of the 

sphere which contains them is 
ata (14) 
ay 

The value of the potential at a great distance from the sphere 
may therefore be written 
shag eleme we 

Now if the whole sphere of radius a, had been made of a material 
of specific resistance A, we should have had 

Vm | At ag! SRL 1 408 8 (16) 

That the one expression should be equivalent to the other, 

io nek fe a Teds 2) hy. (17) 
2h; +h,— 2p(k, ~ 42) 

This, therefore, is the specific resistance of a compound medium 
consisting of a substance of specific resistance &,, in which are 
disseminated small spheres of specific resistance 4,, the ratio of the 
volume of all the small spheres to that of the whole being p. In 
order that the action of these spheres may not produce citects 
depending on their interference, their radii must be small compared 
with their distances, and therefore p must be a small fraction. 

This result may be obtained in other ways, but that here given 
involves only the repetition of the result already obtained for a 
single sphere. 

When the distance between the spheres is not great compared 


v= (4 + pa, 


F : * | a ae , 
with their radii, and when .“!"—"2. js considerable, then other 


24, +h, 
terms enter into the result, which we shall not now consider. 
In consequence of these terms certain systems of arrangement of 
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the spheres cause the resistance of the compound medium to be 
different in different directions. 


Application of the Principle of Images. 

315.] Let us take as an example the case of two media separated 
by a plane surface, and let us suppose that there is a source § 
of clectricity at a distance @ from the plane surface in the first 
medium, the quantity of electricity flowing from the source in unit 
of time being S. 

If the first medium had heen infinitely extended the current 
at any point P would have been in the direction SP, and the 


; E Sk 
potential at # would have been “" where f= ae and r, = SP, 

’ 40 

1 

In the actual vase the conditions may be satisfied by taking 
a point /, the image of S§ in the second medium, sueh that 7S 
is normal to the plane of separation and is bisected by it. Let +, 
he the distance of any point from /, then at. the surface of separation 


y= My (1) 


: = (2) 


Let the potential 7, at any point in the first medium be that 
dne to a quantity of electricity # placed at $, together with an 
imaginary quantity #, at /, and let the potential J, at any point 
of the second medium be that due to an imaginary quantity 2) at 


8, then if : BOR. op 
Pee age 2 pd fe ee hy (3) 
“1 " Py ny 


the superficial condition 1’, = I, gives 
Pn L+k, = lap (4) 
and the condition 
1 dy, 1d, 


ae ae 6) 
gives ee 
E (K-F,) = - E, (6) 
; : y — 2h, ie yw — Aah 
whence h= viata ge 7 Bak. £. (7) 


The potential in the first medium is therefore the same as would 
be produced in air by a charge # placed at S, and a charge 7, 
at 7 on the electrostatic theory, and the potential in the second 
medium is the same as that. which would be produced in air by 
acharge #, at S. 
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The current at any point of the first medium is the same as would 
hy — hy g 
. hy thy 
placed at J if the first medium had been infinite, and the current 


at any point of the second medium is the same as would have been 


have been produced by the source § together with a source 


9 


produced by a source a - ) placed at § if the second medium had 
been infinite. os 

We have thus a complete theory of electrical images in the case 
of two media separated by a plane boundary. Whatever be the 
nature of the electromotive forces in the first medium, the potential 
they produce in the first medium may be found by combining their 
direct. effect with the effect of their image. 

If we suppose the second medium a perfect conductor, then 
A, == 0, and the image at / is equal and opposite to the course 
at §. This is the case of clectric images, as in Thomson’s theory 
in electrostatics, 

If we suppose the second medium a_ perfect insulator, then 
&, = oc, and the image at J is equal to the source at § and of the 
same sign. This is the ease of images in hydrokineties when the 
fluid is bounded by a rigid plane surface. / 

316.] The method of inversion, which is of so much use in 
clectrostaties when the bounding surface is supposed to be that 
of » perfect conductor, is not applicable to the more general case 
of the surface separating two conductors of unequal electric resist- 
ance. The method of inversion in two dimensiuns is, however, 
applicable, as well as the more general method of transformation in 
two dimensions given in Art, 190 %, 


Conduction through a Plate separating Teo Media, 


317.] Let us next consider the effect of a plate of thickness 4B of 
a medium whose resist- 


ance is #,, and separating & 
two media whose resist- 
ances are #, and /,, in 

1 ¢ 32 L 4 V7 


altering the potential due 
to a source § in the first 


medium, 
The potential will he 


Pipe, 23, 


* See Kirchhoff, Pogg. Anim. Ixiv, 497, and Ixvii. 844; Quincke, Pouy. xevii, 382; 
and Sinith, Pror, ROS, Eilin., 1869-70, p. 79. iz 
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equal to that due to a system of charges placed in air at certain 
points along the normal to the plate through 8. 
Make 
dl=SA, BL=SDB, AI,=1,A, Bl,=d,B, AJ, =1,A, &e.; 
then we have two series of points at distances from each other equal 
to twice the thickness of the plate. 
318.] The potential in the first medium at any point P is equal to 
E vf i, I, 
ps + prt ppt pet (8) 
that at a point 2” in the second 
di Le dy Ly 
pst prt Pi* Pit 
qT dy 
+ PI, + PF, + &e., (9) 
and that at a point 7 in the third 

an J, 

Pst wat Ps, 
where /, /’, &e. represent the imaginary charges placed at the 
points /, &c., and the accents denote that the potential is to be 
taken within the plate. 

Then, by the last Article, for the surface through 4 we have, 


+ &e., (10) 


h,—h, ap co a 98 
Se ee £ ST a (11) 
For the surface through 2 we find 
, ki ahs we ur 2h, ye ‘ 
rf = ket hy ty v7 i aa (12) 
Similarly for the surface through 4 again, 
1 Ark yp, 2h ; 
d= hak} f, ah iy (13) 
and for the surface through 2, 
, hy—ky y’ _ 2h; , 
J, ara j= aa (14) 
If we make kk, es hy—hy 
= i ry eee ae oe 1 
we find for the statis in the first medium, 


“ D Ney rene 
V=ng—p pp tele pp te Pee py + Se. 


+002 (o6 pe (18) 
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For the potential in the third medium we find 


ai ih oO nO wen 
Poa +e')(1—p)B PE + per +&e.4+ Py}: (16) 


If the first medium is the same as the third, then 4, = 4, and 
p = p’, and the potential on the othor side of the plate will be 


= jaye lt. cee pe). (17) 
OE pg + py thet BF | 


If the plate is a very much better conductor than the rest of the 
medium, p is very nearly equal to 1. If the plate is a nearly perfect 
insulator, p is nearly equal to —1, and if the plate differs little in 
conducting power from the rest of the medium, p is a small quantity 
positive or negative. 

The theory of this case was first stated by Green in his ‘ Theory 
of Magnetic Induction’ (Essay, p. 65). His result, however, is 
correct only when p is nearly equal to 1*. The quantity g which 
he uses is connected with p by the equations 


: 2p ky — hy 3g _ hk, 

=o Sp = = yo 

a a=p hea oa, hy hy 

If we put p= wae » we shall have a solution of the problem of 


the magnetic induction excited by a magnetic pole in an infinite 
plate whose coefficient of magnetization is x. 


On Stratified Conductors. 

319.] Let a conductor be composed of alternate strata of thick- 
ness ¢ and c’ of two substances whose coefficients of conductivity 
are different. Required the coeflicients of resistance and conduc- 
tivity of the compound conductor. 

Let the plane of the strata be normal to Z Let every symbol 
relating to the strata of the second kind be accented, and let 
every symbol relating to the compound conductor be marked with 
a bar thus, X. Then 

X=X=X', (e+e)u = cuter’, 
Y=V= x (e+e’)v =cvt+e'r’; 
(e+c’) Z= eZ40%', wO=w= ww’, 

We must first determine a, 2, », o', Zand Z in terms of 

X, F and # from the equations of resistance, Art. 297, or those 


* See Sir W. Thomson's ‘Note on Induced Magnetism in a Plate,’ Camb. and 
Dub. Math. Journ., Nov. 1846, or Reprint, art. ix. § 156, 
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of conductivity, Art.298. If we put D for the determinant of the 
coefficients of resistance, we find 
ary D = Ry X~Q, Y+iog, D, 
v1, D= Py ¥~P,X+ip, D, 
Zr, = —pX— GV +0. 
Similar equations with the symbols accented give the values 
of w’, v and /. Having found %, 3 and 7 in terms of NX, Vand Z 


we may write down the equations of conductivity of the stratified 


¢ ¢ 
conductor. If we make 4 = oa and #’=-—~, we find 
; 7 


3a 3 
pia Ce esd ne an 
A= TTR ne “ATR 
ie hpath' py ~~ hint hq, 
Le aye e aay Sa 
7, = Patt es av) ea) 
c+o" (A+h’) (e+e) 
fy = OB ts Mar) 2) 
: c+¢ (A+h’) (c+) 
je OA MH) 
nT (Ann oot O(a 
poses ee +o,” ARP) (a1) : 
aT ete (A+ 2’) (e+e) 
eae 
i is h 4K iM 


320.] If neither of the two substances of which the strata are 
formed has the rotatory property of Art, 303, the value of any 
P or p will be equal to that of its corresponding Q or g, From 
this it follows that in the stratified conductor also 

A= % Po = dy Ps = 4s) 
or there is no rotatory property developed by stratification, unless 
it exists in the materials. 

321,] If we now suppose that there is no rotatory property, and 
also that the axes of 2, y and z are the principal axes, then the 
p and g coefficients vanish, and 


_ enter,’ xf Chg HO Ty te e+e 
r= oS, v7, = ——" , Fi - 
e+e 7 e+e c ¢ 
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If we begin with both substances isotropic, but of different 
conductivities, then the result of stratification will be to make 
the resistance greatest in the direction of a normal to the strata, 
and the resistance in all directions in the plane of the strata will 
be equal. 

322.] Take an isotropic substance of conduetivity 7, ent it into 
exccedingly thin slices of thickness a, and place them alternately 
with slices of a substance whose conductivity is s, and thickness 
Ay a, 

Tet these slices be normal to x. Then ent this compound con- 
ductor into thicker slices, of thickness 4, normal to J, and alternate 
these with slices whose conductivity is sand thickness hy b, 

Lastly, cut the new conductor into still thicker slices, of thick- 
ness ¢, normal to z, and alternate them with slices whose con- 
ductivity is s and thickness hye, 

The result of the three operations will be to cut the substance 
whose conductivity is r into rectangular parallelepipeds whose 
dimensions are a, J and ¢, where 2 ig exceedingly sinall compared 
with ¢, and @ is exceedingly small compared with 4, and to embed 
these parallelepipeds in the substance whose conductivity is s, s0 
that they are separated from each other 4,a in the direetion of 2, 
4,6 in that of y, and dye in that of z. The conductivities of the 
conductor so formed in the directions of 2, y and z are 

bay (1 + Ay) (1 ty) re (4, +4, + &, hy) 8 


= SEA A) rt (yt 


(+4) (144) (rea) 
(Lt Ay the hg) r+ (hy + bgt ty hy + hy gt hy hy ha) 8 


= (144) (Ar+ (+h +h byep 
rye A tht hy) : 
: Ayre (1+ hy +hy bl kyt hy hy + hy hgt hy dye 


The accuracy of thie investigation depends upon the three 
dimensions of the parallelepipeds being of different orders of mag- 
nitude, so that we may neglect the conditions to be fulfilled at 
their edges and angles. If we make 4,, &, and ky each unity, then 


2 


br+3¢ 37+68 27-+68 
y= : " 42 = 50 3 = ———_—-- §, 
4r+4a 274-68 T+73 


If y = 0, that is, if the medium of which the parallelepipeds 
are made is a perfect: insulator, then 
r= Bs, ty = $8, v4 = Sy, 


bh 2 
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If y = 00, that is, if the parallelepipeds are perfect conductors, 
1, = $e, Ty = £8, T, = 28. 

In every case, provided &, = h, = hy, it may be shewn that 
7, 7, and 7, are in ascending order of magnitude, so that the 
greatest conductivity is in the direction of the longest dimensions 
of the parallelepipeds, and the greatest resistance in the direction 
of their shortest dimensions. 

323.] In a rectangular parallelepiped of a conducting solid, let 
there be a conducting channel made from one angle to the opposite, 
the channel being a wire covered with insulating material, and 
let the lateral dimensions of the channel be so small that the 
conductivity of the solid is not affected cxecpt on account of the 
current conveyed along the wire. 

Let the dimensions of the parallelepiped in tho directions of the 
coordinate axes be a, 0, c, and let the conductivity of the channel, 
extending from the origin to the point (abe), be abeK. 

The electromotive force acting between the extremities of the 


channel is aX+b¥+eZ, 
and if C’ be the current along the channel 
C’ = Kabe(aX+b¥+e2), 

The current across the face de of the parallelepiped is dex, and 
this is made up of that due to the conductivity of the solid and 
of that due to the conductivity of the channel, or 

beu = be (rr, X+ pV +9, 4) + Kabe(aX+oV4 eZ), 
or @ = (7,4 Ka") X + (pg+ Kal) ¥ 4 (9,+ Kea) Z. 
In the same way we may find the values of » and w. The 


coefficients of conductivity as altered by the effect of the channel 
will be 


1+ Ka’, ro+K 0, t,+Ke*, 
D+K be, Pot Kea, PytKad, 
‘t+ be, Qt K ea, Wthub, 


In these expressions, the additions to the values of Pry &e., due 
to the effect of the channel, are equal to the additions to the values 
of g,, &c. Hence the values of p, and g, cannot be rendered 
unequal by the introduction of linear channels into every element 
of volume of the solid, and therefore the rotatory property of 
Art. 303, if it does not exist previously in a solid, cannot be 
introduced by such means. 


324.] COMPOSITE CONDUCTOR. 3738 


324.) To construct a framework of linear conductors which shall 
have any given coefficients of conductivity forming a symmetrical 
aystent. 

Let the space be divided into equal smal] 
cubes, of which let the figure represent ono. 
Let the coordinates of the points O, L, AM, N, 
and their potentials be as follows: 

z2ye Potential, 
O. 000 0 
L Oo 1 4. 0+ ¥+Z, 
M 101 0+Z+X, 
N 1 1 0 04X+4+¥. 
Let these four points be connected by six conductors, 
OL, OM, ON, MN, NI, IM, 
of which the conductivities are respectively 
4, B, G 2, Q, R. 
The electromotive forces along these conductors will be 
V+4, 2+X, X+¥, YZ, #-xX, xX-Y, 
and the currents 
A(¥+2Z), B(Z+X), C(X+ Y), P(Y—Z), Q(Z—X), R(X—Y). 
Of these currents, those which convey electricity in the positive 
direction of x are those along LM, LN, OM and ON, and the 
quantity conveyed is 


u = (B+C+Q48)X+(C—R)Y +(B—Q)Z. 
Similarly 

v= (C—R)X +(C+44+R+P)¥ 4(d—P)Z, 

w = (B—Q)X +(A-P)¥ +(4+B+P+Q)Z; 


whenee we find by comparison with the equations of conduction, 
Art. 298, 
4A = lgthy— +27,, 4P = 4+7,—1,—2p,, 
4B=%+7,—t+2p, 4Q = %47;—-%—2p,, 
4C = 14+%—%+2p,, 4h = 14+7,—7,~—27,. 


CHAPTER X. 
CONDUCTION IN DIKLECTRICS. 


825.] We have seen that when clectromotive force acts on a 
dielectric medium it produces in it a state which we have called 
electric polarization, and which we have described as consisting 
of electric displacement within the medium in a direction which, 
in isotrupie media, coincides with that of the electromotive foree, 
combined with a superficial charge on every element of volume 
into which we may suppose the dielectric divided, which is negative 
on the side towards which the force acts, and positive on the side 
from which it acts. 

When electromotive force acts on a conducting medium it also 
produces what is called an clectrie current. 

Now dielectric media, with very few, if any, exceptions, are 
also more or less imperfect conductors, and many media which are 
not good insulators exhibit phenomena of dielectric induction, 
Hence we are led to study the state of a medium in which induction 
and conduction are going on at the same time. 

For simplicity we shall suppose the medium isotropic at every 
point, but not necessarily homogeneous at different points. In this 
case, the equation of Poisson becomes, by Art. 83, 
ad, dl. ad ,,,al, d ,,.dT 
Te Kg) + ae (RS) + 9 (KD 4 tan = 0, (1) 
where A’ is the ‘specific inductive capacity,’ 

The ‘ equation of continuity’ of clectrie currents becomes 
eG mt eet EED-vag 
ey da dy Xr dy dz \r dz at 
where r is the specific resistance referred to unit of yolume. 

When A’ or 7 is discontinuous, these equations must be trans- 
formed into those appropriate to surfaces of discontinuity. 
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In a strictly homogeneous medium + and K are both constant, so 
that we find 


Gar PY @F p ap 
=> _— 7 = a 3 
du® © dy? © dz a KU’ (3) 
ax 
whence p = Ce” kr", (4) 
or, if we put a 82 p=Ce 7, (5) 
’ 4 T ? 


This result shews that under the action of any external electric 
forees on a homogencous medium, the interior of which is originally 
charged in any manner with electricity, the internal charges will 
die away at a rate which docs not depend on the external forces, 
so that at length there will be no chargo of clectricity within 
the medium, after which no external forces can either produce or 
maintain a charge in any internal portion of the medium, pro- 
vided the relation between electromotive foree, electric polarization 
and conduction remains the same. When disruptive discharge 
occurs these relations cease to be true, and internal charge may 
he produced, 


On Conduction through a Condenser. 


326,] Lot C be the capacity of a condenser, J? its resistance, and 
£ the electromotive force which acts on it, that is, the difference of 
potentials of the surfaces of the metallic electrodes. 

Then the quantity of electricity on the side from which the 
electromotive force acts will be CZ, and the current through the 
substance of the condenser in the direction of the electromotive 


: B 

foree will be a 
If the electrification is supposed to be produced by an electro- 
motive force # acting in a circuit of which the condenser forms 
dQ 
at 


part, and if ; represents the current in that circuit, then 


dQ # dt 
ee ee as 6 
aR t OR cs 
Let a battery of electromotive force Hy and resistance 7, be 
introduced into this circuit, then 


dQ_Ih-E Bak 


4 . ed 7 
am ~ Rog ”) 
Hence, at any time 4, 


, =R 
E(=A)=F, R+z, 


CRr, 


fe+y7, 


(tern) where 7, = 


(8) 


tO ee eel 
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Next, let the circuit 7, be broken for a time to, 


hy 
E(=2) =H, ets where 2, = CR. (9) 
Finally, let the surfaces of the condenser be connected by means 
of a wire whose resistance is ry for a time bes 


fy 
SHiadie Th whe Sed 10 
E(=F,)=H,e t where q, Rar. (10) 


If Q, is the total discharge through this wire in the time bis 
CR ~K) -#G _ ot 
0 = Foe gay (ie ii) @ ts (1~e 7; ) (11) 
In this way we may find the discharge through a wire which 
is made to connect the surfaces of a condenser after being charged 
for a time ¢,, and then insulated for a time 4. If the time of 
charging is sufficient, as it Benerally is, to develope the whole 
charge, and if the time of discharge is sufficient for a complete 
discharge, the discharge is 


: CR - ee 12 
Os = Shearer ( ) 


327.] In a condenser of this kind, first charged in any way, next 
discharged through a wire of small resistance, and then insulated, 
no new electrification will appear. In most actual condensers, 
however, we find that. after discharge and insulation a new charge 
is gradually developed, of the same kind as the original charge, 
but inferior in intensity. This is called the residual charge. To 
account for it we must admit that the constitution of the dielectric 
medium is different from that which we have just described. We 
shall find, however, that a medium formed of » conglomeration of 
small pieces of different simple media would possess this property, 


Theory of a Composite Dielectric. 


328.] We shall suppose, for the sake of simplicity, that the 
dielectric consists of a number of plane strata of different materials 
and of area unity, and that the electric forces act in the direction 
of the normal to the strata. 

Let @,, a), &e. be the thicknesses of the different: strata. 

X,, XQ, &c. the resultant electrical force within each stratum. 

Pr» Pa, &e. the current due to conduction through cach stratum. 

SiS» &e. the electric displacement. 

%1, %, &c. the total current, due partly to conduction and partly 
to variation of displacement. 
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71,7, &e. the specific resistance referred to unit of volume, 

K,, K,, &e. the specific inductive capacity. 

Ay, Ay, &e. the reciprocal of the specific inductive capacity, 

# the electromotive foree due to a voltaic hattery, placed in 
the part of the circuit leading from the last stratum towards the 
first, which we shall suppose good conductors, 

Q the total quantity of electricity which has passed through this 
part of the circuit up to the time 2. 

J, the resistance of the battery with its connecting’ wires, 

7, the surface-density of electricity on the surface which separates 
the first and second strata. 

Then in the first stratum we have, by Ohm’s Law, 


=P. (1) 
By the theory of electrical displacement, 
A,=4 wh fy. (2) 
By the definition of the total current, 
Mf, 
ty = p+ a , (3) 


with similar equations for the other strata, in each of which the 
quantities have the suffix belonging to that stratum. 
To determine the surface-density on any stratum, we have an 


equation of the form %% =fy—fi, (4) 
and to determine its variation we have 

doyn = 

Wp = AP (5) 


By differentiating (4) with respect to ¢, and equating the result 
to (5), we obtain 


d, af, 
At of = pot ae. = Mt, say, (6) 
or, by taking account of (3), 
ty = uy = &e, = u. (7) 


That is, the total current x is the same in all the strata, and is 
equal to the current through the wire and battery, 
We have also, in virtue of equations (1) and (2), 


1 1 ay, 
OS aah ad’ (8) 
from which we may find Aj by the inverse operation on 1, 
Ka (F + pty tye (9) 
rm duh dt 
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The total electromotive force FE is 
L= ay X, +a, X, + &c., (10) 


Bee te MN Pe Mn 9 

Oh ie um C - dak, ii) a + Anh, a) ? a fa (nh) 

an equation between F, the external electromotive force, and 1, the 
external current, 

If the ratio of x to &£ is the same in all the strata, the equation 


[Oe = (a Nyt dg %g+&e.) x, (12) 
4 ah a t 


which is the case we have already examined, and in which, as we 
found, no phenomenon of residual charge can take place. 

If there are » substances having different ratios of » to fk, the 
general equation (11), when cleared of inverse operations, will be 
a linear differential equation, of the wth order with respect to # 
and of the (v—1)th order with respect to u, ¢ being the independent 
variable, 

From the form of the equation it is evident that the order of 
the different. strata is indifferent, so that if there are several strata 
of the same substance we may suppose them united into one 
without altering the phenomena. 

329.] Let us now suppose that at first Ai: Jo, &e. are all zero, 
and that an clectromotive foree Z is suddenly made to act, and Iet 
us find its instantaneous effect. 

Integrating (8) with respect to ¢, we find 


I fs 1 . 
Q = fina a wf % Ut gee X, toons, (13) 


Now, sinee 4, is always in this case finite, f X, dt must be in- 


sensible when ¢ is insensible, and therefore, since X, is originally 
zero, the instantaneous effect will be 


X, = 404,@. (14) 
Henee, by equation (10), 
E=4n(h, a, +h, 0,4 &e.) Q, (15) 


and if C be the electric capacity of the system as measured in this 
instantaneous way, 
say Ales Sas ts (16) 
Le Aalhy a+ hay +&e.) 


ees eee 
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This is the same result that we should have obtained if we had 
neglected the conductivity of the strata. 

Let us next suppose that the electromotive force F is continued 
uniform for an indefinitely long time, or till a uniform current of 
conduction equal to p is established through the system. 

We have then X, = 7,p, and therefore 

L= (1 4 +79 4, + &e.) p. (17) 

If # be the total resistance of the system, 


E 
at Ty + 1g t+ &e, (18) 
In this state we have by (2), 
aromas ae 
A aS danke 
r 
so that Oy = Gre _ Tah? (19) 


If we now suddenly connect. the extreme strata by means of a 
conductor of small resistance, Z will be suddenly changed from its 
original value #, to zero, and a quantity Q of electricity will pass 
through the conductor. 

To determine Q we observe that if X/ be the new value of Xs 


then by (13), X/= Xi +47k, Q. (20) 
Henee, by (10), putting 7 = 0, 

O = a, Ny + &e.+ 4 0a A + aghy + &e.) Q, (21) 

or 0= Ly + * Q. (22) 


Hence Q =— CF, where C is the capacity, as given by equation 
(16). The instantaneous discharge is therefore equal to the in- 
stantaneous charge. 

Let us next suppose the connexion broken immediately after this 
discharge, We shall then have « = 0, so that by equation (8), 

4nky 
i ie (23) 
where X’ is the initial value after the discharge. 

Fence, at any time /, 


dak, 
: Tr , _ t 
h=BIA —498 Cle no. 
The value of # at any time is therefore 


Sn 4mks 


: ath ‘ somhe 
oR ier ~ArahyC)e 9 + (Be —dnagk Clem 4 he}, ee 
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and the instantancous discharge after any time ¢ is ZC. This is 
called the residual discharge. 

If the ratio of » to & is the samo for all the strata, the value of # 
will be reduced to zero. If, however, this ratio is not the same, let 
the terms be arranged according to the values of this ratio in 
descending order of magnitude, 

The sum of all the coefficients is evidently zero, so that when 
4=0, #=0. The coofficients are also in descending order of 
magnitude, and so are the exponential terms when Z is positive. 
Hence, when ¢ is positive, Z will be positive, so that the residual 
discharge is always of the same sign as the primary discharge. 

When ¢ is indefinitely great all the terms disappear unless any 
of the strata are perfect insulators, in which case r, is infinite for 
that stratum,’ and # is infinite for the whole system, and the final 
value of / is not zero but 

B= fh, (1—47a,h, C). (25) 
Hence, when some, but not all, of the strata are perfect insulators, 
a residual discharge may be permanently preserved in the system. 

330.] We shall next determine the total discharge through a wire 
of resistance J, kept permanently in connexion with the extreme 
strata of the system, supposing the system first charged by means 
of a Jong-continued application of the electromotive force KF 

At any instant we have 


EL = arp, +a, opt &e.+ Ryu = 0, (26) 
and also, by (3), “w= pt Hh, (27) 
Hence (R+ Ry) u = a,r, a +1, ws +&e, (28) 


Integrating with respect to ¢ in order to find Q, we get 
(K+ £,) Q = a7 A'-/) + ag? (ti —J2) +&e., (29) 
where f, is the initial, and_/7’ the final value of f,. 


In this case f’ = 0, and fy = E, Gop’): 
o 


ark, te 
Fy par? aya? 
Henee (R+R,)Q= rear 5 eae ee +&c.)—F,CR, (30) 
1 


OR o % 2 
= —) S5 Gy AaG. - 2) ] (31) 


where the summation is extended to all quantities of this form 
belonging to every pair of strata, 
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It appears from this that Q is always negative, that is to say, in 
the opposite direction to that of the current employed in charging 
the system, 

This investigation shews that a dielectric composed of strata of 
different: kinds may exhibit the phenomena known as electric 
absorption and residual discharge, although none of the substances 
of which it is made exhibit these phenomena when alone. An 
investigation of the cases in which the materials are arranged 
otherwise than in strata would lead to similar results, though 
the calculations would be more complicated, so that we may 
conclude that the phenomena of clectric absorption may be ex- 
pected in the case of substances composed of' parts of different 
kinds, even though these individual parts should be microscopically 
small. 

It by no means follows that every substance which exhibits this 
phenomenon is go composed, for it may indicate a new kind of 
electric polarization of which a homogeneous substance may be 
capable, and this in some cases may perhaps resemble electro- 
chemical polarization much more than dielectric polarization, 

The object of the investigation is merely to point out the true 
mathematical character of the so-called electric absorption, and to 
shew how fundamentally it differs from the phenomena of heat 
which seem at. first sight analogous, 

331.] If we take a thick plate of any substance and heat it 
on one side, so as to produce a flow of heat through it, and if 
we then suddenly cool the heated side to the same temperature 
as the other, and leave the plate to itself, the heated side of the 
plate will again become hotter than the other by conduction from 
within. 

Now an electrical phenomenon exactly analogous to this can 
be produced, and actually occurs in telegraph cables, but its mathe- 
matical laws, though exactly agreeing with those of heat, differ 
entirely from those of the stratified condenser, 

In the case of heat there is true absorption of the heat into 
the substance with the result of making it hot. To produce a truly 
analogous phenomenon in electricity is impossible, but we may 
imitate it in the following way in the form of a leeture-room 
experiment. 

Let ,, 4,, &c. be the inner conducting surfaces of a serics of 
condensers, of which By; By, By, &e. are the outer surfaces, 

Let 4,, dy, &e. be connected in series by conuexions of resist- 
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ance f, and let a current be passed along this series from left to 
right. 

Let us first suppose the plates By, B,, B,, each insulated and 
free from charge. Then the total quantity of electricity on each of 
the plates B must remain zero, and since the electricity on the 
plates 4 is in each case equal and opposite to that of the opposed 


Fig, 25. 


surface they will not be electrified, and no alteration of the current 
will be observed. 

But let the plates B he all connected together, or let each be 
connected with the earth. Then, sinee the potential of 4, is 
positive, while that of the plates B is zero, 4, will be positively 
electrified and 2, negatively. 

If P,, P,, &e. are the potentials of the plates 4,, 43, &e., and C 
the capacity of each, and if we suppose that a quantity of electricity 
equal to Q) passes through the wire on the left, Q, through the 
connexion #',, aud so on, then the quantity which exists on the 
plate 4, is Q.~Q,, and we have 


Qo- 9, = OP. 
Similarly 2-2 = 6,P,, 
and go on, 
But by Ohm's Law we have 
P\—P,= pee. 


Tf we suppose the values of C the same for each plate, and those 
of # the same for cach Wire, we shall have a series of equations of 
the form 
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Qo—-2 O+Q, = rose, 


If there are » quantities of electricity to be determined, and if 
either the total electromotive force, or some other equivalent con- 
ditions be given, the differential equation for determining any one 
of them will be linear and of the ath order. 

By an apparatus arranged in this way, My, Varley succeeded in 
imitating the electrical action of a cable 12,000 miles long, 

When an electromotive foree ig made to act along the wire on 
the left hand, the electricity which flows into the system is at first 
principally occupied in charging the different condensers beginning 
with 4,, and only a very small fraction of the current appears 
at the right hand till a considerable timne has elapsed. If galvano- 
meters be placed in cireuit at Ry, R,, &e. they will be affected 
by the current one after another, the interval between the times of 
equal indications being greater as we proceed to the right. 

332.] In the case of a telegraph cable the conducting wire is 
separated from conductors outside by a cylindrical sheath of gutta- 
percha, or other insulating material. Each portion of the cable 
thus becomes a condenser, the outer surface of which is always at 
potential zero. Hence, in a given portion of the cable, the quantity 
of free electricity at the surface of the conducting wire is equal 
to the product of the potential into the capacity of the portion of 
the cable considered og a condenser. 

If @, a are the outer and inner radii of the insulating sheath, 
and if K is its specifie dielectric capacity, the capacity of unit of 
length of the cable is, by Art. 126, 

K 


(1) 


c= Z . 
—l 
2 er. 


Let v be tho potential at any point of the wire, which we may 
consider as the same at every part of the same section. 

Let @Q he the total quantity of electricity which has passed 
through that section since the beginning of the current. Then the 
quantity which at the time ¢ exists between sections at # and at, 


a+6e, is dQ 
Q—-(@ ae bx), or — ae ™ 


and this is, by what we have said, equal to cvdu. 
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Hence pete (2) 
de 


Again, the electromotive force at any section is — ae and by 
Ohm’s Law, ae dQ a 


de ~ dt’ 


where & is the resistance of unit of length of the conductor, and 


(3) 


Be is the strength of the current. Eliminating Q between (2) and 
(3), we find dy dv : 
OY de > dat (4) 

This is the partial differential equation which must be solved 
in order to obtain the potential at any instant at any point of the 
cable. It is identical with that which Fourier gives to determine 
the temperature at any point of a stratum through which heat 
is flowing in a direction normal to the stratum. In the case of 
heat ¢ represents the capacity of unit of volume, or what Fourier 
calls CD, and 4 represents the reei procal of the conductivity, 

If the sheath is not a perfect insulator, and if 4, is the resist- 
ance of unit of length of the sheath to conduction through it in a 
radial direction, then if P; is the specific resistance of the insulating 
material, 


A, = 2p, log, 71, (5) 
r, 

The equation (2) will no longer be true, for the electricity is 

expended not only in charging the wire to the extent represented 


by cv, but in escaping at a rate represented by i - Hence the rate 
of expenditure of electricity will be é 
aa dy I 
Set ep bi 
dedi ~ ag + RP (6) 
whenee, by comparison with (3), we get 
rea eee (7) 
1 
and this is the equation of conduction of heat in a rod or ring 
as given by Fourier *, 

333.] If we had supposed that a body when raised to a high 
potential becomes electrified throughout its substance as if elec- 
tricity were compressed into it, we should have arrived at equa- 
tions of this very form. It. is remarkable that Ohm himself, 


* Theorie dela Chaleur, art, 105- 
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misled by the analogy between electricity and heat, entertained 
an opinion of this kind, and was thus, by means of an erroneous 
opinion, led to employ the equations of Fourier to express the 
true laws of conduction of electricity through a long wire, lone 
before the real reason of the appropriateness of these equations had 
heen suspected. 


Mechanical Ilustration of the Properties ofa Dielectric, 


334.] Vive tubes of equal sectional area A, B,C, Dand P are 
arranged in circuit as in the figure. 
4, B, Cand J are vertical and equal, 
and ? is horizontal. 

The lower halves of 4, B, C, D 
are filled with mercury, their upper 
halves and the horizontal tube 7 are 
filled with water. 

A tube with a stopeock Q con- 
nects the lower part of f and 2B 
with that of C and J, and a piston 
P is made to slide in the horizontal 
tube. 

Let us begin by supposing: that 
the level of the mereury in the four 
tubes is the same, and that it js 
indicated by 4,, By, C,, Dy, that 
the piston is at /,, and that the 
stopeock Q is shut. 

Now let the piston be moved from P, to P,, a distance a. Then, 
since the sections of all the tubes are equal, the level of the mereury 
in 4 and Cwill rise a distanee «, or to 4, and C,, and the mereury 
in Band J will sink an equal distance a, or to Band D,. 

The difference of pressure on the two sides of the piston will 
be represented by ta. 

This arrangement may serve to represent the state of a dielectric 
acted on by an electromotive force 4a. 

The excess of water in the tube D may be taken to represent 
a positive charge of electricity on one side of the diclectrie, and the 
excess of mercury in the tube 1 may represent, the negative charge 
on the other side. The excess of pressure in the tube P on the 
side of the piston next D will then represent the excess of potential 
on the positive side of the dielectric. 

VOL, 1. Ce 


Q 
Fig. 26, 
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If the piston is free to move it will move back to 2, and be 
in equilibrium there. This represents the complete discharge of 
the diclectric. 

During the discharge there is a reverscd motion of the liquids 
throughout the whole tube, and this represents that change of 
electric displacement: which we have supposed to take place in a 
dielectric, 

T have supposed every part of the system of tubes filled with 
incompressible liquids, in order to represent the property of all 
electric displacement that there is no real accumulation of elee- 
tricity at any place. 

Let us now consider the effeet of opening the stopeock Q while 
the piston P is at ?,. 

The level of 4, and J, will remain unchanged, but that of B and 
C will become the same, and will coincide with £, and G. 

The opening of the stopcock @ corresponds to the existence of 
a part of the dielectric which has a slight conducting power, but 
which does not extend through the whole dielectric so as to form 
an open channel. 

The charges on the opposite sides of the dielectric remain in- 
sulated, but their difference of potential diminishes. 

In fact, the difference of pressure on the two sides of the piston 
sinks from 4a to 2¢ during the passage of the fluid through Q. 

If we now shut. the stopcock @Q and allow the piston ? to move 
freely, it will come to equilibrium at a point P,, and the discharge 
will be apparently only half of the charge. 

The level of the mercury in <f and £B will be 42 above its 
original level, and the level in the tubes C and D will be 4¢ 
below its original level. This is indicated by the levels d.,, 8,, 
Cz, Dy. 

Tf the piston is now fixed and the stopcock opened, mercury will 
flow from # to € till the level in the two tubes is again at B, and 
C,. There will then be a difference of pressure = @ on the two 
sides of the piston P. If the stopcock is then closed and the piston 
P left free to move, it will again come to equilibrium at a point 23, 
half way between #, and £,. This corresponds to the residual 
charge which is observed when a charged dielectric is first dis- 
charged and then left to itself. It gradually recovers part of its 
charge, and if this is again discharged a third charge is formed, the 
successive charges diminishing in quantity. In the case of the 
illustrative experiment each charge is half of the preceding, and the 


i , 
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discharges, which are 4, 4, &c. of the original charge, form a series 
Whose sum is equal to the original charge, 

Tf, instead of opening and closing the stopeock, we had allowed it 
to remain nearly, but not quite, closed during the whole experiment, 
we should have had a case resembling that of the clectrification of 2 
dicleetrie which is a perfect insulator and yet exhibits the phe- 
nomenon called ‘electric absorption.’ 

To represent the case in which there is true conduction through 
the diclectrie we must either make the piston leaky, or we must 
establish a communication between the top of the tube 4 and the 
top of the tube D, 

In this way we may construct a mechanical illustration of the 
properties of a dielectric of any kind, in which the two electricities 
are represented by two real fluids, and the electric potential is 
represented by fluid pressure. Charge and discharge are repre- 
sented hy the motion of the piston ?, and electromotive force hy 
the resultant force on the piston. 


CHAPTER XI. 
THE MEASUREMENT OF ELECTRIC RESISTANCE, 


335.] In the present state of electrical science, the determination 
of the electric resistance of a conductor may he considered as the 
cardinal operation in electricity, in the same sense that the deter- 
mination of weight is the cardinal operation in chemistry. 

The reason of this is that the determination in absolute measure 
of other electrical magnitudes, such as quantities of electricity, 
electromotive forces, currents, &e,, requires in each case a com= 
plicated series of operations, involving generally observations of 
time, measurements of distances, and determinations of moments 
of inertia, and these operations, or at least some of them, must. 
be repeated for every new determination, because it is impossible 
to preserve a unit of electricity, or of electromotive force, or of 
current, in an unchangeable state. so as to be available for direct 
compirigon, 

But when the eleetric resistance of a properly shaped eonductor 
of'a properly chosen material has been once determined, it is found 
that it always remains the same for the same temperature, so that 
the conductor may be used as a stundard of resistance, with which 
that of other conductors can be compared, and the comparison of 
to resistances is an operation which admits of extreme accuracy. 

When the unit of electrical resistance has been fixed on, material 
copies of this unit, in the form of « Resistance Coils,’ are prepared 
for the use of electricians, so that in every part of the world 
electrical resistances may be expressed in terms of the same unit, 
These unit resistance coils are at present, the only examples of 
material electric standards which can be preserved, copied, und used 
for the purpose of measurement, Measures of electrical capacity, 
which are also of great importance, are still defeetive, on account 
of the disturbing influence of electric absorption. 

336.] The unit of resistance may be an entirely arbitrary one, 
as in the case of Jacobi’s Etalon, which was a certain copper 
Wire of 22,4932 prammes weight, 7.61975 metres length, and 0.667 
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inillimetres diameter. Copies of this have been made by Leyser of 
Leipsig, and are to be found in different places, 

According to another method the unit may be defined ns the 
resistance of a portion of a definite substance of definite dimensions. 
Thus, Siemens’ unit is defined as the resistance of a column of 
mercury of one metre long, and one square millimetre section, at 
the temperature 0°C, 

337.] Tinally, the unit may be defined with reference to the 
electrostatic or the electromagnetic system of units. In practice 
the electromagnetic system is used in all telegraphic operations, 
and therefore the only systematic units actually in use are those 
of this system. 

In the clectromagnetie system, as we shall shew at the proper 
place, a resistance is a quantity homogeneous with a velocity, and 
may therefore be expressed as a velocity. See Art. 628. 

338.] The first actual measurements on this system were made 
by Weber, who employed as his unit one millimetre per second, 
Sir W. Thomson afterwards used one foot per second as a unit, 
but a large number of celvetricians have now agreed to use the 
unit of the British Association, which professes to represent a 
resistance which, expressed as a velocity, is ten millions of metres 
per second. The magnitude of this unit is more convenient than 
that of Weber’s unit, which is too small. It is sometimes relerred 
fo as the B.A. unit, but in order to connect it with the name of 
the discoverer of the laws of resistance, it is called the Olim. 

339.] To recollect its value in absolute measure it is useful 
to know that ten millions of metres is professedly the distance 
from the pole to the equator, measured along the meridian of Paris, 
A body, therefore, which in one second travels along a meridian 
from the pole to the equator would have a velocity which, on the 
electromagnetic system, is professedly represented by an Ohm. 

I say professedly, because, if more accurate researches should 
prove that the Ohm, as constructed from the British Association’s 
muterial standards, is not really represented by this velocity, clec- 
tricians would not alter their standards, but would apply a cor- 
rection. In the same way the metre is professedly one ten-millionth 
of a certain quadrantal are, but though this is found not to be 
exactly true, the length of the metre has not been altered, but the 
dimensions of the carth are expressed by a less simple number, 

According to the system of the British Association, the absolute 
value of the unit is originally chosen so as to represent as nearly 
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as possible a quantity derived from the electromagnetic absolute 
system, 

340. ] When a material unit representing this abstract, quantity 
has been mado, other standards are constructed hy copying this unit, 
a process capable of extreme aceurey—of much greater accuracy 
than, for instance, the copying of foot-rules from a standard foot. 

These copies, made of the most permanent materials, are dis- 
tributed over all parts of the world, so that it is not likely that. 
any difficulty will be found in obtaining copies of them if the 
original standards should be lost, 

But such units as that of Siemens can without very great 
labour be reconstructed with considerable accuracy, so that as the 
relation of the Ohm to Siemens unit is known, the Ohm ean he 
reproduced even without having a standard to copy, though the 
labour is much greater and the accuracy much less than by the 
method of copying. 

linally, the Ohm may be reproduced 
by the electromagnetic method by which 
it was originally determined. This method, 
which is considerably more laborious than 
the determination of a foot from the seconds 
pendulum, is probably inferior in accuracy 
to that last mentioned. On the other hand, 
the determination of the electromagnetic 
unit in terms of the Ohm with an amount 
of aceuracy corresponding to the progress 
of electrical science, is a most important 
physical research and well worthy of being 
repeated. 

‘Lhe actual resistance coils constructed 
to represent the Ohm were made of an 
alloy of two parts of silver and one of pla- 

- tinum in the form of wires from .5 milli- 
metres to .8 millimetres diameter, and from 
one to two metres in length. These wires 
were soldered to stout copper electrodes. 
The wire itself was covered with two layers 

of silk, imbedded in solid paraffin, and enelosed in a thin’ brags 
case, so that it ean be easily brought to a temperature at which 
its resistance is accurately one Ohm. ‘This temperature is marked 

on the insulating support of the coil. (See Fig, 27.) 
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Ox the Forms of Resistance Coits, 


341.] A Resistance Coil is a conductor capable of being easily 
placed in the voltaic cireuit, so as to introduce into the circuit 
a known resistance. 

The eleetrodes or ends of the coil must be such that no appre- 
ciable error may arise from the mode of making the connexions. 
For resistances of considerable magnitude it is suflicient that the 
electrodes should be made of stout copper wire or rod well amal- 
gamated with mereury at the ends, and that the ends should be 
made to press on flat amalgamated copper surfaces placed in mercury 
cups. 

For very great resistances it is sufficient that the electrodes 
should be thick pieces of brass, and that the connexions should 
be made by inserting a wedge of’ brass or copper into the interval 
between them. This method is found very convenient. 

The resistance coil itself consists of a wire well covered with 
silk, the ends of which are soldered permanently to the elec- 
trodes, 

The coil must be so arranged that its temperature may be easily 
observed. For this purpose the wire is coiled on a tube and 
covered with another tube, so that it may be placed in a vessel 
of water, and that the water may have access to the inside and the 
outside of the coil. 

To avoid the electromagnetic effects of the eurrent in the coil 
the wire is first doubled back on itself and then coiled on the tube, 
so that at every part of the coil there are equal and opposite 
currents in the adjacent parts of the wire. 

When it is desired to keep two coils at the same temperature the 
wires are sometimes placed side by side and coiled up together. 
This method is especially useful when it is more important to 
secure equality of resistance than to know the absolute value of 
the resistance, as in the case of the equal arms of Wheatstone’s 
Bridge, (Art. 3-47). 

When measurements of resistance were first attempted, w resist- 
ance coil, consisting of an uncovered wire coiled in a spiral groove 
round a cylinder of insulating material, was much used. It was 
called a Rheostat. The accuracy with which it was found possible 
to compare resistances was soon found to be inconsistent with the 
use of any instrument in which the contacts are not more perfect 
than can be obtained in the rheostat. The rheostat, however, is 


re | 
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still used for adjusting the resistance Where accurate measurement is 
not required, 

Resistance coils are generally made of those metals Whose resist- 
ance is greatest and which vary least. with temperature. German 
silver fullils these conditions very well, but some specimens are 
found to change their properties during the lapse of years. Ienee 
for standard coils, several pure metals, and also an ulloy of platinum 
and silver, have been employed, and the relative resistance of these 


during several years has been found constant up to the limits of 


modern accuracy. 


342,] For yery great resistances, such as several millions of 


Ohms, the wire must be either very long or very thin, and the 
construction of the coil is expensive and diflicult. Hence tellurium 
and selenium have been proposed as materials for constructing 
standards of great resistance, A very ingenious and easy method 
of construction has been lately proposed by Phillips*. On a piece 
of cbonite or ground glass a fine pencil-line is drawn, The ends 
of this filament of plumbago are connected to metallic electrodes, 
and the whole is then covered with insulating varnish, If’ it 
should be found that the resistance of such a pencil-line remains 
constant, this will be the best method of obtaining a resistance of 
several millions of Ohms, 

343.] There are various arrangements by which resistance coils 
mily beeasily introduced into a circuit, 

For instance, a series of coils of which the resistances are 1, 2, 
1, 8, 16, &e., arranged according to the powers of 2, may be placed 
in a box in series, . 


Fig. 28, 


The electrodes consist of stout brass plates, so arranged on thie 
outside of the box that by inserting a brass plug or wedge between 


* Phil. Mag., July, 1870. 
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two of them as a shunt, the resistance of the corresponding coil 
may be put out of the circuit. This arrangement was introduced 
by Siemens, 

Each interval betiveen the clectrodes is marked with the resist- 
ance of the corresponding coil, so that if we wish to make the 
resistance box equal to 107 we express 107 in the binary seale as 
G4+4+32+8+241 or 1101011. We then take the plugs out 
of the holes corresponding to 64, 32, 8, 2 and 1, and leave the 
plugs in 16 and 4. 

This method, founded on the binary seale, is that in which the 
smallest number of separate coils is needed, and it is also that 
which can be most readily tested. For if we have another coil 
equal to 1 we can test the equality of 1 and 1%, then that of 141’ 
and 2, then that of 14 1°+2 and 4, and so on, 

The only disadvantage of the ar rangement is that it requires 
afamiharity with the binary seale of notation, which is not 
generally possessed by those accustomed to express every number 
in the decimal seale. 

344.] A box of resistance coils may be arranged in a different 
way for the purpose of mea- 
suring: conductivities instead of | ~ 
resistances. 

The coils are placed so that 
one end of each is connected 
with a long thick piece of 
metal which forms one clec- 
trode of the box, and the other 
end is connected with a stout piece of brass plate as in the former 
Sse. 

The other electrode of the box is a long brass plate, such that 
by inserting brass plugs between it and the clectrades of the coils 
it may be connected to the first electrode through any given set of 
coils. The conductivity of the box is then the sum of the con- 
duetivities of the coils. 

In the figure, in which the resistances of the coils are 1, 2,4, &e., 
and the plugs ave inserted at 2 and 8, the conductivity of the 
box is 4+4 = %, and the resistance of the box is therefore 3 
or 1.6, 

This method of combining resistance coils for the measurement 
of fractional resistances was introduced by Sir W, Thomson under 
the name of the method of multiple ares, Sce Art. 276. 


(ronnie tad 7 aoe” 
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On the Comparison of Resistances, 

345.) Tf # is the electromotive foree of a battery, and #? the 
resistance of the battery and ity connexions, including the galvan- 
ometer used in measuring the current, and if the streneth of the 
entrent is / when the battery connexions are closed, and /,, 7, 
when additional resistances “ys 7, are introduced into the circuit, 
then, by Ohm’s Law, 

L=JR=7, (A+7) = J, (A+ 7), 

Eliminating #, the electromotive foree of the battery, and 7 
the resistance of the battery and its connexions, we get Ohm’s 
formula mn U—)I, 

i 7 (4-1, f ; 
This method requires & measurement of the ratios of J, J, and /,, 
and this implies a galvanometer graduated for absolute mea- 
surements. 

If the resistances 7, and *y dre equal, then /, and J, are equal, 
and we can test the equality of currents hy a galvanometer which 
is not capable of determining their ratios. 

But this is rather to be taken as an example of a faulty method 
than as a practical method of determining resistance, Me elvctro- 
mnotive force # cannot be maintained rigorously constant, and the 
internal resistance of the battery is also exceedingly variable, so 
that any methods in which these are assumed to be even for a short 
time constant are not to be depended on. 

346.] The comparison of resistances can be made with_extreme 


¢c 
Fig. du. 


aecuriey hy either of two methods, in which the result. is jn- 
dependent of variations of 2 and BL. 
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The first of these methods depends on the use of the differential 
galvanometer, an instrument in which there are two coils, the 
currents in which are independent of cach other, so that when 
the currents are made to flow in opposite directions they act in 
opposite dircetions on the necdle, and when the ratio of these 
currents is that of m to a they have no resultant effect on the 
galvanometer needle, 

Let 7,, £, be the currents through the two coils of the galvan- 
ometer, then the deflexion of the necdle may be written 

6=ml—nl,. 

Now let the battery current J be divided between the coils of 
the galvanometer, and let. resistances 4 and B he introduced into 
the first and second coils respectively, Let the remainder of the 
resistance of their eoils and their connexions be a and B respect- 
ively, and let the resistance of the battery and its connexions 
between C and J) he v, and its electromotive force he. 

Then we find, by Ohm’s Law, for the difference of potentials 
between C and D, 


C-D=1,(At+a) = i, (B+B) = h~I1, 


and since At+th=/, 
_ pnp B+B _ plta _ ,ltatB+p 
vf — B D ’ i, = vp hy d i= 1D ee D Fe ? 
where D = (4-0) (B+ B)+r (f4-a+B+ 8). 


The deflexion of the galvanometer needle is therefore 
$= . {1 (B+ B)~x(A+a)}, 


and if there 1s no observable deflexion, then we know that the 
quantity enclosed in brackets cannot differ from zero by more than 
a certain small quantity, depending on the power of the battery, 
the suitableness of the arrangement, the delicacy of the galvan- 
ometer, and ‘the aceuracy of the observer. 

Suppose that B has been adjusted so that there is no apparent, 
deflexion, 

Now let another conductor A’ he substituted for A, and let, 
A’ be adjusted (ill there is no apparent deflexion, Then evidently 
to a first approximation = 4, 

To ascertain the degree of accuracy of this estimate, let. the 
altered quantities in the second observation be accented, then 


—-— + ee sete «A RPE 
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D 
m (B+ By—n (A +a)= Fo 


ma (B+ B)~u(l4a) = m. 
Hence a(l—A) = : é— ce 

If 6 and &, instead of being both apparently zero, had been only 
observed to be equal, then, unless we also could assert that A= 2”, 
the mght-hand side of the equation might not be zero, In fact, 
the method would be a mere modification of' that already deseribed, 

The merit of the method consists in the fuet that the thing 
observed is the absenee of' any deflexion, or in other words, the 
method is a Null method, one in which the non-existence of a force 
is asserted from an observation in which the foree, if it had been 
different from zero by more than a certain small amount, would 
have produced an observable effect. 

Null methods are of great value where they can be employed, but 
they ean only be employed where we can vause two equal and 
opposite quantities of the same kind to enter into the experiment 
together. 

In the case before us both 8 and 3 are quantities too small to be 
observed, and therefore any change in the value of # will not affect 
the accuracy of the result. 

The actual degree of aecuracy of this method might be aseer- 
tained by taking a number of observations in each of which 
is separately adjusted, and comparing the result of each observation 
with the mean of the whole series, 

But by putting 1’ out of adjustment bya known quantity, as, 
for instance, by inserting at 4 or at Ban additional resistance 
equal to a hundredth part of f or of S, and then observing 
the resulting deviation of the gulvanometer necdle, we ean estimate 
the number of degrees corresponding to an error of one per cent, 
To find the actual degree of precision we must estimate the smallest 
deflexion which could not escape observation, and compare it with 
the deflexion due to an errop of one per cent, 

*If the comparison is to be made between and 8, and if the 
positions of and B are exchanged, then the second equation 
becomes 


* This investigation ix taken from Weber's treatise on Galvanometry, Gottingen 
Transactions, x, p. 65. 
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m (A+ B)—u(B4+a)= ee a, 
D 5 ty y 
ee 


Tf mw and v, A and B, a and B are approximately equal, then 


whence (m +2) (B~ A) = 


, 1 
BHA=s Ink (-4+.a) (d+a +27) (6~30"). 


Here }—8’ may be taken to be the smallest observable deflexton 
of the galvanometer. 

Tf the galvanometer wire be made longer and thinner, retaining 
the same total mass, then » will vary as the length of the wire 
and a as thesquare of the length, Tlence there will he a minimum 
value of RCRD aE?) 


a 


= 4 Pal vie § Ap —_— l . 
: eas te PT GEEe A 


If we suppose 7, the battery resistance, small compared with 4, 


when 


this gives a=td; 


or, (he resistance of each coil of the galranometer should be vne-thint 
of the resistance to be measured, 

We then find 

8 A? ; 

Tf we allow the current to flow through one only of the coils 

of the galvanometer, and if the deflexion thereby produced is A 

(supposing the deflexion strictly proportional to the deflecting 
foree), then 

_ wh _— 30k 

~ Atatr 4° A 

BoA 


A 


“A 1 
if7=Oonda= a7 


Hence 


2 8-H 
oe 

In the differential galvanometer two currents are made to 
produee equal and opposite effects on the suspended needle. The 
force with which either current acts on the needle depends not, 
only on the strength of the current, but on the position of the 
windings of the wire with respect to the needle, Hence, unless 
the coil is very earefully wound, the ratio of m to x may change 
when the position of the needle is changed, and therefore it is 
necessary to determine this ratio, by proper methods during cach 


398 MEASUREMENT OF RESISTANCE, [ 347. 


course of experiments if any alteration of the position of the needle 
is suspected, 

The other null method, in which Wheatstone’s Bridge is nsed, 
requires only an ordinary galvanometer, and the observed zero 
deflexion of the needle is due, not to the opposing aclion of {wo 
currents, but to the non-existence of a current in the wire. Tence 
we have not merely a null dellesion, but a mull current. as the 
phenomenon observed, and no Crrors can arise from want. of’ 
regularity or change of any kind in the coils of the galvanometer. 
The galvanometer is only required to be sensitive enough to detect 
the existence and direction of a current, without in any way 
determining its value or comparing its value with that of another 
current, 

347.) Wheatstone’s Bridge consists essentially of six conductors 
connecting four points. An electromotive 


nN foree # is made to act between two of the 
Jt points hy means of a voltaic battery in- 
oY i : troduced between A and (. The current 
Ye > ges iy between the other two points O and Jf is 


Ny \ 
J Bea Pa measured by a pulvanomcter, 
£2? Il 


TRA - ; i : 
a An Under certain cireamstanecs this current 
td-— > - es 
= heeomes zero. The conductors BC and Of 
Fig. 81. 


are then said to be conjngale to each other, 
Which implies a certain relation between the resistances of the 
other four conductors, and this relation is made use of in measuring 
resistances. 

If the current in O04 is zero, the potential at O must he equal 
to that at 4. Now when we know the potentials at Band C we 
“an determine those at O and 4 hy the rule given at Art. 274, 
provided there is no current. in O4, 

N= Byt+ cB a Bb+ Cc 
Bty ’ b+e 


whence the condition is bB= cy 
ar J 


where 4, ¢, 2, y are the resistances in C4, AB, BO and OC ye- 
spectively, 

To determine the degree of accuracy attainable by this method 
we must ascertain the strength of the current in Od when this 
condition is not fulfilled exactly. 

Let 4, B, Cand O be the four points. Let the currents along 
BC, CA and AB he *, y and z, and the resistances of these 
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conductors a, dande. Let the currents along Od, OB and OC be 
&, 7 ¢ and the resistances a, Bandy. Tct an electromotive force 
act along BC. Required the eurrent E along 0.1. 

Let the potentials at the points 4, B, C and O be denoted 
hy the symbols 4, B,Cand 0. The equations of conduction are 


axv= B-C+h, af=0~—4, 
by = C—A, Bn =O— 8, 
z= A-Ah, y(=0-C; 
with the equations of continuity 
fty—z2=0, 
nrr-—ax = 0, 
C+e-—y = 0, 


By considering the system as made up of three circuits OBC, 
OCA and GAB in which the currents are @,Y, 2 respectively, and 
applying Kirchhoff’s rule to each cycle, we eliminate the values 
of the potentials 0, 4, B, C, and the currents &,7,G and obtain the 
following equations for 2, y and z, 


(C+B+y)e-yy —Be = h, 
; —ye +(b+y+a)y—az = 0, 
cng 
—Be —ay +(c+a4-f)z = 0, 
Hence, if we put 
D=|\at+Bty —y —~—p 
~y b+yta —a j 
~p —a c+a+f 
we find f= : (bB—cy), 
£ 
and = a i{(b+y) (e+A)+a(b+e+8+y)}. 


348.] The value of D may be expressed in the symmetrical form, 
D= whe + be (B+ y) + ca(y+a)+ab(a+ B)-+(a+4 +0) (By t+ yatap) 
or, since we suppose the battery in the conductor a and the 
galvanometer in a, we may put B the battery resistance for @ and 
G the galvanometer resistance for a. We then find 
D= BG(b+e+Bh+y)+B(b+y) (e+) 

+@(O+c)(B+y) + be(B +-y)+ By (be). 

If the electromotive force Z were made to act along OA, the 

resistance of Of being still a, and if the galvanometer were placed 
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in BC, the resistance of BC being still ¢, then the value of J 
would remain the same, and the current in PC due to the clectro- 
motive force // acting along Od would be equal to the current 
in 0.4 due to the electromotive force # acting in BC. 

But if we simply disconnect the battery and the galvanometer, 
and without altering their respective resistances conneet the battery 
to Oand f and the galvanometer to # and C, then in the value of 
JD we must exchange the values of Band G. If D' he the value 
of D after this exchange, we find 

VD = (G-RB) {(b+0)(B+y)—(b+y) (84 )}, 
= (Bt) {(b—B)(e—)}- 

Let us suppose that the resistance of the galvanometer is greater 
than that of the battery. 

Let us also suppose that in its original position the galvanometer 
connects the junction of the two conductors of least resistance 8, y 
with the junction of the two conductors of greatest resistance J, ¢, 
or, in other words, we shall suppose that if the quantities 0, ¢, y, B 
are arranged in order of magnitude, 6 and ¢ stand together, and 
yand 8 stand together, Ifenee the quantities 4—8 and e—y are 
of the same sign, so that. their product is positive, and therefore 
J —D is of the same sien as BG. 

If therefore the galvanometer is made to connect the junction of 
the two greatest resistances with that of the two least, and if 
the galvanometer resistance is greater than that of the battery, 
then the value of J will be less, and the value of the deflexion 
of the galvanometer greater, than if the connexions are exchanged, 

The rule therefore for obtaining the greatest galvanometer de- 
flexion in a given system is as follows : 

Of the two resistances, that of the battery and that of the 
galvanometer, connect. the greater resistance so as to join the two 
grontest to the two least of the four other resistances. 

849.] We shall suppose that we have to determine the ratio of 
the resistances of the conductors AB and AC, and that this is to be 
done by finding a point 0 on the conductor BOC, such that when 
the points 4 and O are connected by a wire, in the course of which 
a galvanometer is inserted, no sensible deflexion of the galyano- 
meter needle oceurs when the battery is made to act between B 
and C, 

The conductor BOC may he supposed to be a wire of uniform 
resistance divided into equal parts, so that the ratio of the resist- 
ances of BO and OC may he read off at onee, 
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Instead of the whole conductor being a uniform wire, we may 
make the part near O of such a wire, and the parts on each side 
may be coils of any form, the resistance of which is accurately 
known. 

We shall now use a different notation instead of the symmetrical 
notation with which we commenced. 

Let the whole resistance of BAC be 2. 

Let ¢ = mf and b= (l-m) £, 

Let the whole resistance of BOC be & 

Let B = u8 and y = (1 —n) 8, 

The value of x is read off directly, and that of w is deduced from 
it when there is no sensible deviation of the galvanometer. 

Let the resistance of the battery and its connexions he B, and 
that of the galvanometer and its connexions (. 

We find as before 
D = G{BR+ BS + RS} +m (1 ~ mi) He? (B+ 8) 40 (1 —u)S*(B+ FR) 

+ (u+u~2mn) BRS, 
and if € is the current in the galvanometer wire 
ope 
f= pe (42-1), 

In order to obtain the most accurate results we must make the 
deviation of the needle as great as possible compared with the value 
of (w—m). This may be done by properly choosing the dimensions 
of the galvanometer und the standard resistance wire. 

It will be shewn, when we come to Galvanometry, Art. 716, 
that when the form of a galvanometer wire is changed while 
its mass remains constant, the deviation of the needle for unit 
current is proportional to the length, but the resistance increases 
as the square of the length. Ience the maximum deflexion js 
shewn to occur when the resistance of the galvanometer wire is 
equal to the constant resistance of the rest of the circuit. 

In the present case, if § is the deviation, 

b= CV GE, 
where C is some constant, and @ is the galvanometer resistance 
which varies as the square of the length of the wire. Hence we 
find that in the value of J, when 8 is a maximum, the part 
involving G must be made equal to the rest of the expression. 

If we also put m = 2, as is the case if we have made a correct 
observation, we find the best value of G to be 

G = n(1—n) (R+58). 

VOL. I. pd 
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This result is easily obtained by considering the resistance from 
A to O through the system, remembering that BC, being conjugate 
to AO, has no effect. on this resistance. 

In the same way we should find that if the total area of the 
acting surfaces of the battery is given, the most advantageous 
arrangement of the battery is when 

RS 

Finally, we shall determine the value of S such that a given 
change in the value of x may produce the greatest galvanometer 
deflexion. By differentiating the expression for & we find 

: BR G 

Tf we have a great. many determinations of resistance to make 
in which the actual resistance has nearly the same value, then it 
may he worth while to prepare a galvanometer and a battery for 
this purpose. In this ease we find that the best arrangement is 

S= hk, B=tkh, G = 2n(1—nR, 
and ifa#=4,G= 47, 


On the Use of Wheatstones Bridge. 


350.] We have already explained the general theory of Wheat- 
stone’s Bridge, we shall now consider some of its applications, 


The comparison which can he effected with the greatest exact- 
ness is that of two equal resistances, 


eae 
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Let us suppose that 8 is a standard resistance coil, and that 
we wish to adjust y to be equal in resistance to 2, 

‘Two other coils, and ¢, are prepared which are equal or nearly 
equal to cach other, and the four coils are placed with their electrodes 
im mereury cups so that the current of the battery is divided 
between two branches, one consisting of 3 and y and the other 
of é and e The coils 4 and are ecnnected by a wire PP, as 
uniform in its resistance as possible, and furnished with a scale 
of equal parts. 

The galvanometer wire connects the junction of 8 and y with 
a point Q of the wire P7?, and the point of contact at Q is made 
to vary till on closing first the battery circuit and then the 
galvanomceter circuit, no deflexion of the galvanometer needle is 
observed, 

The coils @ and y are then made to change places, and a new 
position is found for Q. If this new position is the same as the 
old one, then we know that the exchange of 8 and y has produced 
no change in the proportions of the resistanees, and therefore y 
is rightly adjusted. If Q has to be moved, the direction and 
anount of the change will indicate the nature and amount of the 
alteration of the length of the wire of y, which will make its 
resistance equal to that of A. 

If the resistances of the coils 6 and c, each including part of the 
wire P# up to its zero reading, are equal to that of & and ¢ 
divisions of the wire respectively, then, if x is the seale readingr 
of Q in the first case, and y that in the second, 


poe 2 OTE oak 
b-w  y’ b—y B 
btay—r) 
ie oy, Crayne) 
whenee fe + Pe aieen 


Since J—y is nearly equal to c+a, and both are great with 
respect to 2 or y, we may write this 


Veg USES 
BR LA b+e 
yaw 
= creas) er 
and y= BO +2 HOE 


When y is adjusted as well as we can, we substitute for 6 and ¢ 
other coils of (say) ten times greater resistance. 
The remaining difference between 6 and y will now produce 
a ten times greater difference in the position of Q than with the 
pda 
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original coils 2 and ¢, and in this way we can continually increase 
the accuracy of the comparison, 

The adjustment by means of the wire with sliding contact piece 
is more quickly made than by means of a resistance box, and it is 
capable of continuous variation. 

The battery must never be introduced instead of the galvano- 
meter into the wire with a sliding contact, for the passage of a 
powerful current at the point of contact would injure the surface 
of the wire. Hence this ar 'angement is adapted for the case in 
which the resistance of the galvanometer is greater than that of the 
battery. 

On the Measurement of Small Resistances, 


351.] When a short and thick conductor is introduced into a 
circuit its resistanee is so small compared with the resistance 
occasioned by unavoidable faults in the connexions, such 2s want 
of contact or imperfect soldering, that uo correet value of’ the 
resistance can he deduced from ex peri- 
ments made in the way described above. 

The object of such experiments is 
gencrally to determine the specific re- 
sistance of the substance, and it is re- 
sorted to in cases when the substance 
cannot be obtained in the form of a 
long thin wire, or when the resistance 
to transverse as well as to longitudinal 
conduetion has to be measured. 


Fig. 34. 


Sir W. Thomson,* has described a method applicable to such 
cases, which we may take as an example of a system of nine 
conductors, 

* Proc. R. &., Juno 6, 1861. 
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The most important part of the method consists in measuring 
the resistance, not. of the whole length of the conductor, but of’ 
the part between tivo marks on the conductor at some little dis- 
tance from its ends, 

The resistance which we wish to measure is that experienced 
by a current whose intensity is uniform in any section of the 
conductor, and which flows in a diyection parallel to its axis. 
Now close to the extremities, when the enrrent is introduced 
by means of electrodes, either soldered, amalgamated, or simply 
pressed to the ends of the conductor, there is generally a want of 
uniformity in the distribution of the current in the eonductor, 
At a short distance from the extremitios the current becomes 
sensibly uniform. The student may examine for himself the 
investigation and the diagrams of Art. 193, where a current is 
introduced into a strip of metal with parallel sides throngh one 
of the sides, but soon becomes itself parallel to the sides. 

The resistance of the conductors between certain marks 8, S” 
and 77” is to be compared. 

The conductors are placed in series, and with connexions as 
perfectly conducting as possible, in a battery cirenit of small resist- 
ance. <A wire SIZ is made to touch the conductors at S and 7, 
and S’P'7" is another wire touching them at §’ and 7”, 

The galvanometer wire connects the points /’and V’ of these wires. 

The wires SF? and S’F’2" ave of resistance so great that the 
resistance due to imperfect connexion at 5, 7, S’ or £” may he 
neglected in comparison with the resistance of the wire, and 7, 1’ 
are taken so that the resistanee in the branches of either wire 
leading to the two conductors are nearly in the ratio of the resist- 
ances of the two conductors. 

Calling Hand ¥' the resistances of the conductors SS” and 7”7,, 
A and € those of the branches SV and V'7 
P and 7 those of the branches §’¥’ and 14 - 

Q that of the connecting piece 8/7”, 
#8 that of the hattery and its connexions, 
(@ that of the galvanometer and its connexions, 

The symmetry of’ the system may he understood from the 
skeleton diagram. Fig. 33, 

The condition that B the battery and @ the galvanometer may 
be conjugate eonduetors is, in this case, 

roo RP Q 
rsa fs ae, PLOER 


= (h, 
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Now the resistance of the connector Q is as small as we can 
make it. If it were zero this equation would be reduced to 
oan 
CA’ 
and the ratio of the resistances of the conductors to be compared. 
would be that of C to 4, as in Wheatstone’s Bridve in the ordinary 
form. 

In the present case the value of @ is small compared with P 
or with 2, so that if we assume the points J’, 1” so that the ratio 
of # to C is nearly equal to that of P to 4, the last term of the 
equation will vanish, and we shall have 

fe tt Ce A, 

The success of this method depends in some degree on the per- 
fection of the contact between the wires and the tested conductors 
at 8S, 2” and 7. In the following method, employed hy Messrs. 
Matthiessen and Hockin *, this condition is dispensed with. 


352.] The conductors to be tested are arranged in the manner 
already described, with the connexions as well made as possible, 
and it is required to compare the resistance between the marks 
SS’ on the first conductor with the resistance between the marks 
7” 7' on the sceond. 

Two conducting points or sharp edges are fixed in a picce of 
insulating material so that the distance between them can be 
accurately measured. This apparatus is laid on the conductor to 
be tested, and the points of contact with the conduetor aye then 
at a known distance $$’, Each of these eontact pieces is connected 


* Laboratory. Matthiessen and Wockin on Alloys. 
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with a mercury cup, into which onc electrode of the galvanometer 
may be plunged. 

The rest of the apparatus is arranged, as in Wheatstone’s Bridge, 
with resistance coils or boxes 2 and C. and a wire PA with a 
sliding contact piece Q, to which the other electrode of the galva- 
nometcr is connected. 

Now let the galvanometer be connected to § and Q, and let 
A, and C, be so arranged, and the position of Q so determined, that 
there is no current in the galvanometer wire. 

Then we know that XS A +PQ 

SY =O LOR 
where XS, PQ, &e. stand for the resistances in these conductors. 
From this we get 
AS A4,4+PQ, 
TF AG PR’ 

Now let the electrode of the galvanometer be connected to S$”, 
and let resistance be transferred from C to (by carrying resistance 
coils from one side to the other) till electric equilibrium of the 
galvanometer wire can be obtained hy placing Q at some point 
of the wire, say Q@,. Let the values of C and £ be now G, and 4,, 
and let Ayt+GtPR = A, 4C4+PR = PR. 


Then we have, as before, 
AS’ 4, +PQ, 


b's ean 
i SS’ _ 4,—4,4+ Q, 9, 
Whence 7 eee ik 


In the same way, placing the apparatus on the second conductor 
at 77” and again transferring resistance, we get, when the electrode 
is in 2”, 

AD” — A,+PQ, 

9 ies | aa 
and when it is in 7% 

XP _ Ag+ PQ 


hee 

VP Ay—Ay + QyQ 
Vhence BS eee te Ne 
Whence v= 7h 


We can now deduce the ratio of the resistances §S’ and 7” 7’, for 
SS" _ A,— A+, Q 


vi a Aydt Qs Qs 
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When great accuracy is not required we may dispense with the 
resistance coils 4 and C, and we then find 

oS iB, 
LPL Qs Q1 

The readings of the position of Q on a wire of a metre in length 
eannot be depended on to Jess than a tenth of a millimetre, and the 
resistance of the wire may vary considerably in different parts 
owing to inequality of temperature, friction, &e. Hence, when 
great accuracy is required, coils of considerable resistance are intro- 
duced at A and C, and the ratios of the resistances of these coils 
can be determined more aceurately than the ratio of the resistances 
of the parts into which the wire is divided at Q. 

It will be observed that in this method the aceuracy of the 
determination depends in no degree on the perfection of the con- 
tacts at SS” or 7'7". 

This method may be called the differential method of using 
Wheatstone’s Bridge, sinec it depends on the comparison of ob- 
servations separately made, 

An essential condition of fecuracy in this method is that the 
resistance of the connexions should continue the same during the 
course of the four observations required to complete the determ- 
ination, Hence the series of observations ought always to he 
repeated in order to detect any change in the resistances, 


On the Comparison of Great Resistances, 

353.] When the resistances to be measured are very great, the 
comparison of the potentials at. different points of the system may 
he made by meuns of 2 delicate electrometer, such as the Quadrant 
Klectrometer deseribed in Art. 219, 

If the conductors whose resistance is to bo measured are placed 
in series, and the same current passed through them by means of a 
battery of great clect romotive force, the difference of the potentials 
at the extremities of each conductor will be proportional to the 
resistance of that conductor. Hence, by connecting the elect odes 
of the electrometer with the extremities, first of one conduetor 
and then of the other, the ratio of their resistances may be de- 
termined, 

This is the most direct. method of determining resistances. It 
involves the use of an clectrometer whose readings may be depended 
on, and we must also have some guarantee that the current remains 
constant, during the experiment. 
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Four conduetors of great resistance may also be arranged as in 
Wheatstone’s Bridge, and the bridge itself may consist of the 
electrodes of an electrometer instead of those of 2 galvanometer. 
The advantage of this method is that no permanent current is 
required to produce the deviation of the electrometer, whereas the 
galvanometer cannot be deflected unless a current passes through 
the wire. 

354.] When the resistance of a conductor is so preat that the 
current which can be sent through it by any available electromotive 
force is too small to be directly measured by a galvanometer, a 
condenser may be used in order to accumulate the electricity for 
a certain time, and then, by discharging the condenser through a 
galvanometer, the quantity accumulated may be estimated. This 
is Messrs. Bright and Clark’s method of testing the joinis of 
submarine cables. 

355.] But the simplest method of measuring the resistanee of 
such a conductor is to charge a condenser of great capacity and to 
connect its two surfaces with the electrodes of an electrometer 
and also with the extremities of the conductor. If Z ig the dif- 
ference of potentials as shewn by the eleetrometer, § the capacity 
of the condenser, and Q the charge on cither surfaee, 72 the resist- 
ance of the conductor and a the eurrent in it, then, by the theory 


of condensers, O= SK 
By Ohm’s Law, B= Rao, 
and by the definition of a eurrent, 
epee. 
ae 
of Q 
Hence Q=h SF 
t 
and Q= Qe #, 


where Q, is the charge at first when ¢ = 0, 
ft 

Similarly Hs hye #s 
where /, is the original reading of the electrometer, and # the 
same after atime 4 rom this we find 

A 
we iT be ioe iy? 
me AO my fe 

which gives ? in absolute measure, In this expression a knowledge 
of the value of the unit of the electrometer seale is not required, 
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It S, the capacity of the condenser, is given in electrostatic 
measure as a certain number of metres, then A is also given in 
electrostatic measure as the reviproval of a velocity, 

If § is given in electromagnetie measure its dimensions are 
ay 
7 sand # is a velocity, 

L 

Since the condenser itself is not a perfect insulator it is necessary 
to make two experiments, In the first we determine the resistance 
of the eondenser itself, #,, and in the second, that of the condenser 
when the conductor is made to connect its surfaces, Let this be 2”, 
Then the resistance, 2, of the conductor is given by the equation 

1 1 1 
: aa (uaa | 
This method has been employed by MM. Siemens. 
Thomson's * Method Sor the Determination Y the Resistance uf 
the Galvanomeler, 

356.) An arrangement similar to Wheatstone’s Bridge has heen 

employed with advantage by Sir W. Thomson in determining the 


Culvanorctep 


Fig. 86. 


resistance of the galvanometer when in actual use. It was SU 

gested to Sir W. Thomson by Mance’s Method. See Art. 357. 
Let the battery he placed, as before, between B and C in the 

figure of Article 347, but let the galvanometer be placed in Cul 

instead of in O. If 68—cy is zero, then the conductor OA is 

conjugate to BC, and, as there is no current produced in Of by the 

battery in BC, the strength of the current in any other conductor 

* Proc. HLS. Jan, 19, 1871. 
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is independent of the resistance in O4, Hence, if the galvano- 
meter is placed in Cf its deflexion will remain the same whether 
the resistance of O.f is small or great. We therefore observe 
whether the deflexion of the galvanometer remains the same when 
O and -f are joined by a conductor of small resistance, as when 
this connexion is broken, and if, by properly adjusting the re. 
sistances of the conductors, we obtain this result, we know that 
the resistance of the galvanometer is 
b=“? 
B 
where ¢, y, and £ are resistance coils of known resistance, 

It will be observed that though this is not a null method, in the 
seuse of there being no current in the galvanometer, it is so in 
the sense of the fact observed being the negative one, that the 
deflexion of the galvanometer is not changed when a certain con- 
tact is made. An observation of this kind is of greater value 


than an observation of the equality of two different deflexions of 


the same galvanometer, for in the latter case there is time for 


alteration in the strength of the battery or the sensitiveness of 


the galvanometer, whereas when the deflexion remains constant, 
in spite of certain changes which we can repeat at pleasure, we are 
sure that the current is quite independent of these changes, 

Lhe determination of the resistance of the coil of a galvanometer 
can casily be effected in the ordinary way of using Wheatstone’s 
Bridge by placing another galvanometer in Qu. By the method 
now deseribed the galvanometer itself’ is employed to measure its 
oWD resistance. 

o 

Munce’s* Method of determining the Resistance of the Ballery, 

357.| The measurement of the resistance of a battery when in 
action is of a much higher order of difficulty, since the resistance 
of the battery is found to charge conside ably for some time after 
the strength of the current throngh it is changed. In many of the 
methods commonly used to measure the resistanee of a battery such 
alterations of the strength of the current through it occur in the 
course of the operations, and therefore the results are rendered 

doubtful, 

In Manev’s method, which is free from this objeetion, the battery 
is placed in BC and the galvanometer in Cl. The connexion 
between O and B is then alternately made and broken, 

* Proc, ROS, Jan, 19, 1871. 


on 
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If the deflexion of the galvanometer remains unaltered, we know 
that OB is conjugate to Cl, whence ey = aa, and a, the resistance 
of the battery, is obtained in terms of known resistances c¢, y, a. 

When the condition cy =a is fulfilled, then the current through 
the galvanometer is 

tia 
7 bate(b+aty)’ 
and this is independent of the resistance 8 between O and BR. To 
test the sensibility of the method Ict us suppose that the condition 
cy = aa is nearly, but not accurately, fulfilled, and that y, is the 


‘ > é 
(+) 

e Gatranomeler a 

aN Gere 


Fig.37. 


current through the galvanometer when O and P are connected 
by a conductor of no sensible resistance, and y, the current when 
Oand B are completely disconnected. 

To find these values we must make 8 equal to 0 and to 2% in the 
general formula for y, and compare the results. 

In this way we find 

Zo7h ~& ey—aa * 
“yy (¢#a)(aty)’ 
where y, and y, are supposed to be so nearly equal that we may, 
when their difference is not in question, put either of them equal 
to y, the value of the current when the adjustment is perfect. 

The resistanee, ¢, of the conductor 42 should be equal to a, 
that of the battery, a and y, should be cqual and as small as 
possible, and 4 should be equal to a+y. 

Since a galvanometer is most sensitive when its deflexion is 
smull, we should bring the needle nearly to zero by means of fixed 
magnets before making contact. between O and 2, 

In this method of measuring the resistance of the battery, the 
eurrent in the battery is not in any way interfered with during the 
operation, so that we may asecrtain its resistance for any given 


i 
iu 
i 
| 
i 
t 
t 
i 
| 


358.] COMPARISON OF ELECTROMOTIVE FORCES. 413 


strength of current, so as to determine how the strength of current 
effects the resistance. 

If y is the current in the galvanometer, the actual current 
through the battery is a, with the key down and a with the 
key up, where 

aC) ein ea) 
the resistance of the battery is 

cy 
= S53 

a 
and the electromotive foree of the battery is 


; é 
H= y(b+e4 _(+y)): 

The method of Art. 356 for finding the resistance of the gal va- 
nometer dillers from this only in making and breaking contact 
between O and 4 instead of between O and B, and by exchanging 
a and 8 we obtain for this case 

fr-n _ Bf ey—oB 


a 


y ~~ y (¢+8)(B+y) 
On the Comparison of Electromotive Fores. 

358. ] The following method of comparing the electromotive forces 
of voltaic and thermoelectric arrangements, when no current passes 
through them, requires only a set of resistance coils and a constant 
battery. 

Let the electromotive foree H' of the battery be greater than that 
of either of the electromotors to he compared, then, if a sufficient 
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resistance, 2,, be interposed between the points 4,, B, of the 
primary circuit 4B, 4, #, the electromotive force from B, to A, 
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may be made equal to that of the electromotor /,. If the elec- 
trodes of this electromotor are now connected with the points 
A,, B, no current will flow through the electromotor. By plicing 
a galvanometer G, in the cirenit of the electromotor #,, and 
adjusting the resistance between A, and 4,, till the galvanometer 
G, indicates no current, we obtain the equation 


eS RL, 


where #, is the resistanee between /f, and B,, and C is the strencth 
I 1 1? bs 


of the current in the primary circuit, 

In the same way, by taking a second clectromot or 7, and placing 
its electrodes at 1, and B,, so that no current is indicated by the 
galvanometer G,, 

Ki = B,C, 
where 7, is the resistance between s/, and B,. If the observations 
of the galyanometers (@, and G@, are simultancous, the value of C, 
the current in the primary circuit, is the same in both equations, 
and we find 
Md Ry By. 

In this way the electromotive foree of two electromotors may be 
compared, The absolute electromotive foree of an clectromotor 
may be measured either clectrostatically by means of the cleetro- 
meter, or electromagnetically by means of an absolute galvano- 
meter, 

This method, in which, at the time of the comparison, there 
is no current through either of the electromotors, is a modification 
of Poggendorfl’s method, and is due to Mr, Latimer Clark, who 
has deduced the following values of electromotive forces : 


TaleGanae Volts. 
Daniell I, Amalgamated Zine TISO,+ 4aq. Cu SO, Copper 1.079 
II. TISO,+ 120g. Cusod, Copper =0.978 

111. is VSO, 4 12 aq. CuNO, Copper =1.00 
Bunsen 1. Fe 48 $4 HNO, Carbon = = 1.964 
Il. . . a sp. 2.1.88 Carbon = 1.888 
Grove i HS0,+ 4 aq. HNO, Platinuin = 1.956 


A Volt is an electromotive force equal to 100,000,000 units of the centimetre-gramme- 
seconcl system, 


CHAPTER XI. 
ON TIE ELECTRIC RESISTANCE OF SUBSTANCES, 


359.] Tiere are three classes in which we may place different 
substances in relation to the passage of clectricity through them. 

The first class contains all the metals and their alloys, some 
sulphurets, and other compounds containing metals, to which we 
must add carbon in the form of gas-coke, and selenium in the 
erystalline form. 

In all these substances conduction takes place without any 
decomposition, or alteration of the chemical nature of the substance, 
either in its interior or where the current enters and leaves the 
body. In all of them the resistance inereases as the temperature 
rises, 

The second class consists of substances which aro ealled clectro- 
lytes, because the current is associated with a decomposition of 
the substance into two components which appear at the electrodes, 
As a rule a substance is an eleetrolyte only when in the liquid 
form, though certain colloid substances, such as glass at 100°C, 
which are apparently solid, are electrolytes. It would appear froin 
the experiments of Sir B. C. Brodie that certain gases are capable 
of clectrolysis by a powerful electromotive force. 

In all substances which conduct by electrolysis the resistance 
diminishes as the temperature rises, 

The third class consists of substances the resistance of which is 
60 great that it is only by the most refined methods that the 
passage of electricity through them can be detected. These are 
called Dielectrics. To this class belong a considerable number 
of solid bodies, many of which are electrolytes when melted, some 
liquids, such as turpentine, naphtha, melted paraffin, &., and all 
gases and vapours. Carbon in the form of diamond, and selenium 
in the amorphous form, belong to this class. 

The resistance of this class of bodies is enormous compared with 
that of the metals. It diminishes as the temperature rises. It 
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is difficult, on aceount of the great resistance of these substances, 
to determine whether the feeble current which we can force through 
thein is or is not associated with electrolysis. 


Ou the Electric Resistance of Metals, 

360.] There is no part of electrical research in which more 
numerous or nore accurate experiments have been made than in 
the determination of the resistance of metals. IL is of the utmost 
importance in the electric telegraph that the metal of which the 
Wires are made should have the smallest attainable resistance. 
Measurements of resistance must therefore be made before selecting 
the materials, When any fault oceurs in the line, its position is 
at once ascertained by measurements of resistanee, and these mea- 
surements, in which so many persons ure now employed, require 
the use of resistance coils, made of metal the eleetrieal properties 
of which have been carefully tested. 

The electrical properties of metals and their alloys have been 
studied with great care by MM. Matthiessen, Vopt, and Hockin, 
and by MM. Siemens, who have done so much to introduce exact 
electrical measurements into practical work. 

It appears from the rescarehes of Dr. Matthiessen, that the effect 
of temperature on the resistance is nearly the same for a considerable 
number of the pure metals, the resistance at 100°C being to that 
at 0°C in the ratio of 1.414 to 1, or of 1 to 70.7, For pure iron 
the ratio is 1.645, and for pure thallium 1.458. 

The resistance of metals has been observed by Dr. C.W. Siemens* 
through a much wider range of temperature, extending from the 
freezing point to 350°C, and in certain cases to 1000°C. He finds 
that the resistance inereases as the temperature rises, but that the 
rate of inerease diminishes as the temperature rises. The formula, 
which he finds to agree very closely both with the resistances 
observed at low temperatures by Dr. Matthiessen and with his 
own observations through a range of 1000°C, is 

raat + BT'+y, 
where 7’ is the absolute temperature reckoned from —273°C, and 
a, B, y are constants. Thus, for 
Platinum...... r = 0.0393697" + 000216407 7'—0.2413, 
Copper...... wt = 002657773 + 0,00314437'— 0.22751, 
Tron... y= 0.0725457'3 + 0.00381332' — 1.23971. 


* Proc, ROS. April 27, 1871. 
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From data of this kind the temperature of a furnace may be 
determined by means of an observation of the resistance of a 
platinnm wire placed in the furnace. 

Dr. Matthiessen found that when two metals are combined to 
form an alloy, the resistance of the alloy is in most cases greater 
than that calculated from the resistance of the component metals 
and their proportions. In the ease of alloys of gold and silver, the 
resistance of the alloy is greater than that of either pure gold or 
pure silver, and, within certain limiting proportions of the con- 
stituents, it varies very little with a slight alteration of the pro- 
portions, Vor this reason Dr. Matthiessen recommended an alloy 
of two parts by weight of gold and one of silver as a material 
for reproducing the unit of resistance, 

The effect of change of temperature on electric resistance is 
generally less in alloys than in pure metals, 

Hence ordinary resistance coils are made of German silver, on 
aceount of its great resistance and its small variation with tem- 
perature, 

An alloy of silver and platinum is also used for standard coils. 

361.] The clectric resistance of some metals changes when the 
metal is annealed; and until a wire has been tested by being 
repeatedly raised to a high temperature without permanently 
altering its resistance, it cannot be relied on ag @ measure of 
resistance. Some wires alter in resistance in course of time without 
having been exposed to changes of temperature. Hence it is 
important to ascertain the specific resistance of mercury, a metal 
which being fluid has always the same molecular structure, and 
which can be easily purified by distillation and treatment with 
nitrie acid. Great care has been bestowed in determining the 
resistance of this metal by W. and C. F. Siemens, who introduced 
it as a standard. Their researches have been supplemented by 
those of Matthiessen and Hockin. 

The specific resistance of mercury was deduced from the observed 
resistance of a tube of length ¢ containing a weight w of mercury, 
in the following: manner. 

No glass tube is of exactly equal bore throughout, but if a small 
quantity of mercury is introduced into the tube and oceupies a 
length A of the tube, the middle point of which is distant 2 from 
one end of the tube, then the area s of the section near this point 


: C . 
will be 5 = a where C is some constant. 
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The weight of mereury which fills the whole tube is 


w= pf sie = perc.) +, 


where x is the number of points, at equal distances alone the 
J ? | s 


tube, where A has been measured, and p is the mass of unit of 


volume. 
The resistance of the whole tube is 
Py r é 
R= | - dam —--N(A)-> 
ibcg C ( F 
where 7 is the specific resistance per unit of volume. 
pla ials 
TIence wR = rpS(aA)E 5) es 
AZ Ree 
wh nu? 
and a 


P* 3a)2(4) 


gives the specific resistance of unit of volume. 

To find the resistance of unit of length and unit of mass we must 
multiply this by the density. 

It appears from the experiments of Matthiessen and Hockin that 
the resistance of a uniform column of mereury of one metre in 
length, and weighing one gramme at 0°C, is 13.071 Ohms, whence 
it follows that if the speeifie gravity of mercury is 13.595, the 
resistance of a column of one metre in Iength and one square 
millimetre in section is 0.96146 Ohms. 

362.] In the following table # is the resistance in Ohms of a 
column one metre long and one gramme weight at 0°C, and 7 is 
the resistance in centimetres per second of a cube of one centi- 
metre, according to the experiments of Matthiessen *. 


Percentage 
increment of 
Specific Tesistance for 
uvavity 3 r Cat 20°C. 
Silver ........ 10,50 hard drawn 0.1689 1609 = 0.377 
Copper... eee. 8.95 hard drawn 0.1469 1642 0.388 
Gold ........ 19.27 hard drawn 0.4150 2151 = 0.3865 
Lead ........ 11.891 pressed 2.257 19847 0,387 
Mercury ...... 13.595 liquid 13.071 96146 0.072 
Gold 2, Silver 1..15.218 hard or annealed 1.668 10988 0.065 
Sclenium at 100°C Crystalline form 6x10" 1,00 


* Phil. Mag., May, 1865. 
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On the Hlectrie Resistance of hlectrolytes, 


363.] The measurement of the electric resistance of electrolytes 
is rendered diflicult on account of the polarization of the clectrodes, 
which causes the observed difference of potentials of the metallic 
electrodes to be greater than the electromotive force which actually 
produces the current, 

This difficulty ean be overcome in various ways. In certain 
cascs We can get rid of polarization by using electrodes of proper 
material, as, for instance, zine clectrodes in a solution of sulphate 
of zinc. By making the surface of the electrodes very large com- 
pared with the section of the part. of the electrolyte whose resist- 
ance is to be measured, and by using only currents of short duration 
in opposite directions alternately, we can make the measurements 
before any considerable intensity of polarization lias been excited 
hy the passage of' the current. 

Finally, by making two different experiments, in one of which 
the path of the current through the electrolyte is much longer than 
in the other, and so adjusting the electromotive force that the 
actual current, and the time during which it flows, are nearly the 
same in each case, we can climinate the effect of polarization 
altogether, 

364,] In the experiments of Dr, Paalzow * the electrodes were 
in the form of large disks placed in separate flut vessels filled with 
the electrolyte, and the connexion was made by means of a long 
siphon filled with the electrolyte and dipping into both vessels, 
Two such siphons of different lengths were used. 

The observed resistances of the electrolyte in these siphons 
being /?, and 7,, the siphons were next filled with mercury, and 
their resistances when filled with mereury were found to be hk’ 
and /t,’. 

The ratio of the resistance of the electrolyte to that of a mass 
of mercury at 0°C of the same form was then found from the 
formula R,-R, 

Pe me 

To deduce from the values of p the resistance of a centimetre in 
length having a section of a square centimetre, we must multiply 
them by the value of » for mercury at 0°C. See Art. 361, 


* Berlin Monatsbericht, July, 1863. 
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The results given by Paulzow are as follow :— 


Mixtures of Sulphuric Acid and Water. 


Resistanee eompared 


Pauly: with mercury, 
H, S50, wee. LSC 96950 
H,SO,+ 14H’O .... 19°C 14157 
H,80,+ 13H?O .... 22°C: 13310 
H,S0, +499 H?0 .... 22°C 184773 


Sulphate of Zine and Vater. 


“uS0,+ 23H70 .... 23°C 194400 
zu 80, + 24H7O ..,. 23°C 191000 
VAN SO, +105 H?0 |... 93°C: 354000 


Sulphate of Copper and Water. 


CuSO, + 45H*O .... 22°C 202410 
CuSO, +105 H?O .... 22°C 339341 


Sulphate of Maynesium and Water. 


MgSO, + 34H’O .... 22°C: 199180 
Mg SO,+107H*O .... 22°C 321600 


Iydrochlorie Acid and Water. 


HCl + 15H°’0 .... 23°C 13626 
HCl +500H?O ..., 23°C 86679 


365.] MM. F. Kohlrausch and W. A. Nippoldt* have de- 
termined the resistance of mixtures of sulphuric acid and water. 
They used alternating magneto-clectrie currents, the electromotive 
force of which varied from $ to py of that of a Grove’s cell, and 
by means of a thermoelectric copper-iron par they reduced the 
electromotive force to pyyiygq of that of a Grove’s cell. They found 
that Ohm’s law was applicable to this clectrolyte throughout the 
range of these electromotive forces, 

The resistance is a minimum in a mixture containing about one- 
third of sulphuric acid. 

The resistance of electrolytes diminishes as the temperature 
increases. The percentage increment of conduetivity for a rise of 
1°C is given in the following table. 


* Pogg.,, Ann. cxxxviii, p. 286, Uct. E86Y, 
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Resistance of Mixtures of Sulphuric Acid and Water at 22°C in terms 
YF Mercury at 0°C. MM. Kollrausch and Nippoldt. 


Pereentige 


Specific gravity Percontage ae oe increment of 
at 18°5 of H, SO, oe conductivity 
a (Hg=1) for 11°C, 
0.9985 0.0 746300 0.47 
1,00 0.2 165100 0.47 
1.0504 8.3 31530 0.653 
1.0989 14.2 18946 0.646 
1.143] 20.2 14990 0.799 
1.2045 28.0 13133 1.317 
1.2631 35,2 13132 1,259 
1.3163 41.5 14286 1410 
1,3547 46.0 15762 1.674 
1.3094 50.4 17726 1.582 
1.4482 55.2 20796 1.417 
1.5026 60.3 25574 1,794 


On the Electrical Resistance Of Dielectrics, 


366.] A great number of determinations of the resistance of" 
gutta-percha, and other materials used as Insulating: media, in the 
manufacture of telegraphic cables, have been made in order to 
ascertain the value of these materials as insulators, 

The tests are generally applied to the material after it has been 
used to cover the eondueting wire, the wire being used as one 
electrode, and the water of a tank, in which the cable is plunged, 
as the other. Thus the current is made to pass through a cylin- 
drical coating of the insulator of great aren and small thickness, 

It is found that when the electromotive force begins to act, the 
culrent, as indicated by the galvanometer, is by no means constant. 
The first effect is of course a transient current of considerable 
intensity, the total quantity of electricity being that required to 
charge the surfaces of the insulator with the superficial distribution 
of electricity corresponding to the electromotive force. This first 
current therefore is a measure not of the conductivity, but of the 
apacity of the insulating layer. 

But even after this current has been allowed to subside the 
residual current is not constant, and does not indicate the true 
conductivity of the substance, It is found that the current con- 
tinues to decrease for at least: halfan hour, so that a determination 
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of the resistance deduced from the current. will give a greater value 
if'a certain time is allowed to clapse than if taken immediately after 
applying the battery. 

Thus, with Ivoper’s insulating material the apparent resistance 
at the end of ten minutes was four times, and at the end of 
nineteen hours twenty-three times that observed at the end of 
one minute. When the direction of the electromotive force is 
reversed, the resistance falls as low or lower than at first and then 
gradually rises. 

These phenomena seem to be due to a condition of the eutta- 
percha, which, for want of a better name, we may call polarization, 
and which we may compare on the one hand with that of a series 
of Leyden jars charged by cascade, and, on the other, with Ritter’s 
secondary pile, Art, 271. 

Ifa number of Leyden jars of great capacity are connected in 
series by means of conductors of’ great resistance (such as wet 
cotton threads in the experiments of M. Gangain), then an clectro- 
motive foree acting on the series will produce a current, as indicated 
by a galvanometer, which will gradually diminish till the jars are 
fully charged. 

The apparent resistance of such a series will increase, and if the 
dielectric of the jars is a perfect insulator it will increase without 
limit, If the electromotive force be removed and connexion made 
between the ends of the series, a reverse current. will be observed, 
the total quantity of which, in the case of perfect insulation, will be 
the same as that of the direct current. Similar effects are observed 
in the case of the secondary pile, with the difference that the final 
insulation is not so good, and that the capacity per unit of surface 
is immensely greater. 

In the case of the cable covered with gutta-percha, &c., it is found 
that after applying the battery for half an hour, and then con- 
necting the wire with the external electrode, a reverse current takes 
place, which goes on for some time, and gradually reduces the 
system to its original state. 

These phenomena are of the same kind with those indicated 
by the ‘residual discharge’ of the Leyden jar, except that the 
amount of the polarization is much greater in gutta-percha, &e. 
than in glass. 

This state of polarization seems to be a directed property of the 
material, which requires for its production not only electromotive 
foree, but the passage, by displacement or otherwise, of a con- 
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siderable quantity of electricity, and this passage requires a con- 
siderable time, When the polarized state hag been sot up, there 
is an internal electromotive force acting in the substanee in the 
reverse direction, which will continue till it has either produced 
a reversed current equal in total quantity to the first, or till the 
state of polarization has quietly subsided by means of true con- 
duction through the substance, 

The whole theory of what has been called residual discharge, 
absorption of electricity, electrification, or polarization, deserves 
a careful investigation, and will probably Jead to important dis- 
coveries relating to the internal structure of bodies. 

367.] The resistance of the greater number of dicleetrics di- 
minishes as the temperature risus. 

Thus the resistance of gutta-percha is about twenty times as great, 
at O°C as at 24°C, Messrs. Bright and Clark have found that the 
following formula gives results agrecing with their experiments, 
If y is the resistance of gutta-percha at temperature 7’ centigrade, 
then the resistance at temperature 7'-+ 4 will be 

Rh=r x 0.8878! 
the number varies between 0.8878 and 0.9. 

Mr. Hockin has verified the curious fact that it is not until some 
hours after the gutta-percha has taken its temperature that the 
resistance reaches its corresponding value, 

The effect of temperature on the resistance of india-rubber is not 
so great as on that of gutta-percha, 

The resistance of gutta-percha increases considerably on the 
application of’ pressure. 

The resistance, in Ohms, of a cubic metre of various specimens of 
gutta-percha used in different cables is as follows *, 


Name of Cable. 


Red Sea... Se Resin datias wu. 6267 x 1018 to 1362 x 101 
Malta-Alexandria............... 1.23 x 10?2 
Persian Gulf... hitash heats . 1.80 x 101" 
Second Atlantic ............... 3.42 x 10174 
Tooper’s Persian Gulf Core...74.7 x 1072 
Gutta-percha at 24°C 000.0... 3.53 x 1012 


368.] The following table, caleulated from the experiments of 


* Jenkin's Cantor Lectures. 
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M. Bull, described in Art. 271, shews the resistanee of a cubic 
metre of glass in Ohms at different temperatures, 


Temperature, Resistance, 
200°C 227000 
250° 13900 
300° 1480 
350° 1035 
400° 735 


369.] Mr.C. F. Varley * has recently investigated the conditions 
of the current through rarefied gases, and finds that the electro- 
motive foree # is equal to a constant 4 together with a part 
depending on the current according: to Ohm’s Law, thus 

EL=Hk,+RC. 

For instance, the clectromotive force required to canse the 
current to begin in a certain tube was that of 323 Daniell’s cells, 
but an electromotive force of 304 cells was just sufficient. to 
maintain the current. The intensity of the current, as measured 
by the galvanometer, was proportional to the number of eells above 
304. Thus for 305 cells the deflexion was 2, for 306 it was 4, 
for 307 it was 6, and so on up to 380, or 304+76 for which the 
deflexion was 150, or 76 x 1.97. 

From these experiments it appears that there is a kind of 
polarization of the electrodes, the electromotive foree of which 
is equal to that of 301 Daniell’s cells, and that up to this clectro- 
motiye force the battery is occupied in establishing this state of 
polarization. When the maximum polarization is established, the 
excess of electromotive force above that of 304 eclls is devoted to 
maintaining the current according to Ohm’s Law. 

The law of the current in a rarefied gas is therefore very similar 
to the law of the current through an electrolyte in which we have 
to take account of the polarization of the electrodes. 

Tn connexion with this subject we should study Thomson’s results, 
described in Art. 57, in which the electromotive force required 
to produce a spark in air was found to be proportional not to the 
distance, but to the distance together with a constant quantity, 
The electromotive force corresponding to this constant quantity 
may be regarded as the intensity of polarization of the electrodes, 

370.] MM. Wiedemann and Rithlmann have recently + investi- 


* Proce, RON, Jan. 12, 1671. 
t Rerichte dev Nonigl, Sachs, Vesellschafi, Oct. 20, 1871, 
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gated the passage of clectricity through guses. The cleetric current 
was produced by Holtz’s machine, and the discharge took place 
between spherical clectrodes within a metallic vessel containing 
rarefied gas. The discharge was in general discontinuous, and the 
interval of time between successive discharges was measured by 
means of a mirror revolving along with the axis of Holtz’s machine. 
The images of the series of discharges were observed by means of 
a heliometer with a divided object-glass, which was adjusted till 
one image of each discharge coincided with tho other image of 
the next discharge. By this method very consistent results were 
obtained. It was found that the quantity of electricity in cach 
discharge is independent of the strength of the current and of 
the material of the electrodes, and that. it depends on the nature 
and density of the gas, and on the distance and form of the 
electrodes. 

These researches confirm the statement of Faraday * that the 
electric tension (sec Art. 48) required to cause a disruptive discharge 
to begin at the electrified surtace of a conductor is a little less 
when the electrification is negative than when it is positive, but 
that when a discharge does take place, much more electricity passes 
at each discharge when it begins at a positive surface. They also 
tend to support the hypothesis stated in Art. 57, that the stratum 
of gas condensed on the surface of the electrode plays an important 
part in the phenomenon, and they indicate that this condensation 
is greatest at the positive clectrode. 


* Hep. Res., 1501. 
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